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oelsiese’s

Linear Filter Design

0 Used to be an art
= Now, lots of tools to design optimal filters
a For DSP there are two common classes
= Infinite impulse response IIR
= Finite impulse response FIR
a Both classes use finite order of parameters
for design

Penn ESE 531 Spring 2018 — Khanna
Adapted from M. Lustig, EECS Berkeley

What is a Linear Filter?

seseees

0 Attenuates certain frequencies
0 Passes certain frequencies

0 Affects both phase and magnitude

0 What does it mean to design a filter?
= Determine the parameters of a transfer function or
difference equation that approximates a desired impulse
response (h[n]) or frequency response (H(¢/?)).

Penn ESE 531 Spring 2018 — Khanna
Adapted from M. Lustig, EECS Berkeley 3
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Filter Specifications
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What is a Linear Filter?

eelsieeels

[m]

Attenuates certain frequencies

[m]

Passes certain frequencies

0 Affects both phase and magnitude

o IR

= Mostly non-linear phase response

= Could be linear over a range of frequencies
o FIR

= Much easier to control the phase

= Both non-linear and linear phase

Penn ESE 531 Spring 2018 — Khanna
Adapted from M. Lustig, EECS Berkeley 5

eelsieeels

Today

0 IR Filter Design
= Impulse Invariance

= Bilinear Transformation
o Transformation of DT Filters
o FIR Filters

Penn ESE 531 Spring 2018 - Khanna




IIR Filter Design

oelsiese’s

0 Transform continuous-time filter into a discrete-
time filter meeting specs

= Pick suitable transformation from s (Laplace variable) to g
(or 2to n)

= Pick suitable analog H (s) allowing specs to be met,
transform to H(3)

0 We’ve seen this before. .. impulse invariance

Penn ESE 531 Spring 2018 - Khanna

a

oelsiese’s

Impulse Invariance

0 Want to implement continuous-time system in
discrete-time

Continuous-time
—| LTIsystem
x (1) he(1), Ho(jY) ye(®)

I

i
I
i Discrete-time H
L om LT system

X0 x[n] | h[nlH(e™) | yln] :,V.(f)=yc(l)

I

1
!
i
1

Heg(j ) = Hj )

Penn ESE 531 Spring 2018 - Khanna
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Impulse Invariance

o With H_(j$?) bandlimited, choose
- . w
H(") = H.(j2): || < 7

o With the further requirement that T be chosen such
that

H,(jQ)=0, [Q=zx/T

Penn ESE 531 Spring 2018 - Khanna

seseees

Impulse Invariance

o With H (j$2) bandlimited, choose
. . a)
H(e'") = H.(j2): | <7

o With the further requirement that T be chosen such
that

H (jQ)=0, |Q|zﬂ/T

Th (nT)

Penn ESE 531 Spring 2018 - Khanna
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IIR by Impulse Invariance

eelsieeels

o If H(G2)=0 for | Q4| > /T, there is no aliasing
and H(¢®) = H(jw/T), |o|<m

a To get a particular H(e/*), find corresponding H,
and T, for which above is true (within specs)

o Note: T),is not for aliasing control, used for
frequency scaling.

Penn ESE 531 Spring 2018 - Khanna

Example

eelsieeels

Example: 1f (e.g. one term in PF expansion)

Penn ESE 531 Spring 2018 - Khanna
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Example

Example: If (e.g. one term in PF expansion)

h(t)=Ae™, t20;

Penn ESE 531 Spring 2018 - Khanna
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Example

Example: If (e.g. one term in PF expansion)

B =A™, 120, Hn]=T,4e"™ =T,4,(e"") Zeros do not mp

7, the same way;

H(z)=T,4, Pole mapping is z <€’

1—ePdiz™!

not the general

mapping of s to z

Penn ESE 531 Spring 2018 - Khanna

Example

oelsiese’s

Example: If (e.g. one term in PF expansion)

h() =A™, 120, Hnl=T, Ae"™ =T 4, (")

