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Linear Filter Design

0 Used to be an art
= Now, lots of tools to design optimal filters
a For DSP there are two common classes
= Infinite impulse response IIR
= Finite impulse response FIR
a Both classes use finite order of parameters
for design

Penn ESE 531 Spring 2019 — Khanna
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What is a Linear Filter?

seseees

0 Attenuates certain frequencies
0 Passes certain frequencies

0 Affects both phase and magnitude

0 What does it mean to design a filter?
= Determine the parameters of a transfer function or
difference equation that approximates a desired impulse
response (h[n]) or frequency response (H(¢/?)).

Penn ESE 531 Spring 2019 — Khanna
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Filter Specifications
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What is a Linear Filter?

eelsieeels

[m]

Attenuates certain frequencies

[m]

Passes certain frequencies

0 Affects both phase and magnitude

o IR

= Mostly non-linear phase response

= Could be linear over a range of frequencies
o FIR

= Much easier to control the phase

= Both non-linear and linear phase

Penn ESE 531 Spring 2019 — Khanna
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Today

0 IR Filter Design
= Impulse Invariance

= Bilinear Transformation

0 Transformation of DT Filters

Penn ESE 531 Spring 2019 - Khanna




IIR Filter Design

oelsiese’s

0 Transform continuous-time filter into a discrete-
time filter meeting specs

= Pick suitable transformation from s (Laplace variable) to g
(or 2to n)

= Pick suitable analog H (s) allowing specs to be met,
transform to H(3)

0 We’ve seen this before. .. impulse invariance

Penn ESE 531 Spring 2019 - Khanna
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Impulse Invariance

0 Want to implement continuous-time system in
discrete-time

Continuous-time
—| LTIsystem
x (1) he(1), Ho(jY) ye(®)

I
i
I
i Discrete-time H
X0 x[n] | h[nlH(e™) | yln] :,V.(f)=yr(l)
I
1
!
i
1

Heg(j ) = Hj )

Penn ESE 531 Spring 2019 - Khanna 9

Impulse Invariance

seseees

o With H_(j$?) bandlimited, choose
- . w
H(") = H.(j2): || < 7

o With the further requirement that T be chosen such
that

H,(jQ)=0, [Q=zx/T

Penn ESE 531 Spring 2019 - Khanna
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Impulse Invariance

o With H (j$2) bandlimited, choose
. . a)
H(e'") = H.(j2): | <7

o With the further requirement that T be chosen such
that

H (jQ)=0, |Q|zn/T

h[n]=Th (nT)

Penn ESE 531 Spring 2019 - Khanna 11
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IIR by Impulse Invariance

o If H(G2)=0 for | Q4| > /T, there is no aliasing
and H(¢®) = H(jw/T), |o|<m

a To get a particular H(e/*), find corresponding H,
and T, for which above is true (within specs)

o Note: T),is not for aliasing control, used for
frequency scaling.
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eelsieeels

Laplace Transform

0 The Laplace transform takes a function of time, t,
and transforms it to a function of a complex
variable, s.

0 Because the transform is invertible, no information
is lost and it is reasonable to think of a function f(t)
and its Laplace transform F(s) as two views of the
same phenomenon.

a Each view has its uses and some features of the
phenomenon are easier to understand in one view
or the other.
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S-Plane
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0s=0+Q

o Wolfram Demo

Real (red) and imaginary (blue) components of 6™
10

Inis]

Rels)

o hep://pilot.cnxproject.org/content/collection/col 10064/ latest/module/m10060/ latest

S-plane and stability

oelsiese’s

. A “(x).jQ

/7PX
i !
|

r
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: S-Plane Mapping to Z-Plane
radius=e-? cos(bt;)
& ‘A \b‘“
s-plane z-plane
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¢ Example
Example: 1f (e.g. one term in PF expansion)
— X . _ T _ T\
R =A™, 120, Hnl=T,4e"™ =T,4,(e"") Zeros do not map
H(z)=T A —7—| Pole mappingis z+« e the same way;
1-e’z not the general
mapping of s to z
Penn ESE 531 Spring 2019 - Khanna 18

>
- >us) O
o 14 ; 0 P =
‘ \
. J s _
X
< stable region unstable region ——>
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®: Example
Example: If
at L 1
Laplace: e
s—a
n z 1
Z-transform: u[n] ]
1-az
Penn ESE 531 Spring 2019 - Khanna 17
®: Example
Example: 1f (e.g. one term in PF expansion)
= “ >0, = T — AN
h() =A™, 120, Hnl=T A" =T 4 (") < do not map
H(z)=T,4, + Pole mapping is z « '™ the same way;
1-e not the general
mapping of s to z
« Stability, causality, preserved.
« jQ axis mapped linearly to unit-circle, with aliasing
« No control of zeros or of phase
Penn ESE 531 Spring 2019 - Khanna 19




