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Filter Specifications
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Generalized Linear Phase

0 An LTI system has generalized linear phase 1f
frequency response H(e’”) can be expressed as:

H(e’®) = A(w)e /**P,

a)‘<7z

0 Where A(W) 1s a real function.
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Generalized Linear Phase

0 An LTI system has generalized linear phase 1f
frequency response H(e’”) can be expressed as:

H(e’”) = A(w)e 7***P

a)\<7z

0 Where A(W) 1s a real function.

a0 What is the group delay?
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Causal FIR Systems

y[n]= byx[n] + bx[n—1] +...4+ by x[n—M], alln

M
H(z)=by+bz ' +..+b,z" = OH(I —c,z7")
k=1

b, n=0,1,.,M
hln]=
0, otherwise
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Causal FIR Systems

0 Causal FIR systems have generalized linear phase if
they have impulse response length (M+1)

a It can be shown if

hin| = hiM—n], 0<n=<M,
= 0, otherwise,

0 then

H(e!?) = A (e!®)e™/oM/2,
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: Example: Moving Average

0 Moving Average Filter
= Causal: M,=0, M,=M

x[n-M]+...+ x|n]

yln]=

M +1

Impulse
response
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: Example: Moving Average

0 Moving Average Filter
= Causal: M,=0, M,=M

x[n-M]+...+ x|n]

b M +1

Impulse
response

Scaled &Time
Shifted window
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: Example: Moving Average

w[n] “window”

sin((N + 1/2)6())

sin(a)/Z)

wln] < W(e’”) =

1 s eioM2 sin((M/2+1/2)w)
M+1W[n_M/2] Wie™)- M +1 sin(w/Z)
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Example: Moving Average

[H ()]
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Causal FIR Systems

0 Causal FIR systems have generalized linear phase if
they have impulse response length (M+1)

a It can be shown if

hin| = hiM—n], 0<n=<M,
=0, otherwise,

0 Then

H(e!?) = A (e!®)e™/oM/2,

0 Sufficient conditions to guarantee GLP, not
necessary
s Causal IIR can also have GLLP
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FIR GLP

a Four types of FIR GLP
= TypeI

= Even Symmetry, M even
o Type II
= Even Symmetry, M odd

= Type II
= Odd Symmetry, M even

. Type 1AY
= Odd Symmetry, M odd
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. FIR GLP: Type I

Type I Even Symmetry, M even

hinl=h[M —n], n=0,1,...M

| Center of
< symmetry
l
—o , L 2 —& .
0 M M=4 "

2
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FIR GLP: Type I

Type I Even Symmetry, M even

hinl=h[M —n], n=0,1,...M , Ceteret

RN

0 M M=4 n
2

M
Then H(e’”)=Y h[nle /™ = A(w) e /M"
n=0 Real, Even " integer delay
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. FIR GLP: Type I — Example, M=4

Type I Even Symmetry, M even
hinl=h[M —n], n=0,1,...M

M
Then H(ejw) — Zh[n]e‘lw’? — A(W) e—ja)M/Z
n=0 Real, Even " integer delay

H(e’®)=h[0]+ H[1]e/” + h[2]e 7 + h[3]e 7*? + h[4]e 7/ **
=e 2| h[0]e’>” + h[1]e’” + h[2]+ h[1]e 7 + A[0]e /> |

— [2h[0: cos(2w) + 2h[1]cos(w) + h[2]] 20
A(w) (even)
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FIR GLP: Type I

Type I Even Symmetry, M even

hinl=h[M —n], n=0,1,...

