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Review: Frequency Response of LTI System

Y(ef“’) = H(e/“’)X(ej‘”)
0 We can define a magnitude response...
()

0 a phase response...

o)

X(ef“')

LY(e’”’) = LH(e"")+LX(e"")
0 and group delay
grd[H()] = — - {arglH ()]}

Penn ESE 531 Spring 2019 — Khanna
Adapted from M. Lustig, EECS Berkeley 3

Lecture Outline

oelsiese’s

a Review: Frequency Response of LTI Systems
= Magnitude Response, Phase Response, Group Delay
= Examples:
= Zero on Real Axis
a 27 order IIR

= 3" order Low Pass
a Stability and Causality
a All Pass Systems

0 Minimum Phase Systems

Penn ESE 531 Spring 2019 — Khanna

Adapted from M. Lustig, EECS Berkeley 2
¢ Review: Group Delay Math
M M )
H(l-ckz") H(l—cke"“)
H(z)=-1 A;l H(e'")=-0 k;l
a, 1 a, 1 .
OH(I—dkz") 0 H(l—dAe"“’)
k=1 k=1
o Look at each factor:
_ _ rsin(w-0
arg[l-re’’e™”]=tan™ _rsin(@-6)
1-rcos(w-6)
2
_ r—rcos(w-60
erd[1-re’’e ] = 7(2)
‘1 - re"ge”“"
Penn ESE 531 Spring 2019 — Khanna
Adapted from M. Lustig, EECS Berkeley 4

eelsieeels

Example: Zero on Real Axis

a For O#0 H(e™)=1-rel%e™

oF

Radians
Samples

-l
- 3 20
2

Radian frequency (u) Radian frequency ()

Penn ESE 531 Spring 2019 - Khanna Tl 5

Example: Zero on Real Axis

eelsieeels

a For 8 =7, how zetro location affects magnitude,
phase and group delay

Radians

H(e™)=1- re’le

H(e™)=1+re™”

Sumples

Penn ESE 531 Spring 2019 — Khanna " .
Adapted from M. Lustig, EECS Berkeley : -




274 Order IR with Complex Poles

1
(1 —relfz= 1)1 — re=ifz~1)

oelsiese’s

H(z) =

r=0.9, =7 /4

magnitude

Radian frequency ()

Penn ESE 531 Spring 2019 - Khanna
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oelsiese’s

204 Order IR with Complex Poles

1
T (- relfz71)(1 = re~ifz—1)

H(z)

r=0.9, 6 =71 /4
phase

magnitude

ency ()

_ group delay

Radian frequency (o)

Penn ESE 531 Spring 2019 - Khanna

3 Order IIR Example

seseees

0.05634(1 + z~1)(1 — 1.0166z~1 + z72) Im o aplane

(1 - 0.683z~1)(1 — 1446121 +0.7957z-2)

Unit circle

H(z) =

3t Order IIR Example

seseees

2plane

0.05634(1 + z~)(1 — 1.0166z 1 + z~2)
1—0.683z-1)(1 - 1.4461z1 +0.79572-2)

Unit circle

HG) =
90

Re

I
T 3m 2m

NERS

Radian frequency (w)

Penn ESE 531 Spring 2019 - Khanna
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®: 3 Order IIR Example
Hep = 00563401 + 27 )(1 - 1.01662~1 + 272) Ualt circle I wplne
T (1= 0.6832-1)(1 - 1.44617-1 +0.79572-2)
Penn ESE 531 Spring 2019 - Khanna 11

34 Order IIR Example

eelsieeels

0.05634(1 + z~1)(1 — 1.0166z 71 +272) Unitcircle I zplane

H =
@ = 06831 - 144611 + 0.7957)

Radians

Penn ESE 531 Spring 2019 - Khanna




oelsiese’s

34 Order IIR Example

Hig = 0.05634(1 + z71)(1 — 1.0166z 1 +z72) Unit circle -plane

T (1-0.683z-1)(1 — 1.44612~1 +0.79572-2)

Penn ESE 531 Spring 2019 - Khanna

Stability and Causality

& Penn.

