T
%

E 531: Digital Signal Processing

Lec 9: February 13th, 2018
Downsampling/Upsampling and Practical

Interpolation

L) L]
#Penn
Penn ESE 531 Spring 2018 - Khanna ‘



: Lecture Outline

a CT processing of DT signals
0 Downsampling

a0 Upsampling
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Continuous-Time Processing ot Discrete-Time

0 Usetul to interpret DT systems with no simple
interpretation in discrete time
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Example: Non-integer Delay

0 What is the time domain operation w

hen A is non-

integer? I.e A=1/2

H(ejw) _ e—ij

of[n

o[n—-n,]
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Example: Non-integer Delay

a0 What 1s the time domain operation when A is non-
integer? I.e A=1/2

H(ej‘*’) — g JwA

Let: H.(jQ) =e /2T delay of AT in time

4 )

oo v [
> D/C He(Q) C/D

A NYANR Y,

T < <

C.T recon delay AT sampling
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Example: Non-integer Delay

‘ ~_y[n]

X.(1)
? .
AT T 2T 3T 4T 5T t
e e
o 0
T T y[n]
o 1 2 3 4 5 n___
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Example: Non-integer Delay

0 The block diagram is for interpretation/analysis
only

4 N\

wﬂ) zc(t) Ye(t) e y[n]
\EAANNYANERY,

\— ~—
C.T recon delay AT sampling

y()=x(t-T-A)
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Example: Non-integer Delay

0 The block diagram is for interpretation/analysis
only

C.T recon delay AT sampling

y()=x(t-T-A)

yinl=y (nT)=x (nT -T-A)
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Example: Non-integer Delay

0 The block diagram is for interpretation/analysis
only

4 N\

oy (50 e 0 e 0 5

"/ \ T/
N N~—_ N
C.T recon delay AT sampling

y()=x(t-T-A)

yinl=y (nT)=x (nT -T-A)

x (1) =Y x[kJh (1= kT)
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Reminder: Reconstruction in Time Domain

zo(t) = zs(t) * he(t) = (Zw[n]fS(t—nT)) % ()
= Z';n:c[n]hr(t—nT)
A P
% (0 // [ I\\._x.‘.m
¢ / ] T

onvert
x[n] to impulse zs(t)—>H(582) zr(t) /\
train
— N\ VN
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Example: Non-integer Delay

0 The block diagram is for interpretation/analysis
only

4 N\

c t c t
xﬂ)-’ﬂ()y() oD y[n]
"/ \ T/
N N~—_ N
C.T recon delay AT sampling

y()=x(t-T-A)

yinl=y (nT)=x (nT -T-A)

x (1) =Y x[kJh (1= kT)

. (t—=kT
=;x[k]smc( - )
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Reminder: Reconstruction in Time Domain

H,(j)
ol Ov= 0= (-0 1 25 /2 Ot
he(t) = — Tel***dQ
- — 21 J_q,/2
Qs /2
_ T el
271 9t —Q./2
T ei5t — =i 5t
ot 2
1 T Q. T m
—  gin(=2t) = —in(—t
{ § — sin( : ) — sm(T)
, t
T T 2T - Smc(f)
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Example: Non-integer Delay

0 The block diagram is for interpretation/analysis
only

C.T recon delay AT Samp"ng

yinl=y (nT)=x (nT -T-A) x (1) = E s1nc(t kT
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Example: Non-integer Delay

0 The block diagram is for interpretation/analysis
only

4 N

oy (50 e 0 e 0 5

NGNS VANE B,

C. T recon delay AT Samphng

yinl=y (nT)=x (nT -T-A) x (£) = E smc(t kT)

x (nT-T-A)= Ex[k]sinc(
k
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Example: Non-integer Delay

0 The block diagram is for interpretation/analysis
only

4 N

oy (50 e 0 e 0 5

NGNS VANE B,

C. T recon delay AT Samphng

yinl=y (nT)=x (nT -T-A) x (£) = E smc(t kT)

x (nT-T-A)= Ex[k]sinc(
k
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k

= Ex[k]sinc (n - A - k)
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Example: Non-integer Delay

0 Delay system has an impulse response of a sinc with
a continuous time delay

yln]= Ex[k]sinc(n -A- k)
k

x[n]* sinc(n — A)
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Example: Non-integer Delay

0 Delay system has an impulse response of a sinc with
a continuous time delay

yln]= Ex[k]sinc(n -A- k)
k

x[n]* sinc(n — A)

