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Penn

Today

oelsiese’s

0 Review:
= Discrete Fourier Transform (DFT)

= Circular Convolution

0 Fast Convolution Methods

Penn ESE 531 Spring 2018 - Khanna

Discrete Fourier Transform

seseees

o The DFT

N-1
1
zln] = N Z X [k]W&k" Inverse DFT, synthesis
k=0
N-1
X[k = z[n]WEr DFT, analysis
n=0

0 Itis understood that,
zln] = 0 outside0<n<N-1
X[k] = 0 outside0<k<N-1

Penn ESE 531 Spring 2018 — Khanna
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DFT vs DTFT

seseees

o Back to example

X[E]

4
> Wi
n=0

; : f0-pt DFT
> 3,24 324

¢ Properties of the DFS/DFT
Dicrte Fourir Series DiscreteFourer Trantorm
Property | Neperiodcequence | Neperodi DFS | peopety | ool sequenee Nepint FT
i ) ] ¥l
5l %0 PR x5 X )
Lincarity )+ 5, ln] o, [+ 5, 4] Lincarity ax o)+ s fn] ax [k, K]
Duality 0 NEl-4] Duality xli) N R),]
Time Shift n-m] Wi xlk] """;_‘:;""‘"“ - m)), ] wixlk]
Frequency i - Circular o
caen Wi sh) 1] ey W] xlk-1),]
oty | Sslekele-n] pAgian) comoe | Snlballo-m,] paaran)
Mutiision | % bbr] LIS FIRL- | Mutipiaion sblb] LSl
Rl <l ¥4 e R0 Xl
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¢ Properties (Continued)
.
Time- Time-
Kol #n] FH oot Sl X
Conjugaton Conjugaton
Real Part Relslol R -4 XD | Raatpan Rellr} Xl X 0D
""151':"1 Jjimiz(al \',m:gl\m, Flx) '”;g;"Y Jim{xlal} ,YJK]:%(,\[H—/\ -0,
EveaPant | , [».1:%(\[,,]~ Fln) Ref¥[e]) EvenPant | ¥, [,,]:%(.[,,]. REN Refx[k])
OddPan | ¥, [..|—§[r|,,1,\'[,.,]) JimiFle]) Odd Part ,,‘[,,]—g[r[,,],r[«,,.n\ ) Jim{x [k}
Xe=X'1-4) XK= X[ )]
oametry o [ Ref¥lk)=Rel¥l-£) | symmenry for b
e -] Timflel el | o=
Sequence . Sequence
| 2klk)=-2X(-K)
e Skl BRI - Sabbibl- LS x
denity e

Sl -+ Sl
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oelsiese’s

Duality

If x—225 X, then {X[n]}

Penn ESE 531 Spring 2018 - Khanna

N{x[(( k))N }k =0

a

oelsiese’s

Duality

If x—25 X, then {X[nl}" ) 27> N {({((-k)y ]}

2] 255 % [k,

%) 255 Nx-kl.

seseees

Proof of Duality

N-1 2z
DFT of {x[n]}\") is  X[k]=Y xple A k<O0<N-1
p=0
Penn ESE 531 Spring 2018 - Khanna 9
¢ Proof of Duality
N- “ -k
DFT of {x[n]}nzn is X[k]=2x[p]e N k<0<N-1
N-IN-1
DFT of {X[n]}Y is ZZx[p]e Sl k<0<N-1
=0 p=0

Xin]

~N211[p] Z */ (phyn

O
N for ((ph)) =0,

0 otherwise

Penn ESE 531 Spring 2018 - Khanna
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¢ Proof of Duality
N-1 “ *12”@
DFT of {x[n]}" is X[k]= Zx{p]e N k<OSN-1
N-1N-1 " 27,
DFT of {X[n]}Y3 is ZZx[p]e NN k<0<N-1
n=0 p=0
X[n]
Penn ESE 531 Spring 2018 - Khanna 10
P . . A —j2m/N
: Discrete Fourier Series Wy =e
0 Properties of WN:
- W =W N =W AN= =1
= W = WKW F and, Wk = Wk
0 Example: W (N=6)
k=1 k=2
n=5
n=
n=0,6 n=0,3,6,
n=3
n=2 n=1
Penn ESE 531 Spring 2018 — Khanna
Adapted from M. Lustig, EECS Berkeley 12