Penn ESE 531 Spring 2019 - Khanna

seseees

LTI System

N M
Zaky[n — k= Z brx[n — k|
k=0 k=0

Example: ¥[n] = z[n] +0.1y[n — 1]

H) = bo+bizTt 4 Abyz ™ bo [Tat (1 ke
ag+azl 4. +anz N ao [V (1 - dgz1)
0 Transfer function is not unique without ROC
= If diff. eq represents LTI and causal system, ROC is
region outside all singularities
= If diff. eq represents L'TT and stable system, ROC
includes unit circle in z-plane
Penn ESE 531 Spring 2019 - Khanna

seseees

Example: ROC from Pole-Zero Plot

ROC 1: right-sided

m z-plane

Unit circle

Penn ESE 531 Spring 2019 - Khanna 16

LTT System

eelsieeels

N M
Zaky[n —kl= zbkz[n — k]
k=0 k=0

Stable and causal
if all poles inside
unit circle

Example: y[n] = z[n] + 0.1y[n — 1]

Hz) = bot+biz ! .+ byz ™ by [ (1—cxz™?)
ag+az . tanz N a0 [[V (1 —dizl)

o Transfer function is not unique without ROC
= If diff. eq represents LTI and causal system, ROC is
region outside all singularities
= If diff. eq represents LTI and stable system, ROC

includes unit circle in z-plane
Penn ESE 531 Spring 2019 - Khanna
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All-Pass Systems

& Penn.
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All-Pass Filters

oelsiese’s

0 A system is an all-pass system if

’H(ej”’)‘ =1, all

0 Its phase response #(w) may be non-trivial

Penn ESE 531 Spring 2019 - Khanna

oelsiese’s

First Order All-Pass Filter (@ real)

- *
z —-a

H(z)=
(=15

—az

Penn ESE 531 Spring 2019 - Khanna 20

®: First Order All-Pass Filter (« real)

seseees

-1 *
z —-a
-1

H(z)=
l-az

| H(e’”’)‘:‘ -]

e
‘l—ae’f"’

‘e”"’(l —a'e’)

‘l—ae

- jo

‘l—a*e“”

S R

‘l—ae’f"’

Penn ESE 531 Spring 2019 - Khanna

General All-Pass Filter

seseees

a d,=real pole, e,.=complex poles paited w/
conjugate, e,”

g M @ - )
—diz7t (= ez Hd —efz7h

M,
Hap(z) = AE 1

Penn ESE 531 Spring 2019 - Khanna 2

General All-Pass Filter

eelsieeels

a d,=real pole, e,=complex poles paired w/
conjugate, e,

M —_ M - -
trl —deo @ - — e

Hap(z) =A z = - -
g T—diz7l ) 2 (1~ ez A —¢fz7h)

Penn ESE 531 Spring 2019 - Khanna
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General All-Pass Filter

eelsieeels

o d,=real pole, e,=complex poles paired w/
conjugate, e,

-1 —d:
—dyz1

@l = - e
(I —ez (A —efz7h)

M,
z
Hap(z) =AI}:[11

Penn ESE 531 Spring 2019 - Khanna 24




General All-Pass Filter

oelsiese’s

a d,=real pole, e,=complex poles paired w/
conjugate, e,

M, 1 M. -1 *y (=1

77 —dy (Z7 =)z —ex)
Hap(z
ap(2) 2@;[1 1—dez 1 & A—ez (1 —ezh)

Penn ESE 531 Spring 2019 - Khanna
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oelsiese’s

General All-Pass Filter

o d,=real pole, e,.=complex poles paired w/
conjugate, e,

“l_g o @l - e = ep)
—diz7t [ (= ez (1 —efz7h)

M,
z
Hap(z) = A!:[l 1

o Example:
xample P

Penn ESE 531 Spring 2019 - Khanna 26

seseees

General All-Pass Filter

o d,=real pole, e,=complex poles paired w/
conjugate, e,

g ¥ @ - —e)
—diz7 1 (L —ez (1 —efz7h)

M,
z
Hap(z) = AE 1

o Example: 423

kg
e =0.8¢7

Real zero/pole

Penn ESE 531 Spring 2019 - Khanna

seseees

General All-Pass Filter

a d,=real pole, e,.=complex poles paited w/
conjugate, e,”

g M @ - )
—diz7t (= ez Hd —efz7h

M,
Hap(z) = AE 1

o Example: P o
T
e, =0.8¢/7

Complex zeros

General All-Pass Filter

eelsieeels

a d,=real pole, e,=complex poles paired w/
conjugate, e,

g @ - - )

M, .
Hap@) =Al] =
® g T—diz7t /2 (A~ ez HA —¢fz7h)

0 Example: 3 o

k

e, = 0.8¢/"*

Complex poles

Penn ESE 531 Spring 2019 - Khanna
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o
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: All Pass Filter Phase Response
2
. e s
0 First order system He =44
1-ae™”
S0 _ e/
B 1-re’le™7
0 phase
Penn ESE 531 Spring 2019 - Khanna 30




First Order Example

oelsiese’s

0 Magnitude:

2
1
[
-1
-2 1 1 L
0 w w 3 2
2 2

Radian frequency (w)

All Pass Filter Phase Response

oelsiese’s

. } .
o First order system H(e™)= e -a
1-ae™

e —peI?

