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University of Pennsylvania
Department of Electrical and System Engineering
Digital Signal Processing

ESE531, Spring 2018 Midterm Tuesday, March 13

e 3 Problems with point weightings shown. All 3 problems must be completed.
e (Calculators allowed.

e (Closed book = No text allowed. One two-sided 8.5x11 cheat sheet allowed.

Name: Answers

Grade:
Q1

Q2
Q3

Total

Mean: 68.2, Stdev:16.6
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TABLE 2.3 FOURIER TRANSFORM PAIRS
Sequence Fourier Transform TABLE2.2 FOURIER TRANSFORM THEOREMS
L. 8[n] 1 Sequence Fourier Transform
2. 8[n —ng) e~Jamo x[n] X (ef®)
o0 .
3.1 (=00 < n < o) Z 2wé (0 + 27k) yln] Y(e/®)
k=—00 - -
N 1. ax[n] + by[n] aX (e/¥) + bY (e/?)
4. a'ulnl (lal <1) g 2 x[n—ng] (ng aninteger) e—iona X (ew)
o0 Jjwon J(w-wq)
S. uln] {w+ > wb(w+2mk) 3. el%0xln) X@‘ )
I-e k=m0 4. x[-n) X (e79%)
6. (n+Da"uln] (al <1) e X*(/) ifx{n] real.
(1 — ae~J®): - dX (el®)
n g \
7. TEmesED g <1y L — dw
sinwp 1-2rcoswpe /¥ + rée= 1% . .
. 6. x[n]* y[n) X (e/)Y (/)
sinwen i 1, |o| <wc,
8. ——— X(ej‘”):[D < 1 (7 i i
nn , we <|w| S 7. x[nlyln] Ef X(eje)y(ej(w—e))dg
0. xfn] = {1, O<n<M sin[m(M+1)/2]E_ij/2 -
- =10, otherwise sin(w/2) Parseval’s theorem:
i = .- 2_ L " jwy2
10. ejwon 3 2mbtw— wq + 2rk) B-Z\WH=E 1X (e/*)?dw
k=—00 n=—oc -
00 X X o0 T X .
11. cos(won + ¢) Z [el®8(w — wo + 2k) + me 8w + w + 2mk)) 9. Z x[n]y*[n] = lf X (e/)Y*(e/)dw
k=—c0 n=—oc 2 Jn
TABLE3.1  SOME COMMON z-TRANSFORM PAIRS
Sequence Transform ROC
1. 8[n] 1 Allz
2. uln] e >1 TABLE3.2  SOME z-TRANSFORM PROPERTIES
3. —u[-n—1] 12l <1 Property  Section
Number Reference Sequence Transform ROC
4. 8[n—m] All z except 0 (if m > 0) or oo (if m < 0) xnl X R
n
5. auln] ToazT lel > lal xn) X1 Ry,
6. —a"u[-n—1] ﬁ lz| < |a| x[n] X2(2) R,
_:zz- . 341  ax[n]+bxln] aXi(z) +bX,(z)  Contains Ry, N Ry,
7. na"uln] A= a2 [zl > lal 2 342 x[n—-ngl X (2) Ry, except for the possible
. az- addition or deletion of
8. —na"u[-n —1] A—a 2 lz| < lal the origin or co
1 — cos(wp)z ! 3 343 zpx[n] X (z/20) |zol Ry
9. cos(won)u[n] R povvcon pyp— |z] > 1
1-2 ‘:::((MO))Z 41 +z 4 3.44 nx[n] -z d;iz) Ry
i # * *
10. sin(won)uln] 1 —2cos(wp)z~! + 272 lz| > 1 5 345 x*[n] X*(z%) R,
1 — r cos(wp)z~! 1 _— .
. - 6 Re ~[X X Cont R
11. 7" cos(won)u[n] T 2r costanz—! 1 222 |z > r {x[n]} 2[ (2) + X*(z")] ntains Ry
" 7 sin(wg)z ! 1 kg .
12. " sin(won)u[n] 1= 2r costonz—1 + 222 coso) T + 12 lz| >r 7 Im{x[nl} 27 [X(z) — X*(z*)] Contains R,
13 {a", 0<n<N-1, 1-a"z7V el >0 8 346 x*[—n] X*(1/z% 1/Rx
* 10, otherwise 1-az! : 9 3.4.7 x1[n] * xa[n] X1(2)X2(2) Contains Ry, N Rx,

Trigonometric Identity:

el® = cos(O) + jsin(0)

Geometric Series:

r’* =
1

N
Zn:O

00 n
n=0T

DTFT Equations:

1—r?

1_,,,N+1

1—r

Ir] <1

X(e) =332 o wlk]e™7"

zln] = 5= [T X () el dw

2
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Z-Transform Equations:

X(2) = Xol o zn]e™
z[n] = 5 g’X(z)zn_ldz

2mj

Upsampling /Downsampling;:
Upsampling by L (1L): X,, = X (e/*F)
Downsampling by M (IM): Xgown = ﬁ M X(ej(%*%i))

Interchange Identities:
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1. (20pts) Sampling.