Impulse Invariance Mapping

eelsieeels

Mapping

% z-plane

s-plane

140

"

77
2%

Penn ESE 531 Spring 2018 - Khanna
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¢ Example
Example: If (e.g. one term in PF expansion)
h(©)= e, 120, Hn)=T A" =T 4 (")’ Zeros do not map
H@)=T/d,— | Polemappingis z¢e” 1°SaMEWay;
1-e"z not the general
mapping of s to z
« Stability, causality, preserved.
« jQ axis mapped linearly to unit-circle, with aliasing
« No control of zeros or of phase
Penn ESE 531 Spring 2018 - Khanna 16
¢ Impulse Invariance
0 Let, |Hc(j£2)=0, ‘Q‘zn’/Tl
h[n]=Th, (nT)
a If sampling at Nyquist Rate then
o
j (o 27k
H(e™)= Y H |j| ===+
c
ot T T
j .
HEe")=H,\|j—| o<z
c
T
18
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Impulse Invariance

oelsiese’s

0 Sampling the impulse response is equivalent to mapping the
s-plane to the z-plane using:
s z=eW=re®
0 The entire Q axis of the s-plane wraps around the unit circle
of the z-plane an infinite number of times

Penn ESE 531 Spring 2018 - Khanna

Impulse Invariance

oelsiese’s

0 Sampling the impulse response is equivalent to mapping the
s-plane to the z-plane using:
n z=e0=rc®
0 The entire Q axis of the s-plane wraps around the unit circle
of the z-plane an infinite number of times
0 The left half s-plane maps to the interior of the unit circle
and the right half plane to the exterior

Penn ESE 531 Spring 2018 - Khanna
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seseees

Review: S-plane and stability

A 3(.\-)jQ

voox
v
‘ T >
T x
X

< stable region

unstable region >

Penn ESE 531 Spring 2018 - Khanna

seseees

Impulse Invariance Mapping

Mapping

z-plane
s-plane

Impulse Invariance

eelsieeels

0 Sampling the impulse response is equivalent to mapping the
s-plane to the z-plane using:
n z=c0=re®
0 The entire Q axis of the s-plane wraps around the unit circle
of the z-plane an infinite number of times

o

The left half s-plane maps to the intetior of the unit circle
and the right half plane to the extetior

o

This means stable analog filters (poles in LHP) will
transform to stable digital filters (poles inside unit circle)
0 This is a many-to-one mapping of strips of the s-plane to
regions of the z-plane

= Not a conformal mapping

= The poles map according to z = % , but the zeros do not always

Penn ESE 531 Spring 2018 - Khanna
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: Impulse Invariance Mapping
Mapping
i
3% zplane
s-plane
&
o
Penn ESE 531 Spring 2018 - Khanna 24




Impulse Invariance Mapping

oelsiese’s

i0 radius=e cos(bt,)

L
b ‘l!!lli'

s-plane zplane

Penn ESE 531 Spring 2018 - Khanna

25

Impulse Invariance

oelsiese’s

a Limitation of Impulse Invariance: overlap of images
of the frequency response. This prevents it from
being used for high-pass filter design

H.(9)
i
\I\ Q
Q.
H(e’)
il
ﬂﬁw
-2 2m
Qcto
Penn ESE 531 Spring 2018 - Khanna 26

Bilinear Transformation

seseees

0 The technique uses an algebraic transformation
between the variables s and g that maps the entire
j Q -axis in the s-plane to one revolution of the unit
circle in the z-plane.

Penn ESE 531 Spring 2018 - Khanna

Bilinear Transformation

2 f1-z71
s=—|——1;
Ta\14z1

0 Substitutings = 0+ j Qand z = el®

seseees

Penn ESE 531 Spring 2018 - Khanna 28

Bilinear Transformation

eelsieeels

2 {1-z71
5= — ;
Ty \1+42
0 Substitutings = O+ jQand z = &%
2 l—e_j"’)
T Ty \1+4eiv)’

2 | 27/ 2(jsinw/2) 2j
—o4jo=— | _USNO/I 2 nw2).
s=oHR= [ze—/wﬂ(coswm 7, 2@/

Penn ESE 531 Spring 2018 - Khanna
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Bilinear Transformation

eelsieeels

2
Q= T_d tan(w/2).

w = 2arctan(Q7;/2).