Proof of Duality

oelsiese’s

N-1 o) ,,»27’;,,,
DFT of{x[n]}n:ﬂ is X[k]=2x{p]e N=, k<O0<N-1
=0
N-1N-1 ,j2ﬂp,, ,jlﬂ,m
DFT of {X[n]}Y is > ¥ xple N e N, k<O0<N-1
=0 p=0
X[n]
N-1 N-lo_ 27
=J (prkn
=2 xpl pe ¥

| —;
N for (p+k))y=0,
0 otherwise

(p+k))yy =0 for 0< p &KSN—1 = p=((-k))y

- DFT of {X[nl}}Y3 is N{x(-RD}i

Penn ESE 531 Spring 2018 - Khanna

Circular Convolution

oelsiese’s

o Circular Convolution:

] @aln] 2 3 aalmlesl((n — m)) ]

For two signals of length N
Note: Circular convolution is commutative

z2[n] @ z1[n] = z1[n] @ 22[n]

Penn ESE 531 Spring 2018 — Khanna

seseees

Compute Circular Convolution Sum

z1[n]
1 o o

01 2 3 4 5 6 n
z2[n]
1 o o

o1 2 3 n
A N-1

a1n] @ z2[n] £ Y @r[mlzs((n — m))n]
m=0

Penn ESE 531 Spring 2018 — Khanna
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eelsieeels

Circular Convolution

o For x,[n] and x,[n] with length N
z1[n] @ @2[n] <> Xi[k] - Xo[k]

= Very usefulll (for linear convolutions with DFT)

Penn ESE 531 Spring 2018 — Khanna
Adapted from M. Lustig, EECS Berkeley
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¢ Result
y[0]=2
y[1]=2
y[2]=3
y[3]=4
4
2 T K[ T
01 2 3 4 5 6 n
A N-1
z1[n] @ za[n] = ) za[mlza[((n —m))N]
m=0
Penn ESE 531 Spring 2018 — Khanna
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: Multiplication
a For x,[n] and x,[n] with length N
1
z1[n] - z2[n] & 5 Xi1[k] @ X2[k]
Penn ESE 531 Spring 2018 — Khanna
Adapted from M. Lustig, EECS Berkeley 18




Linear Convolution

oelsiese’s

o Next....

Using DFT, circular convolution is easy

= Matrix multiplication... more later

But, linear convolution is useful, not circular

So, show how to perform linear convolution with circular
convolution

Use DFT to do linear convolution (via circular
convolution)

Penn ESE 531 Spring 2018 — Khanna
Adapted from M. Lustig, EECS Berkeley 19

Linear Convolution

oelsiese’s

a We start with two non-periodic sequences:
zln] 0<n<L-1
hln] 0<n<P-1

= E.g. x[n] is a signal and h[n] a filter’s impulse response

Penn ESE 531 Spring 2018 — Khanna
Adapted from M. Lustig, EECS Berkeley 20

Linear Convolution

seseees

o We start with two non-periodic sequences:

zln] 0<n<L-1
hln] 0<n<P-1

= E.g x[n] is a signal and h[n] a filter’s impulse response

o We want to compute the linear convolution:

L—1
yln] = z[n] x hln] = Y z{mlhn —m]

m=0

= y[n] is nonzero for 0 < n < L+P-2 (ie. length M=L+P-1)

Penn ESE 531 Spring 2018 — Khanna Requires L*P multiplications
Adapted from M. Lustig, EECS Berkeley 21

Linear Convolution via Circular Convolution

seseees

a Zero-pad x[n] by P-1 zeros

_Jz[n] 0<n<L-1
eplll =0 L<n<LiP-2

a Zero-pad h[n] by L-1 zeros

A _J hln] 0<n<P-1
»M=10 P<n<i+P-2

o Now, both sequences are length M=L+P-1

Penn ESE 531 Spring 2018 — Khanna
Adapted from M. Lustig, EECS Berkeley 22

Linear Convolution via Circular Convolution

eelsieeels

o Now, both sequences are length M=L+P-1

o We can now compute the linear convolution using a
circular one with length M=L+P-1

