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Discrete Fourier Series
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: Reminder: Eigenvalue (.

DTFT)

0 x[n]=el¥n

0

ynl= Y x[n-k]h[k]
fr=—00

00

= ¥ Ok

k=—OO

= /" E hkle ™"
k=—00
_ H(e]a))e]a)n
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0

H(e™)= ) hlkle™™

k=—OO

0 Describes the change
in amplitude and
phase of signal at
frequency W

0 Frequency response

0 Complex value

= Re and Im
= Mag and Phase



Discrete Fourier Series

0 Definition:

= Consider N-periodic signal:

zln+ N| =Z[n|] Vn
= Frequency-domain also periodic in N:

X[k+ N]= X[k] Vk

(19 )
m~~

indicates periodic signal/spectrum
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Discrete Fourier Series

0 Define:
W AN 6—j27r/N
o DFS:
1 N-1 -~
i) = = 3 XKWy
k=0
~ N—1
X[k] = Z[n]W"
n=0
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' : - A _—j2w/N
Discrete Fourler Series Wn =e

0 Properties of Wy
O WNO — WNN — WNZN: = 1
O \X/Nk+r — WNkWNr and, WNk+N — WNk

Penn ESE 531 Spring 2019 — Khanna
Adapted from M. Lustig, EECS Berkeley



' : - A _—j2w/N
Discrete Fourler Series Wn =e

0 Properties of Wy

= W =W N =W = =1

s WK = W AW and, Wi N = Wk
0 Example: Wkt (N=0)

=1

A

n=5
n=0,6

n= n=1
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' : - A _—j2w/N
Discrete Fourler Series Wn =e

0 Properties of Wy

= W =W N =W = =1

s WK = W AW and, Wi N = Wk
0 Example: Wkt (N=0)

=1 k=2

n=2,5, n=0.3.6.

n=1,4|7,
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: Discrete Fourter Transform

0 By convention, work with one period:

A r&':[n] 0<n<N-1
rln] = < .
\O otherwise
(X[k] 0<k<N-—1
X[ & (KW OskS
\O otherwise

Same, but different!

Penn ESE 531 Spring 2019 — Khanna
Adapted from M. Lustig, EECS Berkeley

10



Discrete Fourier Transform

a The DFT
| V-1
— —kn :
rn] = N kzzo X [k)Wy Inverse DFT, synthesis
N-1
Xk] = Z z[n]WE" DFT, analysis
n=0

0 It is understood that,

zn] = 0 outsidke0<n<N -1
Xk] = 0 outside0<k<N-1
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DES vs. DFT
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DES vs. DFT

Penn ESE 531 Spring 2019 — Khanna
Adapted from M. Lustig, EECS Berkeley

X[k]
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Example

A
Wy & e 727/N

O
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A\ 4
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‘; Example WN £ 6_.7.27T/N
2l
AR
° 0O 1 2 3 4 e n
- Take N=5
4 nk L
Xk| = 2= W"* k=0,1,2,3,4
0 otherwise

N 55[k] “5-point DFT”
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' : - A _—j2w/N
Discrete Fourler Series Wn =e

0 Properties of WN:

s W= WN=WAN=..=1

s WK = W AW and, Wi N = Wk
0 Example: Wkt (N=0)

=1 k=2

n=2,5, n=0.3.6.

n=1,4|7,
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A
Wy = e j2w /N

Example
AT
° 0 2 3 4 'ﬁ
- Take N=5
4 nk L
Xk| = 2= W"* k=0,1,2,3,4
0 otherwise
= 5I|k] |
“5-point DFT”
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A
WN=6 j2m /N

Example

0 Q: What if we take N=10?
0 A X[k] = X[k] where Z[n] is a period-10 seq.

Penn ESE 531 Spring 2019 — Khanna
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A
Wy & e 727/N

Example

0 Q: What if we take N=10?
0 A X[k] = X[k] where Z[n] is a period-10 seq.

4 n
X[k] — anowlok k:O,1,2,---,9
0 otherwise

“10-point DFT”
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000000
_

Example

2 Now, sum from n=0 to 9

0
X[k] = ) zhwi

n=0

Penn ESE 531 Spring 2019 — Khanna
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Example