Penn ESE 531 Spring 2018 - Khanna 30




Bilinear Transformation

oelsiese’s

2
Q= T—d tan(w/2).

w = 2arctan(Q7;/2).

oelsiese’s

Example: Notch Filter

0 The continuous time filter with:

2 2
s7+Q

H(s)=—"—
“ s’ +Bs+Q}

2
= T_d tan(w/2).

w = 2arctan(Q7;/2).

Penn ESE 531 Spring 2018 - Khanna 32

R
mt oo

No aliasing, but mapping nonlinear /

(Impulse invariance: &

linear mapping, but with aliasing)
Penn ESE 531 Spring 2018 - Khanna 31

¢ Simple Band-Stop (Notch) Filter
1+ 1-282z"14+272 lal <1

Hps(2) = 21— Bl+a)z"l+az"2 [B]<1

Note: 1-2827 4272 = (1 — &0z 1) (1 — e w0z7Y)
cos(wo) =

Penn ESE 531 Spring 2018 — Khanna
Adapted from M. Lustig, EECS Berkeley 33
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Transformation of DT Filters

H Analog !
1 Lowpass
A | |
e Z7=G(z") Digital Lowpass,
. !p( ) Bandpass, Highpass,
Digital Lowpass |  Trapsformation etc.

0 Z — complex variable for the LP filter

a z — complex variable for the transformed filter

0 Map Z-plane=>z-plane with transformation G

Penn ESE 531 Spring 2018 - Khanna 34

Transformation of DT Filters

eelsieeels

: Analog !
1 Lowpass :
[ K
A . !
e Z7=G(z") Digital Lowpass,
- 1w(Z) Bandpass, Highpass,
Digital Lowpass |  pyapsformation etc.

0 Map Z-plane=>z-plane with transformation G

H(z) = [—Ilp(z)'z—-]:(;“—l)

Penn ESE 531 Spring 2018 - Khanna 35

Example 1:

eelsieeels

o Lowpass=>highpass
= Shift frequency by 7

so @w—>w—n (Lowpass to highpass)

7' ==z or IO I@m7)

Penn ESE 531 Spring 2018 - Khanna 36




Example 1:

oelsiese’s

0 Lowpass=>highpass
= Shift frequency by 7T

S0 w—> w—n (Lowpass to highpass)

Zl ==z o IO (@)

y[n]=0.9y[n—1]+0.1x[n]| lowpass; pole:z=0.9, H(z)= l(())%
-0.9z

¢ Example 2:
0 Lowpass—>bandpass
7o g2
H ()= —— H ()=
g 1-az™ o l+az™
Pole at z=a Pole at z=+jVa

Penn ESE 531 Spring 2018 - Khanna

H(—z):% highpass; pole: z=-0.9 [y[n]=—-09y[n—1]+0.1x{n]
Penn ESE 531 Spring 2018 - Khanna 37
¢ Example 2:
o Lowpass—2>bandpass
Z =227
H, (Z)=% — A, (Z)=;z
’ l-az” v 1+az”
Pole at z=a Pole at z=+jVa

o Lowpass=2>bandstop

Zl=z7
H,@)m—y —— H ()=
p 1—az! bs 1 gz
Penn ESE 531 Spring 2018 - Khanna Pole at z=+Va 39

Transformation Constraints on G(z™)

seseees

0 If Hy,(Z) is the rational system function of a causal
and stable system, we naturally require that the
transformed system function H(z) be a rational
function and that the system also be causal and
stable.

= G(Z") must be a rational function of z'!

= The inside of the unit circle of the Z-plane must map to
the inside of the unit circle of the z-plane

= The unit circle of the Z-plane must map onto the unit
circle of the z-plane.

