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& Penn

Today

oelsiese’s

a Adaptive filtering

= Blind equalization setup
a Discrete Fourier Series
o Discrete Fourier Transform (DFT)
0 DFT Properties

o Circular Convolution

seseees

Adaptive Filters

0 An adaptive filter is an adjustable filter that
processes in time

= Itadapts...
dn]
x[n] Adaptive yinl - R
Filter U
e[n]=d[n]-y[n]
Update
Coefficients
Penn ESE 531 Spring 2018 - Khanna 3
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: Adaptive Filter Applications

3

a System Identification
]
filter
‘ i
input System output

Penn ESE 531 Spring 2018 - Khanna 4

Adaptive Filter Applications

eelsieeels

0 Identification of inverse system

&g.conuni
channel

System
input

System
outpu

Penn ESE 531 Spring 2018 - Khanna 5

Adaptive Filter Applications

eelsieeels

0 Adaptive Interference Cancellation

Primary
signal

Reference Adaptive
signal filter

Penn ESE 531 Spring 2018 - Khanna

System
output




Adaptive Filter Applications

oelsiese’s

0 Adaptive Prediction

System
output 2

System
output 1

Random
signal

Adaptive
filter

a

Penn ESE 531 Spring 2018 - Khanna

Discrete Fourier Series

& Penn

Penn ESE 531 Spring 2018 - Khanna

Reminder: Eigenvalue (DTFT)

seseees

o x[n]=e%n —
= H(e™)= E B[kl
yinl=Y, xn—klhlk] P

fr=—oo
- 0 Describes the change
= E e/ pk] in amplitude and
=m0 phase of signal at
- ) frequency W
= e/o" 2 h[k]e—jwk
; a Frequency response
— H(e"™)e'™ 0 Complex value
= Re and Im
= Mag and Phase
Penn ESE 531 Spring 2018 - Khanna 9

Discrete Fourier Seties

seseees

0 Definition:
= Consider N-periodic signal:

Zn+ N]=Z[n] Vn

= Frequency-domain also periodic in N:

X[k+N]=X[k] Vk

€,

. indicates petiodic signal/spectrum

Penn ESE 531 Spring 2018 — Khanna
Adapted from M. Lustig, EECS Berkeley 10

Discrete Fourier Series

eelsieeels

o Define:
Wy 2 e—d2m/N
o DFS:
1 N-1 .
Bl = > XKW
k=0
B N-1
X[k = Fn]WA"
n=0

Penn ESE 531 Spring 2018 — Khanna
Adapted from M. Lustig, EECS Berkeley 11

. . . A —j2r/N
Discrete Fourier Series Wy =e

eelsieeels

o Properties of WN:

. W= W N =W N =1

n Wt = WY and, Wity = Wk
0 Example: W (N=6)

k=1 k=2
n=5
n=:
n=0,6 n=0,3,6,
n=3
n=2 n=1

Penn ESE 531 Spring 2018 — Khanna
Adapted from M. Lustig, EECS Berkeley 12




Discrete Fourier Transform

oelsiese’s

0 By convention, work with one period:

Zn] 0<n<N-1

zln] = .
0 otherwise
X <k<N-—
X[K] A X k] Ofkf.N 1
0 otherwise

Same, but different!

Penn ESE 531 Spring 2018 — Khanna
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Discrete Fourier Transform

oelsiese’s

o The DFT
e
z[n] = ¥ Z X[k]Wﬁk" Inverse DFT, synthesis
k=0
N-1
X[k = z[n]Wkn DFT, analysis
n=0

o It is understood that,
zln] = 0 outside0<n<N-1
X[k = 0 outside0<k<N-1

Penn ESE 531 Spring 2018 — Khanna
Adapted from M. Lustig, EECS Berkeley

DEFES vs. DFT

seseees

Penn ESE 531 Spring 2018 — Khanna
Adapted from M. Lustig, EECS Berkeley

seseees

Example

Wy & e927/N

] sl
LT

Penn ESE 531 Spring 2018 — Khanna
Adapted from M. Lustig, EECS Berkeley

eelsieeels

Example

Wi £ ¢92n/N

z[n]
REERR
01 2 3 4 n
‘Take N=5
— E:,:OWng k:011727374
XK = { 0 otherwise
= 5[K] .
“5-point DFT”