Impulse Invariance

oelsiese’s

o Let, |H[(j£2)=0, ‘Q‘zn/Tl
h[n]=Th, (nT)

0 If sampling at Nyquist Rate then
w 2wk

T T

©

H(e™)= Y H |

f=—c0

H(e)=H, j% . ok

Penn ESE 531 Spring 2019 - Khanna 20

Impulse Invariance
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0 Sampling the impulse response is equivalent to mapping the
s-plane to the z-plane using:
s z=eTd=rcw
0 The entire Q axis of the s-plane wraps around the unit circle
of the z-plane an infinite number of times

Penn ESE 531 Spring 2019 - Khanna
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Impulse Invariance

o Sampling the impulse response is equivalent to mapping the
s-plane to the z-plane using:

s z=eld=re®

o

The entire Q axis of the s-plane wraps around the unit circle
of the z-plane an infinite number of times

=}

The left half s-plane maps to the interior of the unit circle
and the right half plane to the exterior

Penn ESE 531 Spring 2019 - Khanna 22
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Impulse Invariance Mapping

Mapping

zplane
s-plane

Impulse Invariance

eelsieeels

0 Sampling the impulse response is equivalent to mapping the
s-plane to the z-plane using:
n z=eTd=yrciw
0 The entire Q axis of the s-plane wraps around the unit circle
of the z-plane an infinite number of times

o

The left half s-plane maps to the intetior of the unit circle
and the right half plane to the extetior

o

This means stable analog filters (poles in LHP) will
transform to stable digital filters (poles inside unit circle)
0 This is a many-to-one mapping of strips of the s-plane to
regions of the z-plane

= Not a conformal mapping

= The poles map according to z = ¢¥19 | but the zeros do not always

Penn ESE 531 Spring 2019 - Khanna 24
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¢ Impulse Invariance
0 Limitation of Impulse Invariance: overlap of images
of the frequency response. This prevents it from
being used for high-pass filter design
H, (i)
1—
L )
Qe
H(e)
P
)
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Bilinear Transformation

oelsiese’s

0 The technique uses an algebraic transformation
between the variables s and g that maps the entire
j §2 -axis in the s-plane to one revolution of the unit
circle in the z-plane.
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Bilinear Transformation

et eses

0 Substitutings = 0+ jQand z = ¥

Penn ESE 531 Spring 2019 - Khanna
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Bilinear Transformation

2 f1-z71
s=—|—];
Ty \1+2z71

0 Substitutings = 0+ jQand z = el¢

(52
T Ty \1+4eiv)’

seseees

2 | 2e7 /e 2(jsinw/2) | 2j
s = iQ = — | —————= | = = tan(w/2).
o= [2e—/w/2(cosw/2) 7, 2@/
Penn ESE 531 Spring 2019 - Khanna 28

Bilinear Transformation

seseees

2
@=L tan(@/2).

o = 2arctan(Q7;/2).

No aliasing, but mapping nonlinear
(Impulse invariance:

linear mapping, but with aliasing)

Penn ESE 531 Spring 2019 - Khanna

Example: Notch Filter

eelsieeels

0 The continuous time filter with:

sz+Qé

H(s)=——"—
‘ s +Bs+Q]

2
Q= T_d tan(w/2).

w =2 arctan(Q7;/2).

Penn ESE 531 Spring 2019 - Khanna 30

Transformation of DT Filters

eelsieeels

: Analog !
1 Lowpass 1
[ H
A . |
e Z7=G(z7) Digital Lowpass,
- (@) Bandpass, Highpass,
Digital Lowpass |  pyapsformation etc.

0 Z — complex variable for the LP filter

0 z — complex variable for the transformed filter

0 Map Z-plane>z-plane with transformation G

Penn ESE 531 Spring 2019 - Khanna
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Transformation of DT Filters

oelsiese’s

| Analog !
1 Lowpass :
P, A
A 1 1
H(Z Z"=G(z7) Digital Lowpass,
. lp( ) —————{ Bandpass, Highpass,
Digital Lowpass Transformation etc.