Penn ESE 531 Spring 2018 - Khanna

Transformation Constraints on G(z™)

eelsieeels

0 Respective unit circles in both planes

Z =e¢l%and z = /®

Penn ESE 531 Spring 2018 - Khanna 41

Transformation Constraints on G(z)

eelsieeels

0 Respective unit circles in both planes

Z =e/% and z = ¢/®

Z' =G
e’ =G(e)
e 0 = ‘G(e—fﬂ)) /46

Penn ESE 531 Spring 2018 - Khanna
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Transformation Constraints on G(z)

oelsiese’s

0 Respective unit circles in both planes

Z =el? and z = e/©

Transformation Constraints on G(z!)

oelsiese’s

0 General form that meets all constraints:

= a realand |a | <1

0 L
Gz )=4]—=~

k=1l-a,z

Penn ESE 531 Spring 2018 - Khanna 44

Z' =Gz
e—jﬂ - G(e—ja))
e/ = |G(e’j’”) /4G
1= |G(e-f‘") —0=2G(e™)
Penn ESE 531 Spring 2018 - Khanna 43
¢ General Transformation
o Lowpass2>lowpass
o
Gz"=2"2%
l-az
0 Changes passband/stopband edge frequencies
Penn ESE 531 Spring 2018 - Khanna 45
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General Transformation

o Lowpass=>lowpass

-1
Gzy= 2 =%
S 1-az™

o Changes passband/stopband edge frequencies

el —q .

1-qe’®’ ge
(1-a?)sin(0)

2a +(1+a*)cos(0)

)
From e/ =

o(O)=tan™ [

Penn ESE 531 Spring 2018 - Khanna 46

General Transformation

eelsieeels

0 Lowpass=>lowpass

' -«

G(z )= i

az

o Changes passband/stopband edge frequencies

—jo

From e/ = le%z, , get
—ae
(@t = a*)sin(6)
20+ (1+a*)cos(6)

Penn ESE 531 Spring 2018 - Khanna
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General Transformations

eelsieeels

TABLET.1 _ TRANSFORMATIONS FROM A LOWPASS DIGITAL FILTER PROTOTYPE
OF CUTOFF FREQUENCY d TO HIGHPASS, BANDPASS, AND BANDSTOP FILTERS

Filier Type.

()

Lowpass

Highpass

Bandpass

Bandstop

Penn ESE 531 Spring 2018 - Khanna 48




oelsiese’s

Reminder: Simple Low Pass Filter

What is a Linear Filter?

oelsiese’s

(=]

Attenuates certain frequencies

(=]

Passes certain frequencies

o Affects both phase and magnitude

o IIR

= Mostly non-linear phase response

= Could be linear over a range of frequencies
o FIR

= Much easier to control the phase

= Both non-linear and linear phase

Penn ESE 531 Spring 2018 — Khanna
Adapted from M. Lustig, EECS Berkeley
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l—a 14271
Hip(z) = ———— al <1
(2) 2 1—az1 el
‘ H(e jm)
(23}
. 1 — sin(w,)
Wc is the 3dB cutoff frequency Q= —""
cos(we)
Penn ESE 531 Spring 2018 — Khanna
Adapted from M. Lustig, EECS Berkeley 49
¢ FIR GLP: Type I and 11
, Center of Ale -""")
" symmetry
1]
[TT] o
0 M M=4 n
2
\ Center of
[+ symmetry
I
T an
I el
0 M M=5 n
5 iﬁg

Penn ESE 531 Spring 2018 — Khanna
Adapted from M. Lustig, EECS Berkeley 51
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FIR GLP: Type 11l and IV

Center of
1 ] ra/ symmetry
!
I M=2
0
i " T
|
-1
Center of
1P " symmetry
Il
IM=1

el

0\1 n
=)