M

Center of
r*/ symmetry

LT

N -

Then H(e’®) = Zh[n]e_”’": A(w) g /M2

Real Even

H(ej(l)) — e—jwM/2 (

al0] = h[M/2],

Penn ESE 531 Spring 2019 - Khanna alk] = 2h[(M/2) —

M/2

k=0

" integer delay

Z alk] cos a)k)

k=1,2,...,M/2.
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. FIR GLP: Type II

Typell Even Symmetry, M odd

hinl=h[M —n], n=0,1,...M

| Center of
<+~ symmetry
I

1 |
|

° l —-—
0 M M=5 n

2
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. FIR GLP: Type II

Typell Even Symmetry, M odd

hinl=hM —-n], n=0,1,...M

| Center of
I["""symm Ty
BEUARE
0 M M=5
2
M
Then H(e”)=Y hnle ™ = A(w) e joM /2
n=0 Real,Even " integer delay
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: FIR GLP: Type I1 — Example, M=3

Typell Even Symmetry, M odd

M
Then H(ejw) — Zh[n]e‘lw’? — A(W) e—ja)M/Z
n=0 Real,Even N integer delay

H(e’”) = h[0]+ h[1]e™/ + h[2]e /> + h[3]e /*°

H(e’*)=[2h[0]cos(3w / 2) + 2h[1]cos(w / 2)] e />
A()
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FIR GLP: Type 11

Typell Even Symmetry, M odd

1

Center of

I[4""'symmetry

LT

[
[
l

M

2

0 M=5
Then H(e’®) = Zh[n]e-f“’" = A(w) g /M2
Real, Even " integer delay
(M+1)/2
H(el?) = e~/ L 3" bik]cos|w(k—})]

k=1

blk] =2h[(M +1)/2 —k], k=1,2,...
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n
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FIR GLP: Type I and II

| Center of
< symmetry '
|
11111 5
— o @ . ‘ E
0 M M=4 n
2
Center of

:"”’symmetry \

TR .

|
|
|
|
|
0 M M=5 n
2 2?0'67
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FIR GLP: Type I and II

M/2
H(e!®) = ¢~ JoM/2 (Za[k] cOos a)k)

Center of

Ir"""symmetry \ k=0
|
1
S 5
0 M M=4 -

2

' . (M+1)/2
H(el?) = e~/oM2 3" bik]cos[w(k—})]
k=1
Center of

:""”symmetry \

TR .

|
|
|
|
|
0 M M=5 n
2 29;57
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FIR GLP: Type 111

Type III Odd Symmetry, M even

hinl=—-hM —n], n=0,1,...M  (note h|M /2]=0)

Center of
1 I " symmetry
-&
0
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. FIR GLP: Type III

Type III Odd Symmetry, M even

hinl=—-hM —n], n=0,1,...M  (note h|M /2]=0)
II /sg:lrt:ét?;

|
L M=2
f - * —o—o——&
]l l
-1

0 n

—

M . .
H(e]a)):Zh[n]e—]am — A(W) e—]a)M/2+]7z/2
n=0 Real,Odd
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: FIR GLP: Type III — Example, M=4

Type III Odd Symmetry, M even

hinl=—-hM —n], n=0,1,...M  (note h|M /2]=0)

—

M . .
H(e]a)) = Zh[n]e—ﬂf)ﬂ — A(W) e—ja)M/2+]7r/2
n=0

Real,Odd

H(e’®)=h[0]+ H[1]e 7/ + h[2]e /*® + h[3]e />® + h[4]e /**

— 72
— ¢ /%

01> + h{1]e’® ~ [1le 7 — h{0]e /2 |

= [2h[0]sin2w) + 2A[1]sin(w)] je />

7
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A(®) (0dd)
27



. FIR GLP: Type III

Type III Odd Symmetry, M even

hinl=—-hM —n], n=0,1,...M  (note h|M /2]=0)

M . .
H(eja))zzh[n]e—ja)n _ A(W) e—]a)M/2+]7z/2
n=0

—
Real,Odd
" M/2 1
H(e/®) = je /*M/2 | % " c[k] sin wk
k=1

clk] = 2h[(M/2) — k], k=1,2,..., M/2.
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! FIR GLP: Type IV

Type IV Odd Symmetry, M Odd

Wnl=—-hM —n], n=0,1,...M

Center of

l
M=1

(M / 2 not an integer)

-

1] le—"" symmetry
&
0

|
?

|
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! FIR GLP: Type IV

Type IV Odd Symmetry, M Odd

Wnl=—-hM —n], n=0,1,...M (M / 2 not an integer)