Linear convolution via circular

Xep[n] @ hzpln] 0<n<M-1
0 otherwise

yln] = x[n]  y[n] = {

Penn ESE 531 Spring 2018 — Khanna
Adapted from M. Lustig, EECS Berkeley 23

eelsieeels

Example

z1[n]
1 o o
L=5
0 1 2 3 4 n
z2[n]
1 o 0
P=4
0o 1 2 3 n
M=L+P-1=8
Penn ESE 531 Spring 2018 — Khanna
Adapted from M. Lustig, EECS Berkeley 24




Example

oelsiese’s

z1[n]
1 o O
o o o
0o 1 2 3 4 5 6 7N
z2[n]
1 o o
1= 0—60—06
0o 1 2 3 4 5 6 71

M=L+P-1=8

Penn ESE 531 Spring 2018 — Khanna
Adapted from M. Lustig, EECS Berkeley

25

seseees

Linear Convolution with DFT

0 In practice we can implement a circulant
convolution using the DFT property:

Zzp[n] @ hap[n]

DFT ' {DFT {zmp[n]} - DFT {hop[n]}}
for 0 =n <M-1, M=L+P-1

Penn ESE 531 Spring 2018 — Khanna
Adapted from M. Lustig, EECS Berkeley

Block Convolution

eelsieeels

o Problem:

An input signal x[n], has very long length (could be
considered infinite)

An impulse response h[n] has length P
We want to take advantage of DFT/FFT and compute
convolutions in blocks that are shorter than the signal

0 Approach:

= Break the signal into small blocks
= Compute convolutions

= Combine the results

Penn ESE 531 Spring 2018 — Khanna
Adapted from M. Lustig, EECS Berkeley

29

oelsiese’s

Example

| T

o 1 5 3 QWn
Circular flip’
M=L+P-1=8

yln] = z1[n] @ z2[n] = 21[n] * 22[n]

Penn ESE 531 Spring 2018 — Khanna
Adapted from M. Lustig, EECS Berkeley
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Linear Convolution with DFT

seseees

a In practice we can implement a circulant
convolution using the DFT property:

Tp[n] @ hop[n]
= DFT ' {DFT {zp[nl} - DFT {haplnl}}
for0 =n <M-1, M=L+P-1

a Advantage: DFT can be computed with Nlog,N
complexity (FFT algorithm later!)

o Drawback: Must wait for all the samples -- huge
delay -- incompatible with real-time filtering

Penn ESE 531 Spring 2018 — Khanna
Adapted from M. Lustig, EECS Berkeley
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eelsieeels

Block Convolution

Example:
h[n] Impulse response, Length P=6

[TTTTT

x[n] Input Signal, Length P=33

7. wT?w; ?TTT?TTOT
J\M'*’J,lﬂl N

y[n] Output Signal, Length P=38

Penn ESE 531 Spring 2018 — Khanna

Adapted from M. Lustig, EECS Berkeley 30




oelsiese’s

Overlap-Add Method

0 Decompose into non-overlapping segments

z[n] rL<n<(r+1)L

arln] = 0 otherwise

0 The input signal is the sum of segments
aln] =) zr[n]
r=0

Penn ESE 531 Spring 2018 — Khanna
Adapted from M. Lustig, EECS Berkeley 31

oelsiese’s

Example

L=11 T xo[n]
T Tl T,
= T

x;['n]

ALLL*J.LMJ,

xéirl 1 E
x[n] = xo[n]+x1[n]+xz[n]

i’“j‘hfw&uﬂijﬁmk

Penn ESE 531 Spring 2018 — Khanna
Adapted from M. Lustig, EECS Berkeley 32

seseees

Overlap-Add Method

0 The output is:
y[n] = z[n] x hin] = Z z.[n] * h[n]
r=0

= Each output segment x,/n/*h/n] is length N=L+P-1
= h[n] has length P
= x,[n] has length L.