Penn ESE 531 Spring 2018 — Khanna
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Discrete Fourier Series

eelsieeels

T
Wy & ¢=927/N

o Properties of WN:

. W= W N =W N =1

n Wt = WY and, Wity = Wk
0 Example: W (N=6)

k=1 k=2
n=5
n=:
n=0,6 n=0,3,6,
n=3
n=2 n=1

Penn ESE 531 Spring 2018 — Khanna
Adapted from M. Lustig, EECS Berkeley




.
Wy & e=92m/N

oelsiese’s

Example

z[n]
01 2 3 4 n
‘Take N=5
tWhk k=0,1,2,3,4
X[k] — En:() 5 — Yy by ey dy
0 otherwise
— 5dlk] |
“5-point DFT”
Penn ESE 531 Spring 2018 — Khanna
Adapted from M. Lustig, EECS Berkeley 19

Wy & ¢=927/N

oelsiese’s

Example

0 Q: What if we take N=10?
o A: X[k] = X[k] where &[n] is a period-10 seq.

Penn ESE 531 Spring 2018 — Khanna
Adapted from M. Lustig, EECS Berkeley

20

Wy £ e92m/N

seseees

Example

o Q: What if we take N=10?
o A: X[k] = X[k] where &[n] is a period-10 seq.

z[n] Z[n]
T n
— z:i=0 u/ﬁf k ::071’27"'79
Xl = { 0 otherwise

“10-point DFT”

Penn ESE 531 Spring 2018 — Khanna
Adapted from M. Lustig, EECS Berkeley 21

seseees

Example

o Now, sum from n=0 to 9

9
X[k = Y wp
n=0

Penn ESE 531 Spring 2018 — Khanna
Adapted from M. Lustig, EECS Berkeley

Example

eelsieeels

o Now, sum from n=0to 9

9
X[k = Y Wi
n=0

4
> Wi
n=0

T sin(Zk)
sin({5k)

« . »
Penn ESE 531 Spring 2018 — Khanna 10-point DFT
Adapted from M. Lustig, EECS Berkeley 23

DFT vs. DTFT

eelsieeels

0 For finite sequences of length N:
= The N-point DFT of x[n] is:

N-1 N-1

X[k] = Z zn]WE = Z aln]e=ICm/Nnk

n=0 n=0

0<k<N-1

= The DTFT of x[n] is:

N-1

X(e) = Z z[n]e "

n=0

—0o<w<oo

Penn ESE 531 Spring 2018 — Khanna
Adapted from M. Lustig, EECS Berkeley

24




DFT vs. DTFT

oelsiese’s

0 The DFT are samples of the DTFT at N equally
spaced frequencies

X[k = X(e)|ymp2e 0<k<N-—1

Penn ESE 531 Spring 2018 — Khanna
Adapted from M. Lustig, EECS Berkeley

25
: DFT vs DTFT
o Back to example
. k
X[k = Y Wi
n=0
in(Z
_ ityh s'm( ok)
sin({5k)
X’ e St AR
Penn ESE 531 Spring 2018 — Khanna 2517 g 7 £
Adapted from M. Lustig, EECS Berkeley 27
¢ DFT and Inverse DFT
0 Use the DFT to compute the inverse DFT. How?
— *
N-z*[n] = N (DFT *{X[k]})
Penn ESE 531 Spring 2018 — Khanna
Adapted from M. Lustig, EECS Berkeley 29

DFT vs DTFT

oelsiese’s

a Back to example

X[k]

4
> Wit
n=0

pam g Sln(%k)

= e J10 -
sin({5k)
“10-point DFT”
Penn ESE 531 Spring 2018 — Khanna
Adapted from M. Lustig, EECS Berkeley 26
: DFT vs DTFT
o Back to example
- k
— n
X[k = E Wio
n=0
caxy SIN(TK
— Ik #
sin({5k)
. 1x@)] et St AE)
Use fftshift orenge: [O-pt DF T
to center 7 PNg324 3.24
around dc
Penn ESE 531 Spring 2018 — Khanna % g 7 e
Adapted from M. Lustig, EECS Berkeley 28