Penn ESE 531 Spring 2018 — Khanna

FIR Design by Windowing

eelsieeels

0 Given desired frequency response, Hy(¢/?) , find an
impulse response

1 [ o
— Jwy jwn
ha[n) o /_7r Hy(e“)e?* ™ dw "
ideal

0 Obtain the M™ order causal FIR filter by
truncating/windowing it

= { e 0z

Penn ESE 531 Spring 2018 — Khanna
Adapted from M. Lustig, EECS Berkeley 53

Adapted from M. Lustig, EECS Berkeley 52
¢ Example: Moving Average
o sin((N+1/2
Wi ey« SOV YD)
sm(w/ 2)
1 o-ioM/2 sin((M/2+1/2)w
win-M/2]< W)= ( _ )
M +1 M +1 sm(w/Z)
Penn ESE 531 Spring 2018 — Khanna
Adapted from M. Lustig, EECS Berkeley 54




Example: Moving Average

oelsiese’s

1 H()|

Penn ESE 531 Spring 2018 — Khanna

FIR Design by Windowing

oelsiese’s

a We already saw this before,
H (&™) = Hy(e™) x W(el®
o For Boxcar (rectangular) window

oy _ o —jw sin(w(M +1)/2)
W) =e sin(w/2)

Hy(e*) [W (&™)

)

()|

-

* it .
LW (e7)

Penn ESE 531 Spring 2018 — Khanna

Adapted from M. Lustig, EECS Berkeley 55
¢ FIR Design by Windowing
pass-band ripple ‘ Fl’ (ejw ) ‘
ideal : ! transition width
—
stop-band ripple
—
Wc ¢
Penn ESE 531 Spring 2018 — Khanna
Adapted from M. Lustig, EECS Berkeley 57
: Tradeoff — Ripple vs. Transition Width
[— o | O\ — Boxear
N e o it (S|
asf \\
it “ LA \ ﬂ
\ X \‘: ! \- \
: n i I
o) (0]
.
o
Penn ESE 531 Spring 2018 — Khanna
Adapted from M. Lustig, EECS Berkeley 59

Adapted from M. Lustig, EECS Berkeley 56
¢ Tapered Windows
:
Namet Detiion MATLAB Command | Graph1-9
v
ol
| ool H"(ﬁﬂ WM | ey | 599 { w\
) > M2 o4
o _/{
e
Hanning w[n]:l;[“m[hi:ﬂl WSR2 | ntngoeny | §9 /(
| 0 72 o4
s
Hamming w(..]:[“s"““m“:\;z M2 | mtng oes1) ;‘“J/( \h\v
0 in|> M/2 o4
Penn ESE 531 Spring 2018 — Khanna
Adapted from M. Lustig, EECS Berkeley E
¢ FIR Filter Design
:
0 Choose a desired frequency response H,(e/%)
= non causal (zero-delay), and infinite imp. response
s If derived from C.T, choose T and use:
N 0
Hy(e’) = He(j )
T
o Window:
= Length M+1 € affects transition width
= Type of window ¢ transition-width/ tipple
Penn ESE 531 Spring 2018 — Khanna
Adapted from M. Lustig, EECS Berkeley 60
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FIR Filter Design

oelsiese’s

o Choose a desired frequency response H,(el®)
= non causal (zero-delay), and infinite imp. response
s If derived from C.T, choose T and use:
Hy(e) = Ho(i )
T
o Window:
= Length M+1  affects transition width
= Type of window ¢ transition-width/ ripple
= Modulate to shift impulse response

= Force causality

Hd(ej‘”)efj“’%

Penn ESE 531 Spring 2018 — Khanna
Adapted from M. Lustig, EECS Berkeley
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FIR Filter Design

oelsiese’s

a Determine truncated impulse response h,[n]

hafn] = & [T Hg(e™)e i ¥ elm 0<n< M
otherwise

a Apply window
hw[n] = wnlhi[n]
0 Check:

= Compute H_ (%), if does not meet specs increase M or
change window

Penn ESE 531 Spring 2018 — Khanna

Adapted from M. Lustig, EECS Berkeley 62
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Example: FIR Low-Pass Filter Design