Center of

1? e symmetry
)
. IM=1

0 |

1 —& —e . 4 * &

-1

M . .
HY=SN hnle /" = A(w e—_]a)M/2+_]7Z'/2
(™) ,; ] R%r—‘f Oc)i ; " fractional delay
N cal,
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! FIR GLP: Type IV — Example, M=3

Type IV Odd Symmetry, M Odd

Wnl=—-hM —n], n=0,1,...M (M / 2 not an integer)
. M . . .
H(eja))zzh[n]e—]a)n _ A(W) e—ja)M/2+j7Z'/2
n=0 Y

" fractional delay
Real,Odd

H(e®) = [2A[0]sin(3ew / 2) + 2A[1]sin(w / 2)] jeP3en
A?rw)
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FIR GLP: Type IV

Type IV Odd Symmetry, M Odd

hn)l=—-h{M —n],

M . .
H(eja)):zh[n]e—]am _ A(W) e—ja)M/2+]7Z'/2
n=0

Penn ESE 531 Spring 2019 - Khanna

n=0,1,..,M (M / 2 not an integer)

Center of

1? e symmetry
|
. IM=1

0 |

-1

" fractional delay

Real,0dd
| | [(M+1)/2
H(e/®) = je~/*M2| 3" dlk]sin | (k- 1)]
k=1

dik] =2h[(M +1)/2 — k], k=1,2,...,(M+1)/2.

1 — —e . 4 * L 4 *

—

n
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FIR GLP: Type III and IV

Center of
1 «—" symmetry
|
l | M=2
- & —o—» * - -
0 : l n
I
-1
Center of
1? e symmetry
J
IM=1
. 4 - ———0-—@
0 |

‘
1 n
=1
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s M2
FIR GLP J_YPC III H(ejw) =j€_-jwM/2 Zc[k] Sin wk

Center of
1 ,A/symmetry
l
| -
° 4| M—24 e—eo—o .
O l " T
l -1
Center of &
1? e symmetry
|
IM=1 ﬂ
. + . 4 —8 & . 4 —& . 4
| 0 | 1 n U
-1 - -
(M+1)/2
H(el?) = je—/wM/z Z d|k]sin [w (k — %)]
k=]
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Z.eros of GLP System — Type I and II

a0 FIR GLP System Function

M

H(z) = Z hinlz ™"
iy

Penn ESE 531 Spring 2019 - Khanna
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Z.eros of GLP System — Type I and II

a0 FIR GLP System Function

M
H(z) = zh[n]z_"
—0

M 0
H(z) =) hIM—nlz™" = ) hlklz*z™"
k=M

n=()

= Mpz ™.

If z, is a zero then z,~ is also a zero.
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Z.eros of GLP System — Type I and II

a0 FIR GLP System Function

M

H(z) = ) hlnlz™"
=()

If z, is a zero then z, ' is also a zero.
a If h|n] is real,

. x .
Ifz, 1s a zero then z, * 1s also a zero.
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Z.eros of GLP System — Type I and 11

a0 FIR GLP System Function
M

H(z) = ) hlnlz™"
n=,_

Real system — zeros occur in conjugate-reciprocal groups of 4

(1 - rejgz“l)(l - re"jez_l)(l - r"]ejez"l)(l - r’le—joz“l)
—— — — S
Za (20)* (z1)* A
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Z.eros of GLP System — Type I and 11

a0 FIR GLP System Function
M

H(z) = Z hinlz "
n=,_

Real system — zeros occur in conjugate-reciprocal groups of 4
(1 - re’®27 (1 —re %7711 = r 17711 = r e 97
a If zero 1s on unit circle (r=1)
(1—¢e/%771)1 —e 19771y,
0 If zero is real and not on unit circle (6 =0)
(1+ rz_l)(l +r71;7h,
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Zeros of GLLP System — ]

ype 1

Type I

Unit Im z-plane
circle

Penn ESE 531 Spring 2019 - Khanna
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Zeros of GLLP System — ]

ype 1

Type I

Penn ESE 531 Spring 2019 - Khanna
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Zeros of GLP System — Type 11

Type 11

Unit Tm
circle
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Zeros of GLP System — Type 11

Penn ESE 531 Spring 2019 - Khanna
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Zeros of GLP System — Type 11

a0 FIR GLP System Function

M 0
H@) =) hIM —nlz™" = ) hlklz*z™"

n={( k=M

z=MH(™.
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Zeros of GLP System — Type 11

a0 FIR GLP System Function

M 0
H(z) =) hIM—nlz™" = ) hlklz*z™
k=M

n=()
=z"MH ™).

