ESE 531: Digital Signal Processing

Lec 22: April 10, 2018
Adaptive Filters

0} L]
#Penn
Penn ESE 531 Spring 2018 — Khanna ‘



Iecture Outline

0 Circular convolution as linear convolution
with aliasing
a0 Adaptive Filters
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: Circular Convolution

0 Circular Convolution:

z1[n] @ z2[n| = Z z1|m|zz[((n —m))N]

For two signals of length N

Note: Circular convolution is commutative

z2[n] @ T1[n| = z1[n| @ T2[N]

Penn ESE 531 Spring 2018 — Khanna
Adapted from M. Lustig, EECS Berkeley



Compute Circular Convolution Sum

T1[n]

1 O O T T T
O 1 2 3 4 5 6 n
T2[n]

1 ¢ o

01 2 3 n

21ln] @ aln] 2 3 zfmlas|((n — m))w
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Compute Circular Convolution Sum

T1[n]
1 O O T T T
O 1 2 3 4 5 6 n
T2[n]
1 ¢ o
O 1 2 3 4 5 6 n

21ln] @ aln] 2 3 zfmlas|((n — m))w
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Compute Circular Convolution Sum

o
—0
—0

> f—00

0o 1 2 3 5 6 n
T2(n]
1 T
0O 1 2 3 4 5 6N
N_1

z1[n] @ 2a2fn] = > @1[m]za[((n — m))N]
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Compute Circular Convolution Sum

y[0]=2

O 1 2 3 4 5 6 n

T2[n]

0 1 2 3 4 5 6N
N-—-1

z1[n] @ 2a2fn] = > @1[m]za[((n — m))N]
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Compute Circular Convolution Sum

y[0]=2

z1[n] @ 2a2fn] = > @1[m]za[((n — m))N]

m=0

Penn ESE 531 Spring 2018 — Khanna
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Compute Circular Convolution Sum

. y[0]=2

1 'n,] y[1]=2
1 & O T T T y[2]=3

0o 1 2 3 4 5 & n

[mz n|

o 1 2 3 4 5 6 N

21ln] @ aln] 2 3 zfmlas|((n — m))w
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Compute Circular Convolution Sum

8
-
S,
< < <
IwIINIIHIIOI
Il

0
T | T‘ ‘
0 1 2 3 4 5 6 N

N-1

z1[n] @ 2a2fn] = > @1[m]za[((n — m))N]

Penn ESE 531 Spring 2018 — Khanna
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Result

y[0]=
y[1]=
y[2]=
y[3]=

4 A (@ O

(o (@
20([ T
0 1 2 3 4 5 6 'ﬁ'

Penn ESE 531 Spring 2018 — Khanna
Adapted from M. Lustig, EECS Berkeley
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ILinear Convolution

a0 We start with two non-periodic sequences:

zn] 0<n<L-1
hln] 0<n<P-1

= E.g. x[n] 1s a signal and h[n] a filter’s impulse response

0 We want to compute the linear convolution:

y[n] = x[n] *x hin] = Z z|m|h[n — m]

= y[n] 1s nonzero for 0 < n = L+P-2 with length M=L.+P-1

Penn ESE 531 Spring 2018 — Khanna Requires LP multiplications
Adapted from M. Lustig, EECS Berkeley
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. Linear Convolution via Circular Convolution

a Zero-pad x|n] by P-1 zeros

~J zn] 0<n<L-1
T =)0 L<n<L+P—2

a Zero-pad h[n] by L-1 zeros

n [ hn] 0<n<P-1
»M =10 pP<n<it+P-2

a0 Now, both sequences are length M=L+P-1

Penn ESE 531 Spring 2018 — Khanna
Adapted from M. Lustig, EECS Berkeley 13



Circular Conv. via Linear Conv. w/ Aliasing

0 If the DTFT X(e/®) of a sequence x|n] is sampled at
N frequencies W, =2 7T k/N, then the resulting
sequence X|[k]| corresponds to the periodic sequence

o0

x[n] = Z x[n—rNJ.

r=—00

X(ef(z’”‘/N)) 0<k<N-—1,
0 And  X[k]= otherwise,

DFT of one perlod given as

1s the

10, otherwise.

Penn ESE 531 Spring 2018 - Khanna
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Circular Conv. via Linear Conv. w/ Aliasing

Xplltl = 0, otherwise.

