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Lecture Outline

oelsiese’s

o LTI System Frequency Response

o z-Transform
= Regions of convergence (ROC) & properties
= z-Transform properties

o Inverse z-transform
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LTI System Frequency Response

seseees

o (DT)Fourier Transform of impulse response

x[n]=eon LTI System [— y[n]=H(ei*n)eion

H(ejw) - i h[k]e—jwk
fe=—c0

Penn ESE 531 Spring 2019 - Khanna 3

Example: Moving Average

seseees

0 Moving Average Filter
= Causal: M,=0, M,=M

=x[n—M]+...+x[n]

n
] M +1
Impulse
response
Penn ESE 531 Spring 2019 - Khanna 4

Example: Moving Average

eelsieeels

0 Moving Average Filter

= Causal: M, =0, M,=M
_x[n=M]+...+x[n]
N M +1

Impulse
response

Scaled &Time
Shifted window

Penn ESE 531 Spring 2019 - Khanna 5

Example: Moving Average

eelsieeels

sin((N+ I/Z)w)

sin((u/Z)

win] <> W (e") =

Penn ESE 531 Spring 2019 - Khanna 6




¢ Example: Window DTFT
W)= sin((N+ 1/2)w)

Also, Zx[n] sin(w/Z)

’ 2N +1 '

\ il / =1 why?

Plot for N=2 \/ \/

- T

Penn ESE 531 Spring 2019 - Khanna 7

seseees

Example: Moving Average

sin((N+l/2)a))

sin(w/2)

wln]<W(e'")=

1

wln-M/2]< H(e™) =
+1

h[n]= W
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Example: Moving Average

eelsieeels

w[n] “window”

sin((N+l/2)w)

sin(w/Z)

wn]<W(e")=

oMl sin((M/2+1/2)0)
sin(w/Z)

Lon-M/2) < H(e™) =

h[n]=
M +1 M +1

Penn ESE 531 Spring 2019 - Khanna

Example: Moving Average

oelsiese’s

sin((N + 1/2)w)

sin(w/z)

wln]< W)=

hn]=

Penn ESE 531 Spring 2019 - Khanna

seseees

Example: Moving Average

sin((N +1/2)0)

sin(w/Z)

win] < W(e')=

h[n]= M]+ . wln-M/2)< H(e’*) =

- jon i
o x[n-n,]<e’™ X ()
Penn ESE 531 Spring 2019 - Khanna d
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Example: Moving Average

1 |[H ()]
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¢ Example: Ideal Low-Pass Filter

.

m The frequency response H(w) of the ideal low-pass filter passes low frequencies (near w = 0)
but blocks high frequencies (near w = +m)

HW) 1 —wefw<we
w) =
0 otherwise

HE)

03|

€o
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Example: Ideal Low-Pass Filter

m The frequency response H (w) of the ideal low-pass filter passes low frequencies (near w = 0)
but blocks high frequencies (near w = %)

Hw) 1 —we < |w| <we
0 otherwise

h[n]
1
05
[
-30 -20 -10 0 10 20 30
n

oelsiese’s

Example: Ideal Low-Pass Filter

m The frequency response H(w) of the ideal low-pass filter passes low frequencies (near w = 0)
but blocks high frequencies (near w = +7)

—we Kw < we
H(w) = 1 We _.w_wc
0 otherwise

H)

= . [ o B
w
= Compute the impulse response h[n] given this H (w)

a Apply the inverse DTFT
_ s [ o _
W = [ H@ g ij o = Zmin

we

Penn ESE 531 Spring 2019 - Khanna 14

seseees

Example: Ideal Low-Pass Filter

m The frequency response H(w) of the ideal low-pass filter passes low frequencies (near w = 0)
but blocks high frequencies (near w = +m)

