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Lecture Outline 

!  Discrete Time Signals 
!  Signal Properties 
!  Discrete Time Systems 

2 Penn ESE 531 Spring 2019 - Khanna 



Discrete Time Signals 
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Signals 

!  Signals carry information  
!  Examples:  

"  Speech signals transmit language via acoustic waves  
"  Radar signals transmit the position and velocity of targets via electromagnetic 

waves  
"  Electrophysiology signals transmit information about processes inside the 

body  
"  Financial signals transmit information about events in the economy  

!  Signal processing systems manipulate the information carried by signals  
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Signals are Functions 
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!  Signal        : each value of      produces the value   
!  In this course we will focus on discrete-time signals: 

"  Independent variable is an integer:               (will refer to n as time) 
"  Dependent variable is a real or complex number:  

x[n] x[n]n

n ∈ Ζ
x[n]∈ R



A Menagerie of Signals 
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!  Google Share daily share price for 5 months 

!  Temperature at Houston International Airport in 2013 

!  Excerpt from a reading of  Shakespeare’s Hamlet 



Plotting Signals Correctly 
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!  In a discrete-time signal        , the independent variable     is discrete 
!  To plot a discrete-time signal in a program like Matlab, you should use 

the stem or similar command and not the plot command 

x[n] n

!  Correct: 

!  Incorrect: 



Unit Sample 
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!  The shifted delta function               peaks up at          ; here  δ[n−m] n =m m = 9



Unit Step 
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!  The shifted unit step               jumps from 0 to 1 at            ; here   u[n−m] n =m m = 9



Unit Pulse 
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!  Ex:          for              and p[n] N1 = −5 N2 = 3

!  One of  many different formulas for the unit pulse 



Real Exponential 
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!  For                  shrinks to the left and grows to the right; here a >1, r[n] a =1.1

!  For                       grows to the left and shrinks to the right; here 0 < a <1, r[n] a = 0.9



Sinusoids 
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!  There are two natural real-value sinusoids: 
!  Frequency:     (units: radians/sample) 
!  Phase:       (units: radians) 

cos(ωn+φ)  and  sin(ωn+φ)

ω

φ



Sinusoid Examples 
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cos(0n)!    

!    

 
!    

!    

sin(0n)

sin π
4
n+ 2π

6
⎛

⎝
⎜

⎞

⎠
⎟

cos(πn)



Sinusoid in Matlab 
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!  It’s easy to play around in Matlab to get comfortable with the properties 
of  sinusoids 



Complex Sinusoid 
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!  The complex-value sinusoid combines both the cos and sin terms using 
Euler’s identity: 



Complex Sinusoid as Helix 
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Animation: https://upload.wikimedia.org/wikipedia/commons/4/41/Rising_circular.gif 



Negative Frequency? 
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!  Negative frequency is nothing to be afraid of!   



Negative Frequency 
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!  Negative frequency is nothing to be afraid of!  Consider a sinusoid with a 
negative frequency:  

!  Also note:  

!  Takeaway: negating the frequency is equivalent to complex conjugating a 
complex sinusoid—flips the sign of  the imaginary sin term 



Phase of a Sinusoid 
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!      is a (frequency independent) shift that is referenced to one period of  
oscillation 

φ



Complex Exponentials 
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!  Complex sinusoid                 is of  the form 

!  Generalize to  



Complex Exponentials 
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!  Complex sinusoid                 is of  the form 

!  Generalize to  

!  Consider the general complex number  



Complex Exponentials 
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!  Complex sinusoid                 is of  the form 

!  Generalize to  

!  Consider the general complex number 

 
!  Now we have  



Complex Exponentials 
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Bounded                  Unbounded 



Digital Signals 
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Signal Properties 
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Finite/Infinite Length Sequences  
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Windowing 
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Zero Padding 
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Periodic Signals 
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Periodization 
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Causal Signals 
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Even Signals 
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Odd Signals 
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Signal Decomposition 
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Signal Decomposition 
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Decomposition Example 

36 Penn ESE 531 Spring 2019 - Khanna 

X[n] 



Decomposition Example 
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X[n] 

X[-n] 



Decomposition Example 
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X[n] X[-n] 

=e[n] 

=o[n] 



Decomposition Example 
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X[n] X[-n] =e[n] 

=o[n] 



Decomposition Example 
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X[n] X[-n] =e[-n] 

=o[-n] 

X[n] 



Discrete-Time Sinusoids 
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Property #1: Aliasing of Sinusoids 
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Aliasing Example 
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Aliasing Example 
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Alias-Free Frequencies 
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Which is higher in frequency? 