Penn ESE 531 Spring 2018 — Khanna
Adapted from M. Lustig, EECS Berkeley 33

seseees

Overlap-Add Method

o We can compute x,/z/*h/n] using circular convolution with
the DFT
0 Using the DFT:
= Zero-pad x,[n] to length N
= Zero-pad h[n] to length N and compute DFTy {h, [n]}

= Only need to do once

Penn ESE 531 Spring 2018 — Khanna
Adapted from M. Lustig, EECS Berkeley 34

eelsieeels

Overlap-Add Method

0 We can compute x,/#/*h/n] using circular convolution with
the DFT
o Using the DFT:
= Zero-pad x,[n] to length N
= Zero-pad h[n] to length N and compute DFTy {h,[n]}
= Only need to do once

= Compute:
z.[n] * h[n] = DFT ™ {DFT{x, ,,[n]} - DET{h,,[n]}}
0 Results are of length N=L+P-1

= Neighboring results overlap by P-1

= Add overlaps to get final sequence

Penn ESE 531 Spring 2018 — Khanna
Adapted from M. Lustig, EECS Berkeley 35

eelsieeels

Example of Overlap-Add L+P-1=16

L=11 T Xo[n] oo Yo[n]

xi[n] Example:

H&*ﬂﬂl h[n] Impulse response, Length P=6

xa[n
[]I‘fﬁi [TTTTT
x[n] = Xo[n]+x1[n]+Xz[n!

b wyp
Penn ESE 531 Spring 2018 — Khanna
Adapted from M. Lustig, EECS Berkeley 36




oelsiese’s

Example of Overlap-Add L+P-1216

L=11 L-'ﬁl'fﬁl Xo[n] e . YoIn]
x1[n] oo yi[n]
ALLL*JJ,ML

)
=

iy

x[n] = xo[n]+x1[n]+x2[n]
ST Tl T%ig¢yiqlf olo,

Penn ESE 531 Spring 2018 — Khanna

oelsiese’s

Example of Overlap-Add L+P1216

il D | S Y
- S
WLJ.LML 5’“ MY 5
7 xzz;;;I - 7 -
x[n] = xoln]+xa[n}+xeln] yin] = yoln]+ys[n}+yeln]
jf(ﬁIhfgwuﬂfﬂtmLs mmwm

Penn ESE 531 Spring 2018 — Khanna
Adapted from M. Lustig, EECS Berkeley 38

seseees

Example of Overlap-Save

L+P-1=16 o

g
Tt

i fﬂmm

Penn ESE 531 Spring 2018 — Khanna
Adapted from M. Lustig, EECS Berkeley 40

Adapted from M. Lustig, EECS Berkeley 37
¢ Overlap-Save Method
0 Basic idea:
o Split input into overlapping segments with length
L+P-1
= P-1 sample overlap
2] = zn] rL<n<(r+1)L+P
" 0 otherwise
0 Perform circular convolution in each segment, and
keep the L sample portion which is a valid linear
convolution
Penn ESE 531 Spring 2018 — Khanna
Adapted from M. Lustig, EECS Berkeley 39
¢ Circular to Linear Convolution
0 An L-point sequence circularly convolved with a P-
point sequence
= with L - P zeros padded, P < L.
0 gives an L-point result with
= the first P - 1 values ncorrect and
= the next L - P+ 1 the aorrect linear convolution result
. 76'8
11 L=3 1 +  linear
2y 2 ,e 8
b P= ©1 circular
Penn ESE 531 Spring 2018 - Khanna 41

Example of Overlap-Save

eelsieeels

LHP-1=16 oot o e ——_

P-1=5

P E e

W

Penn ESE 531 Spring 2018 — Khanna
Adapted from M. Lustig, EECS Berkeley 42




Example of Overlap-Save

oelsiese’s

L+P-1=16

Penn ESE 531 Spring 2018 — Khanna
Adapted from M. Lustig, EECS Berkeley

Discrete Cosine Transform

oelsiese’s

0 Similar to the discrete Fourier transform (DFT), but
using only real numbers

0 Widely used in lossy compression applications (eg.
Mp3, JPEG)
o Why use it?

Penn ESE 531 Spring 2018 - Khanna 44

DFT Problems

seseees

o For processing 1-D or 2-D signals (especially coding), a
common method is to divide the signal into “frames” and
then apply an invertible transform to each frame that
compresses the information into few coefficients.

0 The DFT has some problems when used for this purpose:

= Nreal x[n] © N complex X[k] : 2 real, N/2 — 1 conjugate pairs
= DFT is of the periodic signal formed by replicating x[n]

Lt e 1

e ]

Imag  Real

DFT Problems

seseees

o For processing 1-D or 2-D signals (especially coding), a
common method is to divide the signal into “frames” and
then apply an invertible transform to each frame that
compresses the information into few coefficients.