DFT and Inverse DFT

eelsieeels

0 Use the DFT to compute the inverse DFT. How?
N-z*[n] = N (DFT ' {X[k]})"

*

1 N-1
_ —kn
- N+ kE_Oj X[k|Wx

Penn ESE 531 Spring 2018 — Khanna
Adapted from M. Lustig, EECS Berkeley
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DFT and Inverse DFT

0 Use the DFT to compute the inverse DFT. How?

N -z*[n] = N(D-;':T_1 {X[k]})*

1 N-1
_ —kn
= N _?—o: XKWy

= X*[k|WEn

Penn ESE 531 Spring 2018 — Khanna
Adapted from M. Lustig, EECS Berkeley

*
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DFT and Inverse DFT

0 Use the DFT to compute the inverse DFT. How?

N (DFTH{X[K]})"

1 N-1
_ —kn
= N (N > XKWy
1

N -z*[n] =

k=0

2

= X*[k]Whr
=0
= DFT{X*[k]}.

Penn ESE 531 Spring 2018 — Khanna
Adapted from M. Lustig, EECS Berkeley

x

*

32

DFT and Inverse DFT

0 Use the DFT to compute the inverse DFT. How?

N - z*[n]

N-1 *

I
2
2|

X[RWy
k=0
N-1

X [k]WEr
=0

Penn ESE 531 Spring 2018 — Kh:mn

Adapted from M. Lustig, EECS Berkeley

kol

DFT and Inverse DFT

o So

DFT {X*[k]} = N (DFT* {X[k]})"

Penn ESE 531 Spring 2018 — Khanna
Adapted from M. Lustig, EECS Berkeley
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DFT and Inverse DFT

o So

DFT{X*[k]} = N (DFT* {X[k]})"

DFT H{X[k]} = % (DFT {X*[k]})"

Penn ESE 531 Spring 2018 — Khanna
Adapted from M. Lustig, EECS Berkeley
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DFT and Inverse DFT

o So

DFT {X*[k]} = N (DFT* {X[k]})"

DFT{X[k]} =®

a Implement IDFT by:
= Take complex conjugate
= Take DFT
= Multiply by 1/N

= Take complex conjugate

Penn ESE 531 Spring 2018 — Khanna
Adapted from M. Lustig, EECS Berkeley




. N-1
. . _ kn
i DFT as Matrix Operator X[k = 3 a[nWy
. n=0
DFT:
O(N-—-1
X[0] wRe wRr wit ) z[0]
X1k] = wk,o wﬁ" w}fl(’.\’*l) z[n]
X[N -1] WI(VN—I)D WI(VN—I)n WI(VN—I)(N—I) z[N —1]
Penn ESE 531 Spring 2018 — Khanna
Adapted from M. Lustig, EECS Berkeley 37
3 N-1
. : — kn
: DFT as Matrix Operator X[k = > a[n W
. n=0
DFT:
o(N-1
X[0] wiP wRr WN( ) z[0]
X{k] = W;’S,o wﬁ" w,’f,(iv’l) z[n]
XN - 1] N-1)0 N-1 N-1)(N-1 2N'- 1)
w1 w-Dn wN-DOv-1)
IDFT: .
—00 —0k - —
(0] Y WN wo X0
2[n] = % W;;nﬁ wign W;'n('Nq) XK
[N - 1] W;(Nfl)o W;,(Nfl)k W;(NJJ)(NA) X[N —1]