2 Now, sum from n=0 to 9

9
X[k = ) Wi

n=0

4
> Wiy
n=>0

_ itnk sin( 5 k)

sin({5k)

S

Penn ESE 531 Spring 2019 — Khanna “9 0_point DFT”
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DFT vs. DTFT

0 For finite sequences of length N:
= The N-point DFT of x[n] 1is

N-1 —1
X[kl =Y zn]Wi* =) z[n]edC/N o<k <N-1
n=0 =

= The DTFT of x[n] 1s

X (e7¥) Zx[n IV 00 < w < 00
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. DFT vs. DTET

0 The DFT are samples of the DTEFT at N equally

spaced frequencies

X[k] = X(“)|yop2z 0<EkE<N-—1
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DFT vs D]

—1Fr—

0 Back to example

X k]
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€

J 710

4w, Sin(

2

Ek-)

sin

=

10

k)

“10-point DFT”
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DFT vs DTFT

0 Back to example

X k]

Penn ESE 531 Spring 2019 — Khanna
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DFT vs D]

—-1Fr—

Pt

0 Back to example

X k]

Use £fftshift
to center
around dc
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DFT and Inverse DFT

0 Use the DFT to compute the inverse DFT. How?

Penn ESE 531 Spring 2019 — Khanna
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DFT and Inverse DFT

0 Use the DFT to compute the inverse DFT. How?

N-z*n| = N (D]:T_l {X[k]})*

Penn ESE 531 Spring 2019 — Khanna
Adapted from M. Lustig, EECS Berkeley
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DFT and Inverse DFT

0 Use the DFT to compute the inverse DFT. How?

N (DFT ' {X[k]})

N - z*|n]

X

1 N—-1
—kn
N+ ];) X[k|Wy

Penn ESE 531 Spring 2019 — Khanna
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DFT and Inverse DFT

0 Use the DFT to compute the inverse DFT. How?

N-z*n| = N (D]:T_l {X[k]})*

1 A\
N(NZX[IC]W k)

k=0

Penn ESE 531 Spring 2019 — Khanna
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DFT and Inverse DFT

0 Use the DFT to compute the inverse DFT. How?

N -z*n] =

Penn ESE 531 Spring 2019 — Khanna
Adapted from M. Lustig, EECS Berkeley

N (DFT ' {X[k]})

1 N-1 . *
N (N kz:% X[k|W 5" )
S X W
k=0

DFT {X*[k]}.
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DFT and Inverse DFT

0 Use the DFT to compute the inverse DFT. How?

N -z*n :<f7— {X>
(iEom)

N —
ZX k|Wk

k=0

Penn ESE 531 Spring 2019 — Kh @FT{X*U{:]}

Adapted from M. Lustig, EECS Berkeley
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DFT and Inverse DFT

a So

DFT {X*[k]} = N (DFT {X[K]})"

Penn ESE 531 Spring 2019 — Khanna
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DFT and Inverse DFT

a So

DFT {X*[k]} = N (DFT {X[K]})"

DFT - {(X[k]} =  (DFT {X*[K]})"

Penn ESE 531 Spring 2019 — Khanna
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DFT and Inverse DFT

a So

DFT {X*[k]} = N (DFT {X[K]})"

DFT ' {X[k]} =®

0 Implement IDFT by:
s Take complex conjugate
s Take DFT
s Multiply by 1/N

= Take complex conjugate

Penn ESE 531 Spring 2019 — Khanna
Adapted from M. Lustig, EECS Berkeley 35



DF]

—1

-

as Matrix Operator

DFT:
(X0

X (k]

\ X[N —1] /

\ WI(VN—l)o

Penn ESE 531 Spring 2019 — Khanna

Adapted from M. Lustig, EECS Berkeley

X[kl = > zn]Wy
n=0
WI%(N_l) \ / z[0] \
wh(V-1) ol
\ o:[N:— 1] /

WI(VN—I)(N—l) )