0 The DFT has some problems when used for this purpose:

= Nreal x[n] © N complex X[k] : 2 real, N/2 — 1 conjugate pairs
= DFT is of the periodic signal formed by replicating x[n]

= Spurious frequency components from boundary discontinuity

The Discrete Cosine Transform (DCT) overcomes these problems.

Penn ESE 531 Spring 2018 - Khanna 46
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¢ Discrete Cosine Transform
0 To form the Discrete Cosine Transform (DCT), replicate
x[0 : N — 1] but in reverse order and insert a zero between
cach pair of samples:
Al N=s ¥ii
_—
0 2 23

Penn ESE 531 Spring 2018 - Khanna a7

FIR GLP: Type 11

eelsieeels

Typell Even Symmetry, M odd

hn]=hM —n], n=0,1,...M

\ Center of
<+ symmetry
I
1 |
LI
L
0 M M=5 n
2
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Discrete Cosine Transform

oelsiese’s

o To form the Discrete Cosine Transform (DCT), replicate
x[0 : N — 1] but in reverse order and insert a zero between
each pair of samples:

] N=6 yirl

0 5 [ 12 23

0 Take the DFT of length 4N real, symmetric, odd-sample-
only sequence

Discrete Cosine Transform

oelsiese’s

0 To form the Discrete Cosine Transform (DCT), replicate
x[0 : N — 1] but in reverse order and insert a zero between
each pair of samples:

x[n] N=6 Yul

0 5 g 2 23
0 Take the DFT of length 4N real, symmetric, odd-sample-
only sequence

0 Result is real, symmetric and anti-periodic: only need first N
values

Penn ESE 531 Spring 2018 - Khanna
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Discrete Cosine Transform

seseees

Forward DCT: X [k] = 27‘:701 z[n| cos w fork=0:N-1

Inverse DCT: z[n] = £ X[0] + & Zz“:’:ﬁ]l X k] cos w

Penn ESE 531 Spring 2018 - Khanna 49
¢ Discrete Cosine Transform
x{n] N=6 i
e
0 5 g 2 23
0 Result is real, symmetric and anti-periodic: only need first N
values
YIK
XK
12 -
0 3
0 5
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¢ Basis Functions
DFT basis functions: z[n] = & S0 ' X [k]e/?" ¥
Y haddadtatttaanas s W
P R
P RS
DCT basis functions: z[n] = - X[0] + & Zi_\tl‘ X[k] cos b“{%m
e N raate N
f g ~
R e ou R N
I Tt eeooo [y eo”
oo o RN
I e NP s
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: .
¢ DFT of Sine Wave
:
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DFT of Sine Wave

oelsiese’s

x[n]

[Xr[k]l

Tﬂh?ivvvmﬂfﬂh

DFT:  Real—Complex; Freq range [0, 1]; Poorly localized unless

f="2Xplk)l <k M or Nf <k < ¥

Penn ESE 531 Spring 2018 - Khanna 55

DCT of Sine Wave

oelsiese’s

DCT: X k|

Xrlk] N w
‘[PVWHHH”

| Xclk|l I M . ,,T“ -

DFT:  Real—Complex; Freq range (0, 1]; Poorly localized unless
f %‘\X,,-\k} xklor Nf <k < %

DCT:  Real—Real; Freq range [0, 0.5]; Well localized Vf;
Xclk|| ox k=2 for2Nf < k< N

Penn ESE 531 Spring 2018 - Khanna

seseees

Big Ideas

o Discrete Fourier Transform (DFT)

= For finite signals assumed to be zero outside of defined
length
= N-point DFT is sampled DTFT at N points
= DFT properties inherited from DFS, but circular
operations!
o Fast Convolution Methods

= Use circular convolution (i.e DFT) to perform fast linear
convolution

= Overlap-Add, Overlap-Save

0 DCT useful for frame rate compression of large

signals
Penn ESE 531 Spring 2018 — Khanna
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Admin

seseees

a HW 8 due tomorrow
o Project
= Work in groups of up to 2

= Can work alone if you want

= Use Piazza to find partners

Penn ESE 531 Spring 2018 — Khanna
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