0 If x[n] has length less than or equal to N, then
Xp[0]=x]n]
0 However if the length of x[n] 1s greater than N, this

might not be true and we get aliasing in time

= N-point convolution results in N-point sequence

Penn ESE 531 Spring 2018 - Khanna
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Circular Conv. via Linear Conv. w/ Aliasing

a Given two N-point sequences (x,[n] and x,[n]) and

their N-point DFT's (X, [k] and X, [k])
0 The N-point DFT of x;[n]=x,[n]*x,[n] 1s defined as

X3[k] _ X3 (ej(2itk/N))

Penn ESE 531 Spring 2018 - Khanna
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Circular Conv. via Linear Conv. w/ Aliasing

a Given two N-point sequences (x,[n] and x,[n]) and

their N-point DFT's (X, [k] and X, [k])
0 The N-point DFT of x;[n]=x,[n]*x,[n] 1s defined as

X3[k] _ X3 (ej(Zth/N))

0 And X;[k]=X, [k]X,[k], where the inverse DFT of
X;[Kk] 1s

0

Z x3ln—rN], 0<n<N-—1,

x3p[n| == ot

0. otherwise,

Penn ESE 531 Spring 2018 - Khanna
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Circular Conv. as Linear Conv. w/ Aliasing

x0

Z x3ln—rN], 0<n<N-—1,
P O0
0. otherwise,

x3pln] ==

a Thus

Penn ESE 531 Spring 2018 - Khanna
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Circular Conv. as Linear Conv. w/ Aliasing

O<n<N -1,
x3p[n]

otherwise,

a Thus

x3p[n] x [n]® x,[n]

a The N-point circular convolution 1s the sum of
linear convolutions shifted in time by N

Penn ESE 531 Spring 2018 - Khanna
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Example 1:

0 lLet

o

a0 The N=L=06-point circular convolution results in

Penn ESE 531 Spring 2018 - Khanna
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Example 1:

0 lLet

oy

a0 The N=L=06-point circular convolution results in

L] l | l l | % [n) N x,[n).
N=L=6
0 N-1

Penn ESE 531 Spring 2018 - Khanna
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Example 1:

0 lLet

11—

0 The linear convolution results in

Penn ESE 531 Spring 2018 - Khanna

xy[n] = x~,[n]
L=P=
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Example 1:

0 lLet

11—

0 The linear convolution results in

,,;IIHHHI:

Penn ESE 531 Spring 2018 - Khanna

xy[n] = x-;[n]
L=P=

x3[n] = xy[n] * x;[n]

23



Example 1:

0 The sum of N-shifted linear convolutions equals the N-point
circular convolution

L””'“ILJ_]

(b)

x3[n] = x[n] * x;[n]

xl_ iV]

,rJlmth

(c)

x3(n + N']

%,Tmllllu, -

Penn ESE 531 Spring 2018 - Khanna
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Example 1:

0 The sum of N-shifted linear convolutions equals the N-point
circular convolutionr

L

;I]”'“Iluz_l

(b)

x3[n] = x\[n] * x;[n]

xl_ i\’]

MJ][H“IN

(c)

x_;[n + N]‘

ey 1] | ” 111 L

n
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Example 1:

0 The sum of N-shifted linear convolutions equals the N-point
circular convolutionr

L

I,']”““LJ

-1

()

x3[n] = x\[n] * x;[n]

i

N-1

(c)

%LTIIIL})

Penn ESE 531 Spring 2018 - Khanna

x;[n+N].
N=L=6

n
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Example 1:

o If I want the circular convolution and linear
convolution to be the same, what do I do?

Penn ESE 531 Spring 2018 - Khanna
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Example 1:

o If I want the circular convolution and linear
convolution to be the same, what do I do?