Penn ESE 531 Spring 2018 — Khanna

Adapted from M. Lustig, EECS Berkeley

N2 complex multiples

. N-1
. . _ kn
¢ DFT as Matrix Operator Xk = > znwg
o n=0
DFT:
O(N-—-1
x[0] wp wRr WD (0]
XIk) = w.}s,o w}’f," W,’ﬁ,‘i"’ H a(n]
X[N -1 W}(\]N'-i)o W}(\[N’-l)n W}(\]N-i)(N—l) 2[N - 1]
IDFT:
-~ - —0(N-1
z[0] wy WOk w o ) X[0]
: A : : . -
z[n] -5 w0 Wk wgn(N=1) Xik]
2N - 1] W;(N—I)O W;(rilq)k WE(N—.I)(N—I) XN - 1)
Penn ESE 531 Spring 2018 — Khanna
Adapted from M. Lustig, EECS Berkeley 38
¢ DFT as Matrix Operator
.
o Can write compactly as
X = Wyx
L Wiy X
x = — Wy
N
Penn ESE 531 Spring 2018 — Khanna
Adapted from M. Lustig, EECS Berkeley 40

eelsieeels

Properties of the DFT

0 Properties of DFT inherited from DFS

0 Linearity

alxl[n] + az.’L'z[TL] > a1 X1 [k] + a2X2[k]

o Circular Time Shift

z[((n —m))n] & X[kle IR = X[R]WR"

Penn ESE 531 Spring 2018 — Khanna
Adapted from M. Lustig, EECS Berkeley

4

Circular Shift

eelsieeels

]

F[n-m)

'?THTT? ?TTHT?I?TWT?W” '"TT? ?TTUT?M?TT”T? ?TH'"n

0 N

Penn ESE 531 Spring 2018 — Khanna
Adapted from M. Lustig, EECS Berkeley

N-1

42




! Circular Shift

7] 7l-m]

4 N1 0 N-1

. "'TT? ?TNTT?M?TTHT? ?Tﬂm"

ol Ao-m).]
alllz " [1e,q1]]

Penn ESE 531 Spring 2018 — Khanna

Properties of DFT

a Circular frequency shift
aln]ed TN — g W™ & X[((k - 1)N]
2 Complex Conjugation
z*[n] < X*[((=k))n]
a Conjugate Symmetry for Real Signals
z[n] = z*[n] < X[k] = X*[((—k))~]

Penn ESE 531 Spring 2018 — Khanna

Adapted from M. Lustig, EECS Berkeley 43
¢ Example: Conjugate Symmetry
4-point DFT X[k]
—Symmetry T T
o 1 2 3 k
Nipied fom . tocag s ey 20 = 27 (0] & X[K] = X*[(=RDN] 5
¢ Example: Conjugate Symmetry
4-point DFT m X[k
—-Symmetry T T T T
0o 1 2 3 k
g
N from 3 o, FES By 27 = 27 [0] 0 XT] = X[((-R))w]

Adapted from M. Lustig, EECS Berkeley 44
¢ Example: Conjugate Symmetry
4-point DFT X[k]
L
0o 1 2 3 k
Nt fom M T, s Bty 211) = @[] & X[K] = X*[((=R))N]
¢ Example: Conjugate Symmetry
4-point DFT m X[K]
IR
0o 1 2 3 k
v
m X[k]
5-point DFT
ey [ || LTI
o 1 2 3 4
—A
Niped fom Lo S ety 211] = 27 [n] & X[K] = XTU(=R))N]




Example: Conjugate Symmetry

f—\ X[k]
|

oelsiese’s

4-point DFT
—Symmetry

0o 1 2 3 k

4-point DFT
—Symmetry

Penn ESE 531 Spring 2018 — Khanna
Adapted from M. Lustig, EECS Berkeley

: Properties of the DFS/DFT
Discrete Fourie Series Discrete Fourir Transform
Property | Neperidicsequence | Aeperiodic DFS Property N-polnt sequence Nepoint DFT
i) xlk] ] xlk]
RIORAD] X[k, B.) ], %l X[k, X[
Lincarity 4 o)+ 5%, [n] o, W]+ b, ] Lincarity [+ by ] ax, K]+ bx, k]
Duliy ] NilA] Duality bl N
Time Shift #n-m) Wi i) Clregr Fime tr-m), ] W]
Cirular
Frequeney wersl] S-1) Frequency Wy afn) X-0)]
i
contin | Elolelo-n) VHIEK | o | Snlokfl-m] Kl
Muliplication %] %‘\Z‘:X‘[/l,\‘.[k 0| Mutiptication bl %Zx [k - ),
omplex . . Complex . -
Conpion bl Xl Conotpton 0l X O)]
Penn ESE 531 Spring 2018 — Khanna
Adapted from M. Lustig, EECS Berkeley

eelsieeels

Duality

If x—275 X, then {X[n]})  —2"> N {d((-K)y1};