36



° N-1
- —— . _ kn
i DFT as Matrix Operator X[k = > a[JWy
° n=0
DFT:
n O(N-—-1
[ X0 [ W Wy WN( : \ [ elo]
xiw =] wk . wkr .. wEE-D z[n]
\ X[~ -1 / — | N—-1 . N—1)(N—1 \ 2N —1] /
\ w0 L D L (VDN
IDFT: .
— —0k — —
[ @l [ wi® Wn Wi ( \ [ X0\
‘ . : —n —n(N-— T
z[n] — ; ngno g k Wy (N-1) X [k]
\ 2 -1] ) \ wo®-00 oDk ov-nev-n )\ XIN -]

Penn ESE 531 Spring 2019 — Khanna
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DFT as Matrix Operator X[kl = > zn]Wy

( X [0] \ ( WIQIO
X k] = W.kO

IDFT:

—00
[ =lo] [ Wn
. 1 .
xz[n] = ; Wy 0
\ 2N —1] / \ WIG(N—1)0

Penn ESE 531 Spring 2019 — Khanna
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WR[" . W%(N—l) \ / - \
W;’%n . W}’&(I.V—l) m[zn]
WJ(VN._]‘)"' Wz(\rN_i)(N_l) ) \ z[N —1] /
w0k w0V =1y oxm
wyE W;G"(.N_l) X:[k:

I;(N—l)k: W}\—I(N—l)(N—l) ) \ XN -1] /

N2 complex multiples -

W



DFT as Matrix Operator

a0 Can write compactly as

X = WNX
1 %

Penn ESE 531 Spring 2019 — Khanna
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Properties of the DFT

0 Properties of DFT inherited from DFS

0 Linearity

alxl[n] + 042332[71] — a1 X1 [k‘] + o X9 [k]

0 Circular Time Shift

z[((n—m))n] ¢ X[kle /TR = X klWm

Penn ESE 531 Spring 2019 — Khanna
Adapted from M. Lustig, EECS Berkeley
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Circular Shift

Penn ESE 531 Spring 2019 — Khanna
Adapted from M. Lustig, EECS Berkeley
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Circular Shift

Penn ESE 531 Spring 2019 — Khanna
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Properties of DFT

a Circular frequency shift
z[n]e? PN = gn]Wy™ < X[((k — )]
0 Complex Conjugation

z”[n] ¢ X7[((—k)) ]

0 Conjugate Symmetry for Real Signals

z[n] = z7[n] < Xk| = X*|((—=F))n|

Penn ESE 531 Spring 2019 — Khanna
Adapted from M. Lustig, EECS Berkeley
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Example: Conjugate Symmetry

4-point DFT “ X [k]
—Symmetry

Penn ESE 531 Spring 2019 — Kh — —
AZI;I;ted from MI.)rIligstig, EECS ]gcralrrll(aeley L [n] =z [n] & X [k] = X" [( (_k))N]
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: Example: Conjugate Symmetry

4-point DFT ) X[]
—Symmetry

Penn ESE 531 Spring 2019~ Khanma 1] — %] ¢35 X [k] = X*[((—k))N]

Adapted from M. Lustig, EECS Berkeley 45



: Example: Conjugate Symmetry

4-point DFT X[K]
—Symmetry T /_\

Penn ESE 531 Spring 2019~ Khanma 1] — %] ¢35 X [k] = X*[((—k))N]

Adapted from M. Lustig, EECS Berkeley 46



: Example: Conjugate Symmetry

4-point DFT X[k]
—Symmetry T /_\

0
N
4-point DFT “ /R\ X[
—Symmetry I T T
o 1 2 3 k
S

Penn ESE 531 Spring 2019 — Kh — —
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: Example: Conjugate Symmetry

4-point DFT

—Symmetry T m T
2

N
5-point DFT /_\ N
S L]

0
Penn ESE 531 Spring 2019 — Kh — —
AZI;I;ted from MI.)rIligstig, EECS ]gcralrrll(aeley L [n] =z [n] & X [k] = X" [( (_k))N ]

A_

k

—&
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Example

5-point DFT ®
—Symmetry T ‘ T T T |
1

0
R A
“ /R XK
5-point DFT ® o o o
—Symmetry

Penn ESE 531 Spring 2019 — Khanna
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Properties of the DFS/DFT