!  cos(πn) or cos(3π/2n) ? 
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Low and High Frequencies 
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Increasing Frequency 
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Decreasing Frequency 
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Property #2: Periodicity of Sinusoids 
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Property #2: Periodicity of Sinusoids 
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Aperiodicity of Sinusoids 
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Aperiodicity of Sinusoids 
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Aperiodicity of Sinusoids 
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Harmonic Sinusoids 
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Periodic or not? 

!  cos(5/7πn) 

!  cos(π/5n) 

!  What are N and k?  (I.e  How many samples is one 
period? 
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Periodic or not? 

!  cos(5/7πn) 
"  N=14, k=5 
"  cos(5/14*2πn) 
"  Repeats every N=14 samples 

!  cos(π/5n) 
"  N=10, k=1 
"  cos(1/10*2πn) 
"  Repeats every N=10 samples 
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Periodic or not? 

!  cos(5/7πn) 
"  N=14, k=5 
"  cos(5/14*2πn) 
"  Repeats every N=14 samples 

!  cos(π/5n) 
"  N=10, k=1 
"  cos(1/10*2πn) 
"  Repeats every N=10 samples 

!  cos(5/7πn)+cos(π/5n) ? 
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Periodic or not? 

!  cos(5/7πn)+cos(π/5n) ? 
"  N=SCM{10,14}=70 
"  cos(5/7*πn)+cos(π/5n)  

"  n=N=70#cos(5/7*70π)+cos(π/5*70)=cos(25*2π)+cos(7*2π) 
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Discrete-Time Systems 



Discrete Time Systems 
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Signal Length and Systems 
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System Examples 
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System Examples 
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System Properties 

!  Memoryless 
!  Linearity 
!  Time Invariance 
!  Causality 
!  BIBO Stability 
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Memoryless 

!  y[n] depends only on x[n] 

!  Examples:  
!  Ideal delay system (or shift system): 

"  y[n]=x[n-m]   memoryless? 

!  Square system: 
"  y[n]=(x[n])2    memoryless? 
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Linear Systems 
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Proving Linearity 
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Linearity Example: Moving Average  

69 Penn ESE 531 Spring 2019 - Khanna 



Linearity Example: Moving Average  
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Linearity Example: Moving Average  
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Linearity Example: Moving Average  
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Example: Squaring is Nonlinear 
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Example: Squaring is Nonlinear 
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Time-Invariant Systems 

75 Penn ESE 531 Spring 2019 - Khanna 



 
Example: Moving Average 
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Example: Moving Average 
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Example: Moving Average 
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Example: Decimation 
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Causal Systems 
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!  Forward difference system: 
"  y[n]=x[n+1]-x[n]  causal? 

!  Backward difference system: 
"  y[n]=x[n]-x[n-1]   causal? 



Stability 

!  BIBO Stability 
"  Bounded-input bounded-output Stability 
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System Properties - Summary 

!  Causality 
"  y[n] only depends on x[m] for m<=n 

!  Linearity 
"  Scaled sum of arbitrary inputs results in output that is a scaled sum of 

corresponding outputs 
"  Ax1[n]+Bx2[n] # Ay1[n]+By2[n] 

!  Memoryless 
"  y[n] depends only on x[n] 

!  Time Invariance 
"  Shifted input results in shifted output 

"  x[n-q] # y[n-q] 

!  BIBO Stability 
"  A bounded input results in a bounded output (ie. max signal value 

exists for output if max ) 
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Examples 

!  Causal?  Linear?  Time-invariant? Memoryless?  
BIBO Stable? 

!  Time Shift: 
"  x[n] = x[n-m] 

!  Accumulator: 
"  y[n] 

!  Compressor (M>1):  
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y[n]= x[n−m]

y[n]= x[k]
k=−∞

n

∑

y[n]= x[Mn]



Big Ideas 

!  Discrete Time Signals 
"  Unit impulse, unit step, exponential, sinusoids, complex 

sinusoids 
"  Can be finite length, infinite length 
"  Properties 

"  Even, odd, causal 
"  Periodicity and aliasing 

"  Discrete frequency bounded! 

!  Discrete Time Systems 
"  Transform one signal to another 
"  Properties 

"  Linear, Time-invariance, memoryless, causality, BIBO stability 
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Admin 

!  Behind the scenes programming note: 
"  Additional grader: Zhefu Peng 

!  Enroll in Piazza site: 
"  piazza.com/upenn/spring2019/ese531 

!  HW 0:  Brush up on background and Matlab tutorial 
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