= h[n]=sinc(n - A)
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Example: Non-integer Delay

0 What is the time domain operation w
integer? I.e A=1/2

hen A is non-

H(ejw) _ e—ij

of[n

o[n—-n,]
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Example: Non-integer Delay

0 My delay system has an impulse response of a sinc
with a continuous time delay

h|n| = sinc(n — A)
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Example: Non-integer Delay

0 My delay system has an impulse response of a sinc
with a continuous time delay

h|n| = sinc(n — A)
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Downsampling

0 Definition: Reducing the sampling rate by an
integer number

z[n)] —»[ vM ]—» z4[n] = x[nM]
= x.(nT) Qb = x.(n MT)

T/
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Downsampling

a Similar to C/D conversion
= Need to worry about aliasing

= Use anti-aliasing filter to mitigate effects
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Downsampling

a Similar to C/D conversion
= Need to worry about aliasing

= Use anti-aliasing filter to mitigate effects

0 If your discrete time signal is finely sampled almost

like a CT signal

= Downsampling is just like sampling (C/D conversion)
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Downsampling

z[n)] —»[ vM J—» z4[n] = x[nM]

= Z.(nT (» — MT
( ) CLc(n\ T/,)
The DTFT:
1 W 27
Jw _ ) -
X() =7 2% (7< T T k))
k - N
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Downsampling

The DTFT:
1 w 2T
Jw il 3
k N =
Q2 Q)

0 Want to relate X (e1?) to X(e1¥) not X_(752)

0 Separate sum Into two sums—ifine sum and coarse
sum (1.e like counting minutes within hours)
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Downsampling

The DTFT:

0 k=rM-+1
= i=0,1,.... M-1

mr=-00 .. ©

*>
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Downsampling

. 1
Xa(e™) = = >
P
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Downsampling

. 1
Xa(e™) = = > X
P
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Downsampling

2T I
MT MT

i)@(j(w -

MT MT

27T
71— —7T

T

)
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: Example

Xd(ejw)

/N /
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Example

1 M -1
Xa(e?) = = > X (/01
M 1=0
A A A
= : o
X4
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Example

oy LNy (-2
Xal(e ):MZ:OX(e M~ M )
X
A A A

Xd

nd 4 Scale by M=2
Shift by (I— 1)2rt/(M=2)
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Example

M —1

. ]_ (W 2T
Xu(eh) = 37 X X (05)
A A A
—TT 7r » .
X4
- 4 Scale by M=3
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Example

| M-l | |
Xq(e!?) = v Z X (6](}\04_1\;7“))

1=

AN A

+
270 M=3 6T
X4
- X AL
- 4 Scale by M=3

Shift by (i=1)*2rt/(M=3)
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Example

, M-l
Xq(e!?) = v Z X (6](}‘04_&2)>
AN A
- " 270 pM=3 4T 6T
Xd>(?é<7g(74
— d Scale by M=3

Shift by (i=1)*2rt/(M=3)
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Example

a:[n]—{ riy L[T]'[ M

nA N

—T
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Example

LPF

w[n]—>[ m/M JW’[ M Zqn] = Z[nM]
X

A AA

—Tr

Xd
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Upsampling

0 Much like D/C converter
a Upsample by A LOT = almost continuous

0 Intuition:
s Recall our D/C model: x[n] =2 x (£)=2x_(t)

= Approximate “x(t)” by placing zeros between samples

= Convolve with a sinc to obtain “x_(t)”
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Upsampling

0 Definition: Increasing the sampling rate by an
integer number

x[n]=x (nT)

x[n]=x (nT') where T' = % L integer

Obtain z;[n| from x|n| in two steps:

(1) Generate: z.[n|= { 0 otherwise
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zn/L] n=0, £ L, £2L,---
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Upsampling

(2) Obtain x;|n| from z.[n| by bandlimited interpolation:
A

z[0] - sinc (%) _________ - Le [n]

-

I
x,[n] = xe[n] * sinc (%)
o} ?a xl[n]
LT
n
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Upsampling

z;|n| = x|n| * sinc(n/L)

zeln] = Y x[k]6[n — kL]
k—=—00

T;|n| = Z a:[k]sinc(n _LkL)

Penn ESE 531 Spring 2018 - Khanna 41



. Frequency Domain Interpretation

x;|n| = ze|n| * sinc(n/L)
x[n]—{ 1L } el g L 4[]
L
sinc(n/L) DTFT = . -
L L
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. Frequency Domain Interpretation

x[n|—— JEAU in=L
" [ i g

n=—00 £0 only for n=mL
(integer m)
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Frequency Domain Interpretation

x[n|—— JEAU in=L
—{ 1] g

—Jwn

Xe(ejw) — Le ’I’L] €

— el
n=—0© %0 only for n=mL

(integer m)

o0
= Z To[mL] e IvmL
Me —o0 "