Discrete Fourier Series Discrete Fourier Transform
Property N-periodic sequence N-periodic DFS Property N-point sequence N-point DFT
%] %] ] x[]
’Ncl[”]’ ’ch[”] )?l[k], )?z[k] xl[”]’ xz[”] X, [k], Xz[k]
Linearity ax, [n] + bx, [n] aX . [k] +bX ) [k] Linearity ax, [n] + bx, [n] aX, [k] +bX, [k]
Duality X[n] Nx[-k] Duality X[n] Nx(-4))y]
i i 5 m Circular Time o
Time Shift x[n - m] Wy X[k] Shift x[((n - m))N] Wy X[k]
F Circular
reduaiicy w"%[n] X[k -1] Frequency w " x[n] X [((k -1)), ]
Shift .
Shift
periodic | Salli-nl a0 il | S wlnbellr-m) ] XK
Convolution Zox' iRl X[k, K] Convolution z::‘)xl e : 2
~ - 1 N-1 - - 1 N-1
Multiplication % [n]%, [n] ~ 2% k=11 Multiplication x e, [n] ~ 2l (=), ]
=0 =0
Complex o ~ Complex x .
Conjugation x [n] X [_ k] Conjugation x [n ] X [((_ k ))N]

Penn ESE 531 Spring 2019 — Khanna
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Properties (Continued)

N-1 _ 5 1 N-1 - 5
> Jel = 2|l

Time- Time-
oot ¥ [ 'l S ompion ¥ ()] X[
Conjugation Conjugation
Real Part Re{?c[n]} )?L,p [k] = %()N([k]+ X [— k]) Real Part Re{x[n]} X, [k] = (X[k] + X [((— k))\ ])
e jimslel | R =S (R R | R il X, =2 (k- x [0, )
Even Part X [n]= %(Tc[n] +X [~ n]) Re{/\wf[k]} Even Part X, [n]= %(x[n] +x [((— n)), ]) Re{X[k]}
owrar | 5 l=LGll-Fla) | i) oddpat | x, lol-Lelal- (=), ) jim{x (k]
X[k]=X"[-4] Xlk]= X[k ]
mmetry for Rel¥ [} =Rel¥ -k} | symmetry for Re{X[k]}=Re{X[((- £)), ]
» Re:iy #[n]=%"[n] {lm{)?[k]}=—lm{)?[—k]} N Re;y ! 2[n]=x"[n] {Im{x[k]}?lm{)f[((— )y}
Sequence Sequence
q { Y] =|XT4] q { ] = |- ),
ZX[K)=~2X[-K] 2X[k]=~2x[((~ k)]
S b=+ Y BT > b= 3 x I
Parseval’s n=0 k=0 Parseval’s n=0 k=0
Identity Identity

N-1 1y
Z|x[n]2 :WZ‘X[k]Z
n=0 k=0

Penn ESE 531 Spring 2019 — Khanna
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Duality

If x—X, then{ [n]}::)]

Penn ESE 531 Spring 2019 - Khanna

B ((C5)
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Duality

If x—275 X, then {X[n]}") —2T5 N {x{(~k)y ]}

21 223 %,

% n] 258 N&[—kI.

Penn ESE 531 Spring 2019 - Khanna

N-1
k=0
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Proot of Duality

27r
DFT of {x[n]}"  is X[k]= Zx[p]e N, k<O<N-1
N-1N-1 —i*" kn
DFT of {X[n]}\, is ZZx[p]e N e’V k<0<N-1

n=(0) p—O
X(n]

- Zx[p] Ze' o

N for (( p+k)) N—O
0 otherwise

(p+k), =0 for0<p &k<N-1 = p=((-k)),

p=—k+mN =((-k)), +rN+mN =((-k)),, because 0 < p<N -1
- DFT of {X[n]})5 is N{x[(-K)x1},

Penn ESE 531 Spring 2019 - Khanna
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' : - A _—j2w/N
Discrete Fourler Series Wn =e

0 Properties of WN:

s W= WN=WAN=..=1

s WK = W AW and, Wi N = Wk
0 Example: Wkt (N=0)