Example

oelsiese’s

—Symmetry

5-point DFT | |
1

5-point DFT
—Symmetry

Penn ESE 531 Spring 2018 - Khanna

o k
Penn ESE 531 Spring 2018 — Khanna
Adapted from M. Lustig, EECS Berkeley 50
¢ Properties (Continued)
.
Tene- —
i #al TH i RGN X
Conjugaton Conjugaton
Real Part Refeln} \',[L]:%(,\'[A]‘X'[—L]l Real Part Refelal) Xw[A]:%[X[k]oX'[(‘fk)h])
iy Jimizlnl T - 2T | e il P A CON ]
Bvenpan | 5, b= Lol ¥ (n)) Rel¥le] Bt | v, b= 26l ) Refxle}
oddpa | %, %[;["1,;[7"]} Jim{FE] Odd Part U[n]*%[r[n]f Clem, ) Jjim{x[s}
Xk=X"T-4] X[H= X[ 0D
Symmetry for [ Rel¥ k) =Ref¥l-4] | symmetry for [ Relx{kl=Refx(- k), ]
Real #ln)=5"Ta tm{¥[k]}= - m{¥[- ]} Real nl=xTn) im{x ] =~ tm{x[(- £
Sequence o Sequence
[ J¥]-|-4] [ =[x 0.1
| 2ElK]=—27[-4] Lextl=-2xl(-k)),]
Sabkbl- 4 SR Selobill- &S i)
Parseval’s < Parseval’s & &
dentty . oo dentty o
S SN
Penn ESE 531 Spring 2018 — Khanna
Adapted from M. Lustig, EECS Berkeley
: .
¢ Duality
.
DFT N-1  DpFT N-1
If x—275 X, then {X[n]} | —2"> N {{(-k)y 1}, ,
- DFS ¢
X[n] < X [k],
z DFS |, -
X [n] < Nx[—k].
Penn ESE 531 Spring 2018 - Khanna 54




¢ Proof of Duality
N-1 o) ,,»27’;,,,
DFT of {x{n]} is X[k]=) x[ple ¥ ; k<0<N-1
=0
N-1N-1 ,j2ﬂp,, ,jlﬂ,m
DFT of {X[n]}Y is > ¥ xple N e N, k<O0<N-1
n=0 p=0
X[n]
N-1 N-1 _ 27
—J*, (ptk)n
=2 pl Y ¥
=0 n=
N for (p+k))y=0,
0 otherwise

(p+h) =0 for0<p &k<N-1 = p=((-hk)y
p=~k+mN=((-k)), +rN+mN =((-k)), because 0<p<N -1
- DFT of {X[nl}}Y3 is N{x(-RD}i

Circular Convolution

oelsiese’s

o Circular Convolution:
N-1

z1[n] @ zaln] £ x1[m]za[((n —m)) ]

m=0
For two signals of length N

Note: Circular convolution is commutative

z2[n] @ z1[n] = z1[n] @ 22[n]

Penn ESE 531 Spring 2018 — Khanna
Adapted from M. Lustig, EECS Berkeley 56

seseees

Compute Circular Convolution Sum

z1[n]

o
n
w
IS
g
od
3

0o 1 2 3 4 6 N
AN
z1[n] @ 22[n] = ) za[mlzo[((n —m)) ]
m=0
Penn ESE 531 Spring 2018 — Khanna
Adapted from M. Lustig, EECS Berkeley 58