=x[m)]

NE

Compress DTFT by a factor of L!
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Frequency Domain Interpretation

x[n]—— | el in=L -
n—{ | |zl

—Jwn

Xe(ejw) — Le ’I’L] €

— el
n=—0© %0 only for n=mL

(integer m)

= > admLe ol e
Me —o0 "

=x[m)]

NE

Compress DTFT by a factor of L!
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Example

Xc(59)
/\
' o O\
- sampling T ~ sampling T’=T/L
X(e’*) Xi(e’)
& ; | = ;
expanding L
X, (e7¥)
— :
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Example

Xc(59)
/\
s O 5\
- sampling T ~ sampling T’=T/L
X(e?¥) X;(e?¥)

—T T A - T

expanding L

X, (e7¥)
— :
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Example

N

~_sampling T ~ sampling T’=T/L
X (eI¥) Xi(ejw)
L/T
— 0 ‘ —r ™o
expanding L L
X, (e7¥)
— .
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Example o—{ P e o

Xc(59)
/\
' 0 2\
~_sampling T sampling T’=T/L
X(ij‘ er

—T T A - T

expanding L L

X, (e7¥)
— :
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e B

[T
4
=
’-U
e
(@)
8
=

Xc(jﬂ)/\
' O PR
- sampling T - sampling T'=T/L
X (eI¥) X;(e?*)
AW
— — T
expandlng L L
\ )
/T
= X (") N
L
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L
A
a
3
O,
(@

o T}

s

sampling T - sampling T'=T/L

X (eI«

AR N

—T

\ )

expandmg L JL
L

/T
. . . . L] _E E
) 1 L L
—Tr
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Practical Interpolation

0 Interpolate with simple, practical filters

= Linear interpolation — samples between original samples
fall on a straight line connecting the samples

= Convolve with triangle instead of sinc

1 —|n|/L, |n| <L,
e = [

Hnﬂ TT”
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L=S$§

otherwise,
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Practical Interpolation

0 Interpolate with simple, practical filters

= Linear interpolation — samples between original samples
fall on a straight line connecting the samples

= Convolve with triangle instead of sinc

n
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. Frequency Domain Interpretation

x;|n| = ze|n| * sinc(n/L)
x[n]—»[ TL } Zeln g;i;ZL zi[n]
L
sinc(n/L) DTFT = . -
L L
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. Linear Interpolation -- Frequency Domain

x[n]=x[n]*h, [n]

x[n]—’[ 1 }xe["] { Aoprox J—. z:fn]

- 1—|n|/L, |n| <L,
hiinln] = [0, otherwise,

: K hyinln] DTFT =

L=$

4/5
7 3/5
- ~ ‘ . I{’((’]“))
,,'TTT TTT‘*,, /\/
0 n
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. Linear Interpolation -- Frequency Domain

x[n]=x[n]*h, [n]

a—{ 1 P o e i

a1 =1n|/L, |n| =L,
hiinln] = [ 0, otherwise,

: ; hyinln] DTFT ==

L=S$§

4/5
" 3/5
. < - H;(eo)
H’f T - T T\‘e . /\/
n
[.=5 /
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. Linear Interpolation -- Frequency Domain

x[n]=x[n]*h, [n]

x[n]—’[ 1 }xe["] { Aoprox J—. z:fn]

- 1—|n|/L, |n| <L,
hiinln] = [0, otherwise,

: K hyinln] DTFT =

L=$

4/5
s 3/5
- ~ ' . I{’((’]“))
° :’f T T T T T\‘e ° /\/
0 n
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. Linear Interpolation -- Frequency Domain

x[n]=x[n]*h, [n]

o—{ 1|

a1 =1n|/L, |n| =L,
hiinln] = [ 0, otherwise,

1
hlml"l

L=$

4/5
s 35
= “w 205
1 l [ I [Ty
4—:"1 T T\e .

0
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Big Ideas

a CT processing of DT signals

= Allows for interpretation of DT systems

0 Downsampling
s [ike a C/D converter

a0 Upsampling
s [ike a D/C converter

0 Practical Interpolation

= Linear interpolation

= Approximate sinc function with triangle
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Admin

o HW 4 due Friday
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