=1 k=2

n=2,5, n=0.3.6.

n=1,4|7,

Penn ESE 531 Spring 2018 — Khanna
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: Circular Convolution

0 Circular Convolution:

z1[n| @ z2[n) Zivl |z2[((n —m))N]

For two signals of length N

Note: Circular convolution is commutative

z2[n| @ z1|n] = z1[n] @ z2[n]

Penn ESE 531 Spring 2019 — Khanna
Adapted from M. Lustig, EECS Berkeley
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Compute Circular Convolution Sum

T1|n]
1 ¢ o T T T

O 1 2 3 4 5 6 n
1 ¢ o

Penn ESE 531 Spring 2019 — Khanna
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Compute Circular Convolution Sum

T1[n]
1 0 O T T T

O 1 2 3 4 5 6 n
T2[n]
| T

0O 1 2 3 4 5 6N

Penn ESE 531 Spring 2019 — Khanna
Adapted from M. Lustig, EECS Berkeley
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Compute Circular Convolution Sum

T1[n]
1 0 O T T T

O 1 2 3 4 5 6 n
T2[n]
| T

0O 1 2 3 4 5 6N

Penn ESE 531 Spring 2019 — Khanna
Adapted from M. Lustig, EECS Berkeley
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Compute Circular Convolution Sum

y[0]=2
T1[n]

AL

0o 1 2 3 4 5 6 n
xa|n]
1] [ |
0 1 2 3 4 5 6 ;n
o1ln] @ waln] 2 3 zfmlas|((n — m))w

Penn ESE 531 Spring 2019 — Khanna
Adapted from M. Lustig, EECS Berkeley
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Compute Circular Convolution Sum

T1[n]
1c>oTTT
0o 1 2 3 4 5 6 n
| @2[n]
T| | T
0 1 2 5 6 N
N—-1

Penn ESE 531 Spring 2019 — Khanna
Adapted from M. Lustig, EECS Berkeley
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Compute Circular Convolution Sum

T1[n]
100TTT
0o 1 2 3 4 5 6 n
| z2[n]
] [ ]
01 2 3 4 5 61N
N—-1

Penn ESE 531 Spring 2019 — Khanna
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y[0]=2
y[1]=2
y[2]=3
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Compute Circular Convolution Sum

T1[n]
1c>oTTT
O 1 2 3 4 5 6 n
[ z2[n]
01 2 3 4 5 6N
N-—-1
A

Penn ESE 531 Spring 2019 — Khanna
Adapted from M. Lustig, EECS Berkeley

< < <

WS =S

63



Result

<< <x<
IwIINlll_LIIoI
I
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N
w
N
(&)
(@)
v

o1ln] @ waln] 2 3 zfmlas|((n — m))w
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Circular Convolution

0 For x,[n] and x,[n] with length N

r1[n| @ z2[n] <> X1lk| - Xolk]

= Very usefulll (for linear convolutions with DFT)

Penn ESE 531 Spring 2019 — Khanna
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Multiplication

0 For x,[n] and x,[n] with length N

z1[n] - To[n] © %Xl[k] ® Xo|k]

Penn ESE 531 Spring 2019 — Khanna
Adapted from M. Lustig, EECS Berkeley
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Linear Convolution

o Next....
= Using DFT, circular convolution 1s easy
= But, linear convolution 1s useful, not circular

= So, show how to perform linear convolution with circular
convolution

s Use DFT to do linear convolution

Penn ESE 531 Spring 2019 — Khanna
Adapted from M. Lustig, EECS Berkeley
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Big Ideas

a Discrete Fourier Transtform (DFT)

= For finite signals assumed to be zero outside of defined

length
= N-point DFT is sampled DTFT at N points

= Useful properties allow easier linear convolution

0 DFT Properties

= Inherited from DFS, but circular operations!

Penn ESE 531 Spring 2019 — Khanna
Adapted from M. Lustig, EECS Berkeley
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Admin

o HW 8 out now
= Due Sunday

Penn ESE 531 Spring 2019 — Khanna
Adapted from M. Lustig, EECS Berkeley

69