—we < |w| <
H(m):{l we < |w| < we

0 otherwise
hin] = 2%sin(wcn)
h[n]
;
05
\oget®000000090000e
-30 -20 -10 0 10 20 30
n
Truncate 5 [
h nl=w,[n-N]-h[n-N]
and shift L N
Penn ESE 531 Spring 2019 - Khanna 16
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Example: Practical LP Filter
g /\’M’\ firp—
= % 4 0 : 2 <
0
0 Pass band smeared and rippled
= Smearing determined by width of main lobe
= Rippling determined by size of main side lobes
Penn ESE 531 Spring 2019 - Khanna 17

z-Transform

& Penn.
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z-Transform

oelsiese’s

0 The z-transform generalizes the Discrete-Time
Fourier Transform (DTFT) for analyzing infinite-
length signals and systems

0 Very useful for designing and analyzing signal
processing systems

0 Properties are very similar to the DTFT with a few
caveats

Penn ESE 531 Spring 2019 - Khanna

Reminder: DTFT Definition

oelsiese’s

a The core “basis functions” (L.e eigenfunctions) of
the DTFT are the complex sinusoids /%" with
arbitrary frequencies W

0 The sinusoids e 1" are eigenvectors of LTT systems
for infinite-length signals

X(e/)= 2 x[kle™*, —Tsw<m
f=—00
1 % o
x[n]l=— [ X(’")e'"dw, —osp<®©
n] Zn_f” ()

Penn ESE 531 Spring 2019 - Khanna
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Reminder: Frequency Response of LTI System

seseees

0 We can use the DTFT to characterize an L'TT

system
g
yinl = all*hin] = 3" hin—mlaim]

0 and relate the DTFT's of the input and output

0

X@= 3 shlern, Hw)= 3 hinjesn

m=—00 m=—o0

Y(w) = X(w)H(w)

Penn ESE 531 Spring 2019 - Khanna

Complex Exponentials as Eigenfunctions

seseees

a Fact: A more general set of eigenfunctions of an
LTT system are the complex exponentials z", z € C

Penn ESE 531 Spring 2019 - Khanna

eelsieeels

Reminder: Complex Exponentials

o= (‘zlejmn)" = |z|n e

m |z|™ is a real exponential envelope (a” with a = |z])
m €/“" is a complex sinusoid

l2l <1 |2 > 1

Re(z"), |2] <1

Re(z"), |2] > 1

Bounded Unbounded

Penn ESE 531 Spring 2019 - Khanna
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eelsieeels

Proof: Complex Exponentials as Eigenfunctions

a Prove by computing the convolution with input x[n] = 2"

Penn ESE 531 Spring 2019 - Khanna
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oelsiese’s

Proof: Complex Exponentials as Eigenfunctions

o Prove by computing the convolution with input x[n] = 2"

© oo
zZ"xh[n] = Z Z""™h[m] = Z 2" z~™ h[m)]
m=—o0 m=—oo
0
(5 )
m=—oco
= H()z"v
Penn ESE 531 Spring 2019 - Khanna 2

z-Transform

oelsiese’s

0 Define the forward z-transform of x[n] as
X(2) = z z[n]z7"

0 The core “basis functions” of the z-transform are the
complex exponentials z” with arbitrary z € C; these are the
cigenfunctions of LTI systems for infinite-length signals

0 Notation abuse alert: We use X(®) to represent both the
DTFT X(w) and the z-transform X(z); they are, in fact,
intimately related

Xorrr(W) = Xio(2)|,pin = Xa(e7)

Penn ESE 531 Spring 2019 - Khanna
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seseees

Transfer Function of LTI System

0 We can use the z-Transform to characterize an LTI

system
o
y[n] = z[n]*hln] = i h[n —m] z[m)]

0 and relate the z-transforms of the input and output

X(2) = Z z[n|z™", H(z)= Z hln]z™"
n=—co n=—oo
Y(2) = X(2) H(2)
Penn ESE 531 Spring 2019 - Khanna 27

seseees

Proof: Transfer Function of LTI Systems

e}

0 Compute z-transform of output by computing the
convolution of impulse response with input x[n] = z*

Penn ESE 531 Spring 2019 - Khanna
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Proof: Transfer Function of LTI Systems

= ¢ |-

o Compute z-transform of output by computing the
convolution of impulse response with input x[n] = 2"