= Take the N=2L-point circular convolution

i,

Penn ESE 531 Spring 2018 - Khanna

x;[n) ) x; [n),
N=2L
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Example 1:

0 The sum of N-shifted linear convolutions equals the N-point
circular convolutionr

L

;I]”'“Iluz_l

(b)

x3[n] = x\[n] * x;[n]

xl_ i\’]

MJ][H“IN

(c)

x_;[n + N]‘

ey 1] | ” 111 L

n
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Example 2:

o Let 2 x;[n]
O 1111
0 L n
(a)
II I I I xz(n]
0 P n
(b)

Penn ESE 531 Spring 2018 - Khanna
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Example 2:

o Let 2[ ‘ [ ol
1
o—0—0—0 .4_._._] I I I I * oo 0o 0o 0o o —
0 L -
(a)
—Q—Q—H—MHI—LU—I—Q-O—O—O—O—O—O—O—O—O—O_IZ['I]
0 P o
(b)
Linear convolution r ol = x,[r] » 2]

\ X ’

1
et

L+P-1

0 What does the L-point circular convolution look like?

Penn ESE 531 Spring 2018 - Khanna



Example 2:

0 Let 111

x1[n]

0,

o0

r=—0o0

I x3,,[n] _ lxlln] @xz[n] = Z x3fn—rL], 0<n<L -1,

otherwise.

1§ x3[n] = xi[n] + xa(n]
7
1
0 P L ; n
L+P-1

0 What does the L-point circular convolution look like?

Penn ESE 531 Spring 2018 - Khanna
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Example 2:

0 The L-shifted linear convolutions

P N — O e il il el

TIIHJH

x3(n]

Penn ESE 531 Spring 2018 - Khanna

-

10

(a)

xy[n+ L)

10 D M T
P-2
(b)

xy[n~ L]

r%,,ﬁl”l[‘ hﬁ,

(¢)
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Example 2:

0 The L-shifted linear convolutions

l x3|n]
:3:33:33;3:3::TI]|III II‘:v:vCCv
lo 2 } n
L+P-1
(a)
xy[n+ L)

|J—L—o—o—o 0= 0—0—0—0-0—0—0—0~ 00—
0
L oo

PR P R P S P A S W S

xyln]=x;30n] + x3n+ L), 0sn=L -1

0

M S S S S e

Jull

Penn ESE 531 Spring 2018 - Khanna
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Adaptive Filters

0} L]
S Ienn
[
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Adaptive Filters

0 An adaptive filter is an adjustable filter that

X[n]

processes in time

= [t adapts...

d[n]
Adaptive | VIn] ;/"\Jr
Filter N
Update
Coefficients

Penn ESE 531 Spring 2018 - Khanna

e[n]=d[n]-y[n]



Adaptive Filter Applications

a System Identification

Adaptive
filter

System

input

Penn ESE 531 Spring 2018 - Khanna

Unknown
System

g

+Itl

System
output
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Adaptive Filter Applications

0 Identification of inverse system

. e.g.comm.!
. channel | /

System o I Unknown | Y > f\q.i‘l"i“'c p System
input System | filter I output
2 i ~-Yv

[
¢
+Ad
> Delay

Penn ESE 531 Spring 2018 - Khanna



Adaptive Filter Applications

0 Adaptive Interference Cancellation

Primary

signal

Reference

u

/

signal

Penn ESE 531 Spring 2018 - Khanna

Adaptive

filter
/

System
output
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Adaptive Filter Applications

0 Adaptive Prediction

Random I I
signal

Delay

u

Penn ESE 531 Spring 2018 - Khanna

Adaptive
filter

/

d

System
output 2

System
output 1

40



Stochastic Gradient Approach

0 Most commonly used type of Adaptive Filters

0 Define cost function as mean-squared error

= Difference between filter output and desired response

0 Based on the method of steepest descent

s Move towards the minimum on the error surface to get to
minimum

= Requires the gradient of the error surface to be known

41



Least-Mean-Square (LMS) Algorithm

0 The LMS Algorithm consists of two basic processes

= Filtering process

= Calculate the output of FIR filter by convolving input and taps

= Calculate estimation error by comparing the output to desired

signal
N }l
[nput vector
uln) “Hly — 1)
| > Tran_svcrsal filter . h (r_z L)u(n) » Output

win — 1)

.*\ddpl.l\"k‘ Evljl'QL 4

:> weight-control &(n)

mechanism

Desired

response

d(n)
(a)

42



Adaptive FIR Filter: LMS

FIR ynl=hyx,
x{n] "| Filter ’ - - —-MY
X, =(x[n],x[n—-1]...,x[n—M])
h, h, =(h [0, 4 [1],....h [M])
Update AN
Coefficients \‘d
desired
output d,,

