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Iecture Outline

0 Review: Interchanging Operations

0 Polyphase Decomposition
0 Multi-Rate Filter Banks
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Expander and Compressor

_’[ s ]_’ 4{ M ]_' not LTI!

“expander” “compressor’
Upsampling Downsampling
-expanding in time -compressing in time
-compressing in frequency -expanding in frequency
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: Interchanging Operations - Summary

Filter and expander Expander and expanded filter*

sil{HE( 1L} o) = af{ 1L e yinl
sk IM s{HEu] = ansfaebs( M i

Compressor and filter  Expanded filter* and compressor

*Expanded filter = expanded impulse response, compressed freq response
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Polyphase Decomposition

0 The polyphase decomposition of a sequence 1s
obtained by representing it as a superposition of M
subsequences, each consisting of every Mth value of
successively delayed versions of the sequence.

0 When this decomposition is applied to a filter
impulse response, it can lead to efficient
implementation structures for linear filters in several
contexts.
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Polyphase Decomposition

0 We can decompose an impulse response (of our
filter) to:

hin| = Z_ hin — k|

Penn ESE 531 Spring 2019 - Khanna



Polyphase Decomposition

0 We can decompose an impulse response (of our
filter) to:

hin] = Z_ hi|n — k|

M=2
hin]
A O

AN

n

ho[n]% I hl[“]} o

[
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Polyphase Decomposition

0 We can decompose an impulse response (of our
filter) to:

M—1
hin] = ) hxln — k]
k=0
. ho[’n]

®
“h[n]" —OTQTQTQ

M=2

LTl ey

v, iy LL LT

L »
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Polyphase Decomposition

hi[n] —»[ IM ]—» er|n]
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Polyphase Decomposition

hi[n] —»[ M ]—» er|n]

ho [n] eoln]
M=2 &
— {1
hi[n] o ! e1[n] o "
Ll — il
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O Polyphase Decomposition

ex ] —{ 1M | B[

recall upsampling = scaling
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Polyphase Decomposition

ex[n] —{ 1M |~ B[

recall upsampling = scaling

Also, recall: M—1
hin] = Y hxln — k]
k=0
So / M-1 )
H(z) = Ep(zM)z~F
- k=0 )
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Polyphase Decomposition

H(z) = z—: Ep(zM)zF
k=0
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Polyphase Implementation of Decimation

slnps{H (2)>yinl—{ 1M | win] =yl

0 Problem:

= Compute all y[n] and then throw away -- wasted
computation!
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Polyphase Implementation of Decimation

slnps{H (2)>yinl—{ 1M | win] =yl

0 Problem:

= Compute all y[n] and then throw away -- wasted
computation!

s For FIR length N = N multiplications/unit time
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Polyphase Implementation of Decimation

wlnk{H () ylnl{ 1M} wln) = yln

—yln) (M > wln
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Polyphase Implementation of Decimation

slnko{t (2)}>yinl+( 1 > win] = y{nM]

—14y —" ;}\
2 —

(+)—> w[n]
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Polyphase Implementation of Decimation

YN () [ 20
(L + oo}

kd (M)
zn > Eo(zM)— | M
14 7 \l_J\

(+)— w[n]
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Polyphase Implementation of Decimation

TT/

A [ 2

[ a1l

x[nk{m}(ﬂ(z}y[n

(o)

-
_1'

Y

M

e

2 Ly -

21 L -
Ey—1(2M)

N\

M

S e
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Polyphase Implementation of Decimation

([rrs ) ' L | [

r

()i = (o)

-
-1

yA
ﬁ@
2 Ly -
271 L
Epy—1(2M)
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Polyphase Implementation of Decimation

slnko{t (2)}>yinl+( 1 > win] = y{nM]

_1' \_____ N/
Z — )

M Ei(2) (+)— w(n]
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Polyphase Implementation of Decimation

slnko{t (2)}>yinl+( 1 > win] = y{nM]

Each filter computation:
-N/M multiplications

x[n] — »&—»Eo(z)\
z_l m Er (2)—{+)— w[n]

Total computation:
-M filters
>N mults??
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Polyphase Implementation of Decimation

slnko{t (2)}>yinl+( 1 > win] = y{nM]

Each filter computation:
-N/M multiplications
-1/M rate per sample

1 - ;}\TN/M*(UM) mults/unit time
—ly

(+)—> w[n]

Total computation:
-M filters
->N/M mults/unit time
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Polyphase Implementation of Decimator

) interpolator decimator
ol B E o )
S R /
z|n] » (M —{Eo(2)
»ly g #\
IM = E1(2)—{+)— w[n]
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Polyphase Implementation of Interpolation

interpolator decimator
4 N
I I LPF | LPF I |
T|n|- L ain=L >
N\ J

[n] \»[ )}.[ ]\
zln] — Eo(z 1L

z_1 A{El z)]—-[ 1L — w(n)]
Lo
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Multi-Rate Filter Banks

0 Use filter banks to operate on a signal differently in
different frequency bands

= To save computation, reduce the rate after filtering
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Multi-Rate Filter Banks

0 Use filter banks to operate on a signal differently in
different frequency bands

= To save computation, reduce the rate after filtering

a hg[n] is low-pass, h,[n] is high-pass
s Often h,[n]=e/"h,[n] € shift freq resp by 7T

ZE[’I’L] <—>l ho[n] }—> lz - > 2T | go[n] —)@ L
S R —
s‘I hl[n] /
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Multi-Rate Filter Banks