Y(z) z”: yln]z™" = Z ( i z[m]h[nfm]) z "

n=—o0 n=—c0 \m=—cc

eelsieeels

= Z z[m] ( h[n—m] z“") (let r =n—m)

= Z z[m] ( Z h[r]z"‘"‘) = ( Z z[m]z"") (Z h[T]z")
= X(2)H(z) v

Penn ESE 531 Spring 2019 - Khanna 29

Z-transform

eelsieeels

What are we missing?

oo

X(2) = Z zn)z™"

n=—cc

Penn ESE 531 Spring 2019 - Khanna
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Z-Transform

oelsiese’s

o o= (lzlejwn)" = |z|nedon
m [2|" is a real exponential envelope (a™ with a = |z])

m €/“" is a complex sinusoid

What are we missing?

o] <1 - |z >1
X@2) = Y alnlz™
Re(z"), |z <1 n=-o0 Re(z"), |2 > 1 'f
i Iyt ttepaerteeniaens i evertteggpetlt il
L), 4] < 1 Lz, 41> 1
Bounded Unbounded
Penn ESE 531 Spring 2019 - Khanna 31

seseees

Region of Convergence (ROC)

Given a time signal z[n], the region of convergence (ROC) of its z-transform
X () is the set of z € C such that X(2) converges, that is, the set of z € C such
that z[n] z~" is absolutely summable

0
Z [z[n] 27" < oo
n=—oc

DEFINITION

Penn ESE 531 Spring 2019 - Khanna
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Region of Convergence (ROC)

Penn ESE 531 Spring 2019 - Khanna

& Penn.

ROC Example 1

seseees

u Signal z1[n] = a™uln], a € C  (causal signal) Right-sided sequence
m Example for a = 0.8

zi[n] = a™uln], a=0.8

05, “‘T tee

ale
ole
ale

Penn ESE 531 Spring 2019 - Khanna
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ROC Example 1

eelsieeels

w Signal z[n] = a™uln], « € C  (causal signal) Right-sided sequence

m Example for & = 0.8

= Important: We can apply the geometric sum formula only when |az~!| < 1 or |z > |a|

Penn ESE 531 Spring 2019 - Khanna
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ROC Example 1

eelsieeels

= Signal z;[n] = a™u[n], a € C  (causal signal)

MV
W

ROC ={z: ‘z‘ > ‘a‘}

m The forward z-transform of z1[n]

n=—oc

= Important: We can apply the geometric sum formula only when |a 2| < 1 or |2 > |a]

Penn ESE 531 Spring 2019 - Khanna

o o % 1
= -n _ -n _ -1 - =
Xi(z) = Y mfn)a = ;a"z "= Z:D(az e




ROC Example 1

0 What is the DTFT of x,[n]=a"u[n]?

—T=W<TT

X(e)= 3 kR

f=—o0

—0<Sp<®©

1~ o
x[n]=— [ X(e/*)e’"dw,
{n] 2”_f”( )

Penn ESE 531 Spring 2019 - Khanna
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ROC Example 1

a Whatis the DTFT of x,[n]=a"u|n]?

—T=W<TT

X(e)= Y ki,
k=—00
—0=pn<®

1~ o
x[n]=— | X(e/")e'"dw,
[n] 2”_fﬂ ")

Unit circle

V4

X, (2)=

zZ—a

ROC={z: ‘z‘ > ‘a‘}

Penn ESE 531 Spring 2019 - Khanna 38

ROC Example 2

o What is the z-transform of x,[n]? ROC?

xz[n]=(%) u[n]+(—%) u[n]

Penn ESE 531 Spring 2019 - Khanna
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ROC Example 2

a What is the z-transform of x,[n]? ROC?

] =(§) uln) (—%) uln]

o Hint:

x,[n] = a"uln]<*—

1-az

Penn ESE 531 Spring 2019 - Khanna 40

ROC Example 3

o What is the z-transform of x;[n]? ROC?

