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ILecture Outline

0 Review: Downsampling/Upsampling
0 Interpolation
0 Non-integer Resampling

0 Multi-Rate Processing

= Interchanging Operations
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Downsampling

0 Definition: Reducing the sampling rate by an
integer number

z[n] —»[ vM ]—» zq[n] = x[nM]
C

— 2, (nT) - zo(n MT)
T
M-1
Xd e]w — 1 Xe](M 27%3))

\

1=0 stretch replicate
by M
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Example

. ]_ . (W 2T
Xq(e?%) = M X (6J(M—MZ))

Scale by M=2
Shift by (I— 1)2rt/(M=2)
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Example

M —1

. ]_ . (W 2T
Xa(e?”) = i Z X (GJ(M_MZ)>

1=

T =1 ;=2 =0
27 =3 47 67T
- Xé(g(#
- 4 Scale by M=3
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Example

LPF

w[n]—>[ m/M JW’[ M Zqn] = Z[nM]
X

A AA

—Tr

Xd
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Upsampling

0 Definition: Increasing the sampling rate by an
integer number

x[n]=x (nT)

x[n]=x (nT') where T' = % L integer

Obtain z;[n| from x|n| in two steps:

(1) Generate: z.[n|= { 0 otherwise
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Upsampling

(2) Obtain x;|n| from z.[n| by bandlimited interpolation:
A

z[0] - sinc (%) _________ - Le [n]

-

I
x,[n] = xe[n] * sinc (%)
o} ?a xl[n]
LT
n
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. Frequency Domain Interpretation

x;|n| = ze|n| * sinc(n/L)
x[n]—{ 1L } el g L 4[]
L
sinc(n/L) DTFT = . -
L L
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. Frequency Domain Interpretation

x[n]—— | el in=L -
n—{ | |zl

—Jwn

Xe(ejw) — Le ’I’L] €

N~
n=—0© %0 only for n=mL

(integer m)

Z_: To[mL] e IvmL :IX(eij) ‘

=x[m)]

NE

Compress DTFT by a factor of L!
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Example o—{ P e o

Xe(19)
e
- sampling T
X (™) X;(e) .

| expandmg L }L
\\Xe(ejw) y :
. /\/\/ , . .‘ = :
T ' !
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e B

s /\N ™

- sampling T
X(e?¥)

AVAVA

sampling T'=T/L

—T

expandmg L

X (e?%)
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Practical Interpolation

0 Interpolate with simple, practical filters

= Linear interpolation — samples between original samples
fall on a straight line connecting the samples

= Convolve with triangle instead of sinc

1 —|n|/L, |n| <L,
e = [

Hnﬂ TT”
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otherwise,
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Practical Interpolation

0 Interpolate with simple, practical filters

= Linear interpolation — samples between original samples
fall on a straight line connecting the samples

= Convolve with triangle instead of sinc

n
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. Frequency Domain Interpretation

x;|n| = ze|n| * sinc(n/L)
x[n]—»[ TL } Zeln g;i;ZL zi[n]
L
sinc(n/L) DTFT = . -