Penn ESE 531 Spring 2018 - Khanna 55
: Compute Circular Convolution Sum
1 [n]
1 o o
01 2 3 4 5 6 n
za[n]
1 o o
o 1 2 3 n
A N-1
1[n] @ z2fn] 2 ) ) aa[mls[((n —m))n]
m=0
Penn ESE 531 Spring 2018 — Khanna
Adapted from M. Lustig, EECS Berkeley 57
¢ Compute Circular Convolution Sum
y[0]=2
z1[n]
| T T T
01 2 3 4 5 6 n
z2[n]
T T | T T
0o 1 2 3 4 5 6N
N N-1
o1n] @ waln] 2 Y w1 [mlea[((n — m))w]
m=0
Penn ESE 531 Spring 2018 — Khanna
Adapted from M. Lustig, EECS Berkeley 59

Compute Circular Convolution Sum

eelsieeels

y[0]=2
z1[n] yl1]=2
o

T

W [—0
s~—0

)
~
g
od
3

0o 1 2 3 4 6 N
N N-1
z1[n] @ z2ln] = ) za[mlza[((n — m))N]
m=0
Penn ESE 531 Spring 2018 — Khanna
Adapted from M. Lustig, EECS Berkeley 60
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Compute Circular Convolution Sum

oelsiese’s

Compute Circular Convolution Sum

oelsiese’s

y[0]=2
z1[n] y[1]=2
1 o o y[2]=3
y[3]=4
01 2 3 4 5 6 n
[2[n]

1

1[n] @ aln] 2 3 zafmlzs[((n —m)) ]

m=0

0o 1 2 3 4 5 6
-1

Penn ESE 531 Spring 2018 — Khanna

y[0]=2
z1[n] y[1]=2
1 o o T T y[2]=3
01 2 3 4 5 6 n
[z2[n]
T | T T |
01 2 3 4 5 61N
A N-1
z1[n] @ z2[n] = Z z1[m]za[((n — m))N]
m=0
Penn ESE 531 Spring 2018 — Khanna
Adapted from M. Lustig, EECS Berkeley 61
¢ Result
y[0]=2
y[1]=2
y[2]=3
y[31=4
4
2 T [ T
01 2 3 4 5 6 n
A N-1
zi[n] @ aln] £ Y @1 [mlzs[((n —m))N]
m=0
Penn ESE 531 Spring 2018 — Khanna
Adapted from M. Lustig, EECS Berkeley 63

Adapted from M. Lustig, EECS Berkeley 62
¢ Circular Convolution
a For x,[n] and x,[n] with length N
:vl[n] @ .’L'z[’l’L] 4 X1 [k] . Xg[k]
= Very usefulll (for linear convolutions with DFT)
Penn ESE 531 Spring 2018 — Khanna
Adapted from M. Lustig, EECS Berkeley 64

Multiplication

eelsieeels

o For x,[n] and x,[n] with length N

w1ln] - aln] & L X1K ® Xalk

Penn ESE 531 Spring 2018 — Khanna
Adapted from M. Lustig, EECS Berkeley
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Linear Convolution

eelsieeels

o Next....

Using DFT, circular convolution is easy

But, linear convolution is useful, not circular

So, show how to perform linear convolution with circular
convolution

Use DFT to do linear convolution

Penn ESE 531 Spring 2018 — Khanna
Adapted from M. Lustig, EECS Berkeley

66

11



Big Ideas

oelsiese’s

o Adaptive filtering
= Use LMS algorithm to update filter coefficients for
applications like system ID, channel equalization, and
signal prediction
o Discrete Fourier Transform (DFT)

= For finite signals assumed to be zero outside of defined
length

= N-point DFT is sampled DTFT at N points
= Useful properties allow easier linear convolution
o DFT Properties

= Inherited from DFS, but circular operations!

Penn ESE 531 Spring 2018 — Khanna
Adapted from M. Lustig, EECS Berkeley 67

Admin

oelsiese’s

o HW 7 out now
= Due Friday

a Project posted Friday
= Work in groups of up to 2

= Can work alone if you want

= Use Piazza to find partners

Penn ESE 531 Spring 2018 — Khanna
Adapted from M. Lustig, EECS Berkeley

68

12