(a) Consider the continuous-time signal x,(t) given below. A discrete-time signal is
created by sampling x,(t) according to z,[n] = x,(nTs) with Fy = % = 4W. Plot
the magnitude of the DTFT of z,[n], | X.(e’*)|, over —m < w < w. Show all work.

2alt) = cos(2mW't) (1)
von] = 2a(nT,) = cos(2xW - - 411/V> 2)
za[n] = cos(5n) (3)
| X, ()]
. 7

v

-JT -

S TR B
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(b) Consider the continuous-time signal z(¢) given below. A discrete-time signal is

created by sampling x(t) according to xy[n] = xy(nT,) with F, =
the magnitude of the DTFT of x[n], | X;(e?*)|, over —m < w < 7. Show all work.

. = 3W. Plot
1 (sin(2 n(2m 't
() = Ts§ <sm( 7;Wt) N sin (27 ))

7r

7t

(4)

1 1 /[sin(2nW 2
xb[n] — wb(nTs) — T . 5 ( ( SW)

T 3w T 507
1 (sin(%n
zp[n] = 3 ( )

N sin(27rvgg’vlv))
()

()

™ ™

(6)
| X, (e”)]

A

v
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2. (50pts) Discrete-time Systems. Consider a discrete-time system characterized by the
difference equation below where j = e/%.

yln] =7 - yln = 1] + x[n] — z[n — 4] (7)

(a) Is this an LTI system?
Yes. It’s a linear constant coefficient difference equation.

(b) Find the transfer function, H(z) = Y((g, of the system.

b

_ Y(2) 1-zt -1
H(z) = X(z) 1—jzt  2(z—3) ®)

(z—-DE+1)(—Jj)(=+7)

- # ) )

(c¢) Find the impulse response, h[n]. HINT: This is a FIR system.
H(2) = (2 — 1)(224;1)(Z+J) (11)
= 2= D+ 1)z +7) (12)
= 1+4+j2z7—2z2— 5278 (13)
(14)

h[0]=1, h[1]=j, h[2]=-1, h[3]=-j, h[n]=0 for all other n.

hin] = /2" (un] — u[n — 4]) (15)
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(d) Draw the pole zero diagram for this system.

A lm

Pole-zero cancellation L
Unit circle

"4

Re

(e) For this same system, write an equivalent difference equation that only depends
on the current input and a finite number of past inputs.

Use hn] = {1,5,-1,—j}

yln] = [n] x hn] (16)
= :Z_ x[n — m|h[m] (17)
= z[n] + jz[n — 1] — z[n — 2] — jx[n — 3] (18)
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Plot a rough sketch of the magnitude of the frequency response, |H(e’*)|, over
—T<w < T.

Using the impulse response and Table 2.3 entries 9 and 10 with M = 3 and

.
(U()—g.
4

sin((w—3)3) jw—1)

sin((w — g)%)

[SI[%8)

H(e) = (19)

Periodic sinc function with zero crossings at multiples of 7/2 and main/center
lobe at w = 7 with magnitude of 4.

| H(e™)|

| I
JT

—IT -
2

e

Determine the overall output y[n] of the system when the input is the sum of
infinite-length sine waves, z[n] = 3 + 272" + /2e 773" + /7,

There was a typo on the original exam. Should be z[n] = 34227 4-/2e 772" 4™
Since this is an LTT system:

yln] = H(E)3 + H(@ TR0 T 4 H(e )37 + H(em)e™  (20)
y[n] _ H(ej%)gej%" (21)
y[n) 4.92eI5"0 (22)

(23)
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3. (30 pts) Resampling and Filtering. Determine the impulse response h4[n] in Figure
1(b) so that the I/O relationship of the system in Figure 1(b) is exactly the same as
the 1/O relationship of the system in Figure 1(a). You should work in the frequency
domain and show all work. Plot the magnitude of the DTFT of hey[n], |He,(e’)|, over

—rn<w<T.

—(p)—

_ " fsin(5n)
b= { nn }

y[n]

——@—» h [nl=2cos(} n){sln(fﬂ)}

Figure 1(a).

x[n] _.,

€q

[n] =77

5 YN

Figure 1(b).

The three filters have the following magnitude responses:

|HLp(ejm)| |HHp(ejw)‘ |HBP(ejw)|
L ! H1 H1
Using the interchange identities:
x[n] yln]
Hip(e) Hyp(e) Hgp(€) [
x[n] yin]
OO e
x[n] yln]
O-@-@O- o e
y[n]
—>

x[n]
Heq(€1%)=H 5(€#%9) H,p(€/29) Hgy(el)
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The new expanded filters and the original bandpass have the following responses:

| H, ()] |H ()] |H (")

H H H'] H 1 1 1 1

| | ‘ | : < % | | § 5H3 3H5 |
T T T T T T JT T

T 2 7 T 2 7 T% s | 3 3 T

Therefore the equivalent filter is just the same as the bandpass filter:
Jjw
H, ()]
A

10