Penn ESE 531 Spring 2018 - Khanna



Adaptive FIR Filter: LMS

y[n]A= hz;xn

X FIR
x{n] "| Filter
hn
Update “ M
Coefficients \]d
desired
output d,,

Penn ESE 531 Spring 2018 - Khanna

x, =(x[n],x[n—1]...,.x[n-M])"

h, =(h,[0L A, [1],... 1, [M])

e, =(d[n]-)[n])’ =(dn]-hx,)’
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Adaptive FIR Filter: LMS

y[n]A= hz;xn

X FIR
x{n] "| Filter
hn
Update “ M
Coefficients \]d
desired
output d,,

Penn ESE 531 Spring 2018 - Khanna

x, =(x[n],x[n—1]...,.x[n-M])"

h, =(h,[0L A, [1],... 1, [M])

e,” =(d[n]-y[n])’ = (d[n]-h x,)’
de, _ _2(d[n]-h"x )x, =—2ex
dh - non)%n T n*n

n
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Adaptive FIR Filter: LMS

| FIR yn]=hyx,

x(n] "| Filter ’ - - ~M

X, =(x[n],x[n—-1]...,x[n—M])

h,, h, =(4,[0}, A, [1],....,[M])'

Update ““ M ) ) r oo

Coefficients \:d e,” =(d[n]-y[n])" =(d[n] —h X,)

desired d enz .
output d, i, =-2(d[n]-h Xx,)x, =—-2¢x,

Coefficient Update: Move in direction opposite to sign of gradient,

proportional to magnitude of gradient h, ,=h +2uex,

Stochastic Gradient Algorithm

Penn ESE 531 Spring 2018 - Khanna



Adaptive Filter Applications

0 Adaptive Interference Cancellation

Primary

signal

Reference

u

/

signal

Penn ESE 531 Spring 2018 - Khanna

Adaptive

filter
/

System
output
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Adaptive Interference Cancellation

x[n] = s{n]+ win] +<> ]
correlated -

- FIR ~

win] " Filter winl
winl}, {(Wnl}
uncorrelated h,
with {s[n]} ,|  Update

Coefficients

Penn ESE 531 Spring 2018 - Khanna



Adaptive Interference Cancellation

. s[n]=x{n]-h'w,
x{n] = s{n]+ w{n] i L L .
“d> N = s{n]+ {w{n] -hT W,}
correlate
~ FIR A \/
win] »  Filter win] uncorrelated
winl}, Hv[n]} Minimize instantaneous
uncorrelated N h, power § *[n] for best
with {s[n]} | Update interference cancellation
| Coefficients |

Penn ESE 531 Spring 2018 - Khanna 49



Adaptive Interference Cancellation

Sin]=xn]-h! w,

x{n] = s{n]+win] W WL B -
rated N = s{n]+ {w{n] -hT w,}
correlate
- FIR a \/
win] »  Filter win] uncorrelated
wnl}, Svn]} Mlmrmia instantaneous
uncorrelated h, power s “[n] for best
with {s[n]} | Update interference cancellation
| Coefficients
2
d@Sm) _ e —
Jh =—2s[n]w, h, ,=h, +2us[n]w,
n

Penn ESE 531 Spring 2018 - Khanna
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Stability of LMS

a0 The LMS algorithm is convergent in the mean square 1f and
only if the step-size parameter satisfy

2

O<uc<
max
a0 Here kmax is the largest eigenvalue of the correlation matrix

of the input data

0 More practical test for stability is
2

input signal power

O<ucx

0 Larger values for step size
= Increases adaptation rate (faster adaptation)

= Increases residual mean-squared error

51



Big Ideas

0 lLinear vs. Circular Convolution

= Use circular convolution (i.e DFT) to perform fast linear convolution

= Overlap-Add, Overlap-Save

m Circular convolution is linear convolution with aliasing

0 Adaptive Filters
= Use LMS algorithm to update filter coefficients

= applications like system ID, channel equalization, and signal
prediction

Penn ESE 531 Spring 2018 — Khanna
Adapted from M. Lustig, EECS Berkeley
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Admin

0 Reminder:

m Tania office hours cancelled tomorrow

0 Project
s Due 4/24

Penn ESE 531 Spring 2018 — Khanna
Adapted from M. Lustig, EECS Berkeley
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