0 Assume h, h; are ideal low/high pass with W =7 /2

a:[n] —> hon] — |2 —

hi[n] — l2 >

B
2
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Multi-Rate Filter Banks

0 Assume h, h; are ideal low/high pass with W =7 /2

> _/\A/\ >
/s

z[n] —{ hon] —{ |2
\ —

"I hi[n] —> l2

|
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. Multi-Rate Filter Banks

0 Assume h, h; are ideal low/high pass with W =7 /2

z|n)] <—>l ho[n] —>{ |2
"I hi[n] — |2
—/
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Multi-Rate Filter Banks

0 Assume h, h; are ideal low/high pass with W =7 /2

z[n] —{ hon] f—{ |2 - {42}
N
\ i ==
\[: — N uln) }—{ {2
hl[n] — l2 > J
N/ N
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Multi-Rate Filter Banks

0 Assume h, h; are ideal low/high pass with W =7 /2

- analysis
z|n) <—>| ho[n] —>E
"I hi[n] — \E}
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/|

/|

ho[n] :E > —Af
N il {2} _WAIAﬂ
;[ ho[n] o\ l2j i > _M
\{ hi[n] — l2\ > _M
- flipped!™
Have to be
careful with
order!
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. Multi-Rate Filter Banks

0 Assume h, h; are ideal low/high pass with W =7 /2

z|n)] <—>l ho[n] —>{ |2
"I hi[n] — |2
—/
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Multi-Rate Filter Banks

0 Assume h, h; are ideal low/high pass with W =7 /2

s 2
_ —2 el e il
N () (ﬁ/
—> 21 » gi[n]
| ) — )

flipped™
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Multi-Rate Filter Banks

0 Assume h, h; are ideal low/high pass with W =7 /2

s 2
_ —TCL—=E o i
T ) (ﬁ/
—> 21 > g1[n]
| — — )
B flipped™
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Multi-Rate Filter Banks

0 Assume h, h; are ideal low/high pass with W =7 /2

— — A
_ = e i
T Y (ﬁ/
—> 21 » g1[n]
| ) — )

flipped™
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Multi-Rate Filter Banks

0 Assume h, h; are ideal low/high pass with W =7 /2

s 2
_ —2t el o in)
n —) f—\/
—> 21 » gi[n]
| ) — )

flipped™
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Multi-Rate Filter Banks

0 Assume h, h; are ideal low/high pass with W =7 /2

fﬁ ) A
—>{ 24 » go[n] —>( > y[n]
o T R — /
1 —>{ 2 —>| 2i[n]
e R — )

flipped™
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. Multi-Rate Filter Banks

a hy, h; are NOT ideal low/high pass

Penn ESE 531 Spring 2019 - Khanna
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Non Ideal Filters

a hy, h; are NOT ideal low/high pass

() 2 P N
z[n] —{ hon] —{ |2 — =

N\ —
"I hi[n] — l2 >
. — J
X(ej‘*’)

A
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Non Ideal Filters

a hy, h; are NOT ideal low/high pass

.

z|n] <—>| ho[n] —> |2
"I hl[n]
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Non Ideal Filters

a hy, h; are NOT ideal low/high pass

~_analysis
z|n| <—>l ho[n] —>E

—
"I hi[n] —> l2 > A‘%
. | ) —TT
X (&%) X (&%)

Y SN VN
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Non Ideal Filters

a hy, h; are NOT ideal low/high pass

z|n| <—>| ho[n] —>E
"I hi[n] |—>! &)

. J

X (&%)
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Non Ideal Filters

~_analysis
x{n];:rﬁ ho[n] ——»é;ié;
"I hi[n] —»&)

X (&%)

M
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Non Ideal Filters

Stuff

xfn];:—% ho[n] ——»l_izj
"l hi[n]

X (&%)

WPV
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Non Ideal Filters

Stuff

~_analysis
x{n];:—% ho[n] ——»;;ig;
"I hi[n] —»&)

X (&%)

M
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: Perfect Reconstruction non-Ideal Filters

z|n| —>{ holn] — |2 j > 21 || 2oln] >
\ — Stuff — — @_)

D
"I hi[n] —»T

Y(ej“’) — % [Go(ej“’)Ho(ej“’) + Gl(ej“’)Hl(ej‘*’)] X(ej‘*’)
+% [Go(ejw)Ho(ej(w_'")) — Gl(ejw)Hl(ej(w_”))} X(ej(“’_“))
T aliasing
need to cancel!
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: Quadrature Mirror Filters

lvsi ) s .

— — + ——  yln]

:L‘[n] ——>l ho[n] —>{ |2 > 21 > goln] »@_,
\ — Stuff — ¢

Ny 12 Gt Fo(em Y

\_ J \ : Y,

Quadrature mirror filters

[
N TN
Q) A
L) L)
€ &
Tl
[\
= =
O VN
—~ O
SN
G
S |
3
S
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Perfect Reconstruction non-Ideal Filters

Y(ej“’) = % [Go(ej“’)Ho(ejw) + Gl(ej“’)Hl(ej“’)] X(ej‘*’)

+% [Go(ejw)HO(ej(w—w)) + G4 (ejw)Hl (ej(w—vr))] X(ej(w_w))

T aliasing
need to cancel!

H(e®) = Hy(e“™)
Go(ej:“’) = 2H0(ejw>
G1(e’¥) = —2H(e7%)
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Big Ideas

0 Interchanging Operations

0 Polyphase Decomposition sln—{H G} 1L J sl
0 Multi-Rate Filter Banks sli{ M {11

)

z[n] M

\4

-1 —/
zZ )

A 4

:lM

s~y

z—lL»W

\ 4

——/
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synthesis

o) (e
__J A\ Hgl[n] }/

Y

Y
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Admin

a0 HW 4 due Sunday
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