0 Map Z-plane=>z-plane with transformation G
H(z) = Hlp(Z)!Z—lzc(z—t)

Penn ESE 531 Spring 2019 - Khanna 32

( Example 1:

et eses

0 Lowpass—>highpass
= Shift frequency by 7T

S0 w—>w—m (Lowpass to highpass)

Zl =zt o IO i@ T)

Penn ESE 531 Spring 2019 - Khanna 33
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Example 1:

o Lowpass—2>highpass
= Shift frequency by 7

so @—>w—7n (Lowpass to highpass)

Zl ==z o IO I(@m7)

=09y —1+0.1x[n] lowpass; pole:z=09, H(z)= 1(‘)’%
—V.Y%z
H2)=—%L  highpass; pole:z=—0.9 [al=—0.9){n—1+0.1x[7]
1409z
Penn ESE 531 Spring 2019 - Khanna 34

®: Example 2:

o Lowpass—>bandpass

®: Example 2:
o Lowpass—>bandpass
AR
H()=—' s g ()=
b 1-az™ b l+az™
Pole at z=a Pole at z=%jVa
Penn ESE 531 Spring 2019 - Khanna 36

Z' =27
Penn ESE 531 Spring 2019 - Khanna 35
®: Example 2:
0 Lowpass=>bandpass
Z'=227
Hy @)= —— —— H, ()=—
b 1-az™! v l+az™
Pole at z=a Pole at z=%jVa

o Lowpass=>bandstop

7712 o2
Hy ()= —— —— H, ()=
’ l-az™! b 1-az
Penn ESE 531 Spring 2019 - Khanna Pole at z=+Va 37
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Transformation Constraints on G(z)

a If Hy,(2) is the rational system function of a causal
and stable system, we naturally require that the
transformed system function H(z) be a rational
function and that the system also be causal and
stable.

= G(Z") must be a rational function of z!

= The inside of the unit circle of the Z-plane must map to
the inside of the unit circle of the z-plane

= The unit circle of the Z-plane must map onto the unit
circle of the z-plane.

Penn ESE 531 Spring 2019 - Khanna
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oelsiese’s

Transformation Constraints on G(z!)

a Respective unit circles in both planes

Z=¢/fand z = e/®

Penn ESE 531 Spring 2019 - Khanna
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Transformation Constraints on G(z)

0 Respective unit circles in both planes

Z =el? and z = e/©

Z' =Gz
e =G(e ™)
e =[G

PYCatg)

Penn ESE 531 Spring 2019 - Khanna

40

seseees

Transformation Constraints on G(z™)

o Respective unit circles in both planes
Z=¢/ and z = e/
7' =G(z™")
e =Ge™”)

e = ‘G(e’i“')‘e’AG(e-/w)

1= \G(e”"‘“) -0=2,G(e™™)

Penn ESE 531 Spring 2019 - Khanna
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Transformation Constraints on G(z™)

eelsieeels

0 General form that meets all constraints:

= a real and |a | <1

N g
Gz =]

k=1l-a,z

Penn ESE 531 Spring 2019 - Khanna
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General Transformation

eelsieeels

o Lowpass=>lowpass

z'—a

1-az’

G(z =

o Changes passband/stopband edge frequencies

Penn ESE 531 Spring 2019 - Khanna
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General Transformation

oelsiese’s

o Lowpass2>lowpass

G(Zil) = 1—,

a Changes passband/stopband edge frequencies

jo
o e’ -a
From e/’ e get

o (1-aP)sin(d)
@(6)=tan [2{1 1+ az)cos(H)]
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General Transformations

seseses

TABLE 7.1 TRANSFORMATIONS FROM A LOWPASS DIGITAL FILTER PROTOTYPE
(OF CUTOFF FREQUENCY 0 TO HIGHPASS, BANDPASS, AND BANDSTOP FILTERS

Filter Type. Transformations Associated Design Formulas

Lowpass
p = desired cutlf frequency
) _ _m(*r;w)
Highpus 7= o ()
ap = desived cutot frequency
Bandpass  Z7' = )«,)
7 2
1 = desired lower cutot frequéney
g2 = desied upper cutoft frequency
Bandstop 27! =
py = desired lower cutoltfrequéney
72 = desied upper cutot frequency
Penn ESE 531 Spring 2019 - Khanna 46

General Transformation
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0 Lowpass=>lowpass

—jo _

From e/’ :g, get
1-ae”

o(0)-tan™ (1-a®)sin(0)
2a + (1+a*)cos(6)

Big Idea

eelsieeels

o IIR
= Design from continuous time filters with mapping of s-
plane onto z-plane
= Linear mapping — impulse invariance
= Non-linear mapping — bilinear transformation
o DT filter transformations
= Transform z-plane with rational function G(z!)

= Constraints on G for causal/stable systems

Penn ESE 531 Spring 2019 - Khanna 48
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: Reminder: Simple Low Pass Filter
l—a 14271
HLP(Z) S a—— |a| <1
2 1—az
1)
1
Nap----- "
1
1 |
I T w
[IJL' T
i 1 — sin(w,)
Wc is the 3dB cutoff frequency a=—7F" "
cos(we)
Penn ESE 531 Spring 2019 — Khanna
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¢ Admin
o HW 6

= Out now

= Duc Sunday 3/24
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