1-re/%e™®

a phase

-
1-re’’e™®

e —pe !
arg| ——

Penn ESE 531 Spring 2019 - Khanna

Group Delay Math

seseees

M N
grd[H(e’)]= Y grd[1-c,e]- Y grd[1-d, ]

k=1 k=1
o Look at each factor:

arg[l-re’’e™”]=tan™ m]
1-rcos(w-0),

2
e = res@=0)
‘1 - re"ge”“"

Penn ESE 531 Spring 2019 — Khanna

Adapted from M. Lustig, EECS Berkeley
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¢ All Pass Filter Phase Response
0 First order system 7 iy _ e -a
1-ae™™
e/ —pe !
1-ree™®
—jo _ -0
0 phase  arg e -re
1-rele/®
-0 (] = e gl®
—arg| &7 ¢ ) ( rf i )
1-re”e™”
=arg(e™)+arg(1-re e’ —arg(1- re’e /)
=—w-arg(l-re’e™) —arg(l - re’’e™*)
=-w-2arg(l-re’’e™)
Penn ESE 531 Spring 2019 - Khanna 3
®: First Order Example
0 Phase:
. .
N
g
& 2=09
2 —0=0
-4 1 1
0 w " 3 2
2 Radian frequency (w) 2
Penn ESE 531 Spring 2019 - Khanna 35

First Order Example

eelsieeels

a Group Delay:

Samples
5

o

L
0 I I3
2 Radian frequency (w)

Penn ESE 531 Spring 2019 - Khanna




All Pass Filter Phase Response

oelsiese’s

o Second order system with poles at z=re”,re™”

[ (e /® — re=if)(e=J® — reif)

= —2w — 2 arctan rsin( - 6)
(1 —reffe—io)(1 — re=i%e—jwy | — “

1 —rcos(w—6)

—2arctan [ r sin + 6) ] .

1—rcos(w+8)

Penn ESE 531 Spring 2019 - Khanna 37

seseees

All-Pass Properties

o Claim: For a stable, causal (r < 1) all-pass system:
= arg[H, (¢*)]<0
= Unwrapped phase always non-positive and decreasing
= grd[H,,(€“)]>0

= Group delay always positive

Pg 309 in text book

= Intuition
= delay is positive = system is causal

= Phase negative = phase lag

Penn ESE 531 Spring 2019 - Khanna 39

Second Order Example

oelsiese’s

= jn/4

o Poles at z=0.9¢ (zeros at conjugates)

Radians

° L

4 L L I

B I3
2 Radian frequency () 2

Penn ESE 531 Spring 2019 - Khanna

Minimum-Phase Systems

Minimum-Phase Systems

eelsieeels

0 Definition: A stable and causal system H(2) (i.c.
poles inside unit circle) whose inverse 1/H(z) is also
stable and causal (i.e. zeros inside unit circle)

Penn ESE 531 Spring 2019 - Khanna 41

Minimum-Phase Systems

eelsieeels

0 Definition: A stable and causal system H(z) (i.e.
poles inside unit circle) whose inverse 1/H(z) is also
stable and causal (i.c. zeros inside unit circle)

= All poles and zeros inside unit circle

H(z) 1/H(z)

Penn ESE 531 Spring 2019 - Khanna
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oelsiese’s

All-Pass Min-Phase Decomposition

0 Any stable, causal system can be decomposed to:

H(z)=H_, (2) Hup(z)

o Approach:
= (1) First construct H , with all zeros outside unit circle

= (2) Compute

H(z)
H,(2)

H_ . (2)=

Penn ESE 531 Spring 2019 - Khanna

seseees

Min-Phase Decomposition Example

-1
H(z)=123% H(2)
|
1-—z
1/2 3
z’l—1
- 3
o Set H“p(Z)_l -
N Hop(2)
1/3 3

oelsiese’s

Min-Phase Decomposition Example

Penn ESE 531 Spring 2019 - Khanna 45
¢ Min-Phase Decomposition Example
-1
H(z)= 1% H(2)
R
1-—z
1/2 3
z! —%
o Set H, (2)= T
l_gz H.p(2) Hiin(2)
1/2
1 %
1-32 13 3
Hyy(2)=-3—3
1-—z"
2
Penn ESE 531 Spring 2019 - Khanna 47