; 1 wl <w
Hq(e) = ] < wc
0 otherwise
Choose M = Window length and set
Hy(e9%) = Hy(e?®)e 7%
sin(we(n—M/2)) 0<n<M

hn]={ _ =(-M/2)

otherwise
We N we
—s —(n— M/2
- sinc( - (n /2))

Penn ESE 531 Spring 2018 — Khanna
Adapted from M. Lustig, EECS Berkeley
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Example: FIR Low-Pass Filter Design

0 The result is 2 windowed sinc function
hw[n] = w[n]h[n]

We

LN We
0 High Pass Design: - sine(~(n— M/2)

= Design low pass

= Transform to h[n](-1)*

o General bandpass
= Transform to 2h [n]cos(W  n) or 2h[n]sin(wW ;n)

Penn ESE 531 Spring 2018 — Khanna

Characterization of Filter Shape

eelsieeels

Time-Bandwidth Product, a unitless measure
T(BW) = (M+1)w/2t = also, total # of zero crossings

WA

TBW=2 TBW=4 TBW=8 TBW=12
Larger TBW = More of the “sinc” function

hence, frequency response looks more like a rect function

Penn ESE 531 Spring 2018 — Khanna
Adapted from M. Lustig, EECS Berkeley
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Adapted from M. Lustig, EECS Berkeley 64

. mpitude Response
3 N TBW =2, M=16
s p /
S ' | \

04 4 | \

ol [ W ) /

, ’ \
e EREE— - I S R S a

Ampiitude Response

33 ” TBW = 8, M=16

“

of ¢ 1 I ¢ N

v/ VA~

. “ W = 16, M =32

06 15| |

00l egetegetereles .l.T LI . | |

20 15 10 5 o B 0 5 4+ 3 Nz . 1 o 1 . 2 3
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Frequency Response Profile

oelsiese’s

Q: What are the lengths of these filters in samples?
TBW=2 TBW=12

- W2 w12 mn -2 w2

Penn ESE 531 Spring 2018 — Khanna
Adapted from M. Lustig, EECS Berkeley 67
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Alternative Design through FFT

o To design order M filter:

o Over-Sample/discretize the frequency response at P
points where P >> M (P=15M is good)

H, (ejwk) _ Hd(ejwk )e—jwk o

0 Sampled at: wk:k%r k=[0,---,P—1]
o Compute h,[n] = IDFT}(H, k])
a Apply M+1 length window:

huln] = win)hy[n]

Penn ESE 531 Spring 2018 — Khanna

Frequency Response Profile

oelsiese’s

Q: What are the lengths of these filters in samples?
TBW=2 TBW=12

- -2 Wiz n -2 w2

2= (M+1)*(1B) / (2r) = M=23  12= (M+1)*(r)) / (2n) = M=23

Note that transition is the same!

Penn ESE 531 Spring 2018 — Khanna

Adapted from M. Lustig, EECS Berkeley ©
¢ Example
:
:
o For M+1=14

= P=16and P = 1026

magnitude frequency response

— 15
— P=1026

Penn ESE 531 Spring 2018 — Khanna
Adapted from M. Lustig, EECS Berkeley 7

Adapted from M. Lustig, EECS Berkeley 68
¢ Example
« signal.firwin2(M+1,omega_vec/pi, amp_vec)
« taps1 = signal.firwin2(30, [0.0,0.2,0.21,0.5, 0.6,
1.01,[1.0, 1.0, 0.0,0.0,1.0,0.0])
s impulse
J L
0.05 < L) . s i 5 Py i ;n PI) = 3
- magnitude frequency response
RN ~
. \| //
L \\ y
Penn ESE 5:1 Spring 20I 3 — Khanna )
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¢ Admin
o HW 7
= Out now
= Due Friday 3/15
o Midterms back on Tuesday
Penn ESE 531 Spring 2018 — Khanna
72

Adapted from M. Lustig, EECS Berkeley

12