X(z) = i z[n)z "

x,[n]=-a"u[-n-1]

Left-sided sequence

Penn ESE 531 Spring 2019 - Khanna
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ROC Example 3

a What is the z-transform of x;[n]? ROC?

X(2) = Z zn]z "

x;[n]=-a"u[-n-1]

a The z-transform without ROC does not uniquely
define a sequence!

Penn ESE 531 Spring 2019 - Khanna 42




oelsiese’s

ROC Example 4

0 What is the z-transform of x,[n]? ROC?

xA[n]=—(%) u[—n—l]+(—%) u[n]

Penn ESE 531 Spring 2019 - Khanna
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oelsiese’s

ROC Example 4

a What is the z-transform of x,[n]? ROC?

x4[n]=—(%) u[—n—l]+(—%) uln]

two-sided sequence

o Hint:
xl[n]=a"u[n]<L> ! - ROC ={z: ‘z‘>‘a‘}
1-az
x3[n]=—a”u[—n—l]<;> 1 - ROC={z: ‘z‘<‘a‘}
1-az

ROC Example 5

seseees

o What is the z-transform of x;[n]? ROC?

xs[n]=(%) u[n]—(—%) u[-n-1]

two-sided sequence

Penn ESE 531 Spring 2019 - Khanna 45
i ROC Example 6 X@ = 3 abls
o What is the z-transform of x,[n]? ROC?
x,[n]=a"ulnJu[-n+M -1]
finite length sequence
Penn ESE 531 Spring 2019 - Khanna 47
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i ROC Example 6 X@) = 3 el
0 What is the z-transform of x,[n]? ROC?
x,[n]=a"ulnJu[-n+M 1]
Penn ESE 531 Spring 2019 - Khanna 46
: ROC Example 6 X@ = 3 alnls
0 What is the z-transform of x,[n]? ROC?
x,[n]=a"ulnJu[-n+M -1]
1-a"z"
X¢(2)=———=—  Zero cancels pole
1-az
M-l 27k,
= H(l —ae’ Mz
k=1
Penn ESE 531 Spring 2019 - Khanna 48




X(z) = Z zn)z™"

oelsiese’s

ROC Example 6

0 What is the z-transform of x,[n]? ROC?
2209005,
x,[n]=a"ulnJu[-n+M |
Ty
- JeN o
1-a"z7" et
Xﬁ(z)=7_1
1-az
M=100

M 2k
J -
Zero cancels pole = [(1-ae Vi )
k=1

Penn ESE 531 Spring 2019 - Khanna
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oelsiese’s

Properties of ROC

a For right-sided sequences: ROC extends outward
from the outermost pole to infinity
= BExamples 1,2

a For left-sided: inwards from inner most pole to zero
= Example 3

a For two-sided, ROC is a ring - or do not exist
= Bxamples 4,5

Penn ESE 531 Spring 2019 - Khanna 50

seseees

Properties of ROC

o For finite duration sequences, ROC is the entire z-
plane, except possibly z=0, z= (Example 6)

X(z)=1+2"142"2 ROC excludes z = 0

X(2) =1+ 2 + 22 ROC excludes z = co

Penn ESE 531 Spring 2019 - Khanna
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Formal Properties of the ROC

o PROPERTY 1:
= The ROC will either be of the form 0 < 7, < |z|, or |z| <7 <,
ot, in general the annulus, i.e., 0 <7, < |z| <7<,
o PROPERTY 2:
= The Fourier transform of x[n] converges absolutely if and only if the
ROC of the z-transform of x[n] includes the unit circle.
o PROPERTY 3:
= The ROC cannot contain any poles.

o PROPERTY 4:
u I x[n] is a finite-duration sequence, i.e., a sequence that is zero except in
a finite interval -00 < N; < n < N, < %, then the ROC is the entire z-
plane, except possibly z = 0 or z = .