Considerz=-1: H(-1)=(-1)""H(-1)

— for M odd, z=-1 must be a zero (Type II)
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Zeros of GLP System — Type 11

Type 11

U nit Tm
circle
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FIR GLP: Type I and II

}‘/’ Center of H / € ‘;0)

symmetry

1 T \

O I I —o5
0 M M=4 n

2

Center of

UL Pes

|
0 M M=5 n
2 2?0'67
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Z.eros of GLP System — Type III and IV

a0 FIR GLP System Function

M

H(z) = Z hinlz ™"
=()

Penn ESE 531 Spring 2019 - Khanna
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Z.eros of GLP System — Type III and IV

a0 FIR GLP System Function

M

H(z) = Z hinlz ™"
—0

Hiz =—-z"MHE).

Penn ESE 531 Spring 2019 - Khanna
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Z.eros of GLP System — Type III and IV

a0 FIR GLP System Function

M
H(z) = ) hlnlz™"
n=,_

If z, is a zero then z,~ is also a zero.

Penn ESE 531 Spring 2019 - Khanna
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Z.eros of GLP System — Type III and IV

a0 FIR GLP System Function
M

H(z) = Z hinlz "
n=_)

Real system — zeros occur in conjugate-reciprocal groups of 4
(1 - re’® 271 —re 77 = r 1771 - e 97
a If zero 1s on unit circle (r=1)
(1—¢e/%771)1 —e 19771y,
0 If zero is real and not on unit circle (6 =0)
(1+ rz_l)(l +r71;7h,
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Zeros of GLLP System — ]

"ype 111

Unit 0O Im

circle
O O
Re
k—j}

O
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Zeros of GLLP System — ]

"ype 111

Penn ESE 531 Spring 2019 - Khanna
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Zeros of GLLP System — ]

ype 1V

circle | z-plane
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Zeros of GLLP System — ]

ype 1V

Penn ESE 531 Spring 2019 - Khanna
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Z.eros of GLP System — Type III and IV

a0 FIR GLP System Function

Hiz =—-z"MHE™.

H(1)=-H(1) = z=1mustbeazero (Type Ill and IV)
H(-1)=(-)™" H(-1)

— for M even, z=—1 must be a zero (Type III)

Penn ESE 531 Spring 2019 - Khanna
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Zeros of GLLP System — ]

'ype III and IV

Type III

Unit O Im
circle

Type IV

Unit
circle | z-plane

b

O
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FIR GLP: Type III and IV

Center of
1 «—" symmetry
|
l | M=2
- & —o—» * - -
0 : l n
I
-1
Center of
1? e symmetry
J
IM=1
. 4 - ———0-—@
0 |

‘
1 n
=1

Penn ESE 531 Spring 2019 - Khanna

58



GLP and Min Phase Systems

0 Any FIR linear-phase system can be decomposed
into:

H(z) = Hupin(2) Huc(2) Hmax (2)

0 A min phase system, system containing only zeros
on unit circle, and max phase system

Penn ESE 531 Spring 2019 - Khanna
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GLP and Min Phase Systems

0 Any FIR linear-phase system can be decomposed
into:

H(z) =

()
L
o
¢
D

0 A min phase s

on unit circle, :

~
(
O

[
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Filter Specifications

|H(elw)|
1434,

_-7 N

N
1-0p, I\ |
I\ |
AN |

Passband : Transition : Stopband

| N
| N
| AN
8 | AN
— I r
0 w, W
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Big Ideas

0 Generalized Linear Phase Systems
= Useful for design of causal FIR filters
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Admin

a HW 6

s Out now

= Due Sunday
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