-1
H(z)= 1-3z HEz)
1
l-—z
2
12 3
Penn ESE 531 Spring 2019 - Khanna 44
: Min-Phase Decomposition Example
-1
H(z)=123 H(2)
1,
1-—=z
2
1/2
- 1
a Set H, (z)= 31
1--z"
3 Hop(2)
-1
. 13
1-3z7" 3
Hy(@) =122 =3
1 5 )
I-—z7|1-=z
2
Penn ESE 531 Spring 2019 - Khanna 46
: Min-Phase Decomposition Purpose
0 Have some distortion that we want to compensate
for: G(z)
Tt T T T 1
: Distorting Compensating| :
——p|  system ] system
st | Ha@  [salnl| H@ | | sdn)
S J
Penn ESE 531 Spring 2019 - Khanna 48




oelsiese’s

Min-Phase Decomposition Purpose

0 Have some distortion that we want to compensate
for: G(2)

I

Distorting Comp i |

] system a— system —f—-—»
Hy(z) sqln H(2)

o If Hy(2) is min phase, easy:
= H (2)=1/Hy(z) € also stable and causal

Penn ESE 531 Spring 2019 - Khanna

oelsiese’s

Min-Phase Decomposition Purpose

a Have some distortion that we want to compensate
for: G(2)

|

Distorting Comp i |

e system m— system —f—-—-»
Hy(z2) sqlnl H(z2)

a If Hy(z) is min phase, casy:
s H (2)=1/Hy(z) € also stable and causal

o Else, decompose Hy(2)=H g 11(2) Hy,,(2)
* H(2)=1/Hypia(2) PHy@)H(2)=Hg ,(2)

= Compensate for magnitude distortion

Penn ESE 531 Spring 2019 - Khanna 50

seseees

Minimum Phase to Max Phase

Penn ESE 531 Spring 2018 - Khanna

seseees

Minimum Phase to Max Phase

Min phase “$% w
x All Pass ®

Penn ESE 531 Spring 2018 - Khanna 52

Minimum Phase to Max Phase

eelsieeels

Max phase Ut&g

Penn ESE 531 Spring 2018 - Khanna

Minimum Phase

eelsieeels

i o pm

Min phase Utg o Max phase Ut
o

—>
Re
o

o wm
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¢ Minimum Phase
v o v
Min phase Uitdgg o Max phase U,
[
Re Re
o
o o
o
] m m
Unit degg Uit gt o
o »
Re Re
o »
[ o
o
Penn ESE 531 Spring 2018 - Khanna 55

seseees

Minimum Phase Lag Property

o All pass properties
= arg[H, (¢*)]<0
= grd[H,,(d)]>0

3 Q[ (1)) Zarg H i (019)FH,, ()]
=arg[H,;, ()] + arg[H,(61)]

= <0 + <0
Penn ESE 531 Spring 2018 - Khanna 57
¢ Minimum Phase
m =] N/
Min phase g o Max phase Ut
o
X -
o
o o
o
O Am m
Unit g Unit gide )
o
* *
o
o o
o
Penn ESE 531 Spring 2018 - Khanna 59

¢ Minimum Phase
N/ o m
Min phase Uitdg o Max phase Ut
o
o R .
o
o pm K
Unlt% Unit gigcls o
]
f— —>
° Re Re
o o
o
Penn ESE 531 Spring 2018 - Khanna 56
: Minimum Group Delay Property
a All pass properties
= arg[H, ()]0
= grd[H,,(@¢)]>0
2 grd[H,,, (@)]=grd[H,,,, () *H, (¢ )]
=grd[H,,;,(¢)] + grd[H, ()]
= >0 + =20
Penn ESE 531 Spring 2018 - Khanna 58
: Minimum Energy-Delay Property
Min phase Max phase
3.39 bl 339 hole)
289 2.89
156
e el
2 - 0 1 2 3 4 5 6 n 2 4 0 1 2 3 4 5 6 =
@ ®
350 hln) 350 haln]
; 3 4 H 6 n 2 A o 1 (:» 3 4 5 n
60
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Big Ideas

oelsiese’s

o Frequency Response of LTI Systems
= Magnitude Response, Phase Response, Group Delay
0 LTI Stability and Causality
= If all poles inside unit circle
o All Pass Systems
= Used for delay compensation
0 Minimum Phase Systems
= Can compensate for magnitude distortion

= Minimum energy-delay property

Penn ESE 531 Spring 2019 — Khanna
Adapted from M. Lustig, EECS Berkeley
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Admin

oelsiese’s

o HW6
= Out now
= Due Sunday 3/24
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