Formal Properties of the ROC

eelsieeels

o PROPERTY 5:
w If x[n] is a right-sided sequence, the ROC extends outward from the
ontermost finite pole in X(2) to (and possibly including) z = .
o PROPERTY 6:
w If x[n] is a lft-sided sequence, the ROC extends inward from the
innermost nonzero pole in X(z) to (and possibly including) z=0.
o PROPERTY 7:
= A two-sided sequence is an infinite-duration sequence that is neither
right sided nor left sided. If x[n] is a two-sided sequence, the ROC
will consist of a ring in the z-plane, bounded on the interior and
exterior by a pole and, consistent with Property 3, not containing any
poles.
o PROPERTY 8:

= The ROC must be a connected region.

Penn ESE 531 Spring 2019 - Khanna
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¢ Example: ROC from Pole-Zero Plot
a How many possible ROCs?
m z-plane
Unit circle -
\ e ‘\
4 \
! AY
I \
1 1
! a blc Re
Ay 7
\ ’
Ny .
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Example: ROC from Pole-Zero Plot

oelsiese’s

ROC 1: right-sided

z-plane

Unit circle
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Example: ROC from Pole-Zero Plot

oelsiese’s

ROC 2: left-sided

m z-plane
Unit circle
e ‘\\
A .
4 \
! AY
LA
1
. \ P b ¢ Re
A ’
A .
\\\ —/,

Example: ROC from Pole-Zero Plot

seseees

ROC 3: two-sided

Unit circle
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¢ Example: ROC from Pole-Zero Plot
ROC 4: two-sided
Unit circle
Penn ESE 531 Spring 2019 - Khanna 58

Example: Pole-Zero Plot

eelsieeels

0 H(z) for an LTI System

= How many possible ROCs?
m z-plane
Unit circle e
\ . N
, N
, N
’ \
1 \
1 $ 1
-2 \ 1/2 ,‘ Re
Ay 7
A 7’
N .
~o _-
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eelsieeels

Example: Pole-Zero Plot

o H(z) for an LTI System
= How many possible ROCs?

= What if system is stable?

m z-plane
Unit circle -
e - =~ ~
\ , N
’ A
! AY
! \
1 $ 1
2 R 172 ) Re
Ay 7
N 7
N .
~o).-
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oelsiese’s

BIBO Stability Revisited

%

H(e™”)= ) hlkle™*

=—00

An LTI system is bounded-input bounded-output

input & always produces a bounded output y
bounded = bounded y

= Bounded input and output means [|z|o < 00 and [|y/[oc < 00

DEFINITION

vln]

m Fact: An LTI system with impulse response h is BIBO stable if and only if

Ikl = 37 [kl < oo
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Properties of z-Transform

0 Linearity:
ax [n]+bx,[n] <> aX,(z) +bX,(2)
0 Time shifting:
x[n] < X(z)

x[n-n,]<z7"X(z)

0 Multiplication by exponential sequence

x[n]< X(2)

zox[n] <> X Z
%
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Example: Pole-Zero Plot

oelsiese’s

o H(z) for an LTI System
= How many possible ROCs?

u What if system is causal?

m z-plane
Unit circle e
e -7 =~ ~
\ . N
4 A
! AY
! \
1 $ 1
-2 \ y2 )} Re
A ’
A .
s ~ - P ‘
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Properties of z-Transform

seseees

0 Time Reversal:
x[n] < X(2)
x[-n]< X(z7")
o Differentiation of transform:
x[n] < X(2)
dX(z)
/2

nx[n]<> -z

d:
o Convolution in Time:
yln]=x[n]+*h[n]

ROC, at least ROC, AROCy
Y(2)=X(2)H(2)

eelsieeels

Big Ideas

o z-Transform

= Uses complex exponential eigenfunctions to represent
discrete time sequence
= DTFT is z-Transform where z=¢l |z|=1

= Draw pole-zero plots

= Must specify region of convergence (ROC)

0 z-Transform properties
= Similar to DTFT

Penn ESE 531 Spring 2019 - Khanna
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Admin

eelsieeels

0 HW 1 due Sunday at midnight

= Submit single pdf in Canvas

= Don’t need to submit .m file, just the code in your pdf
o HW 2 posted Sunday
o Advice

= Want to try and develop intuition

= Practice problems at end of chapter with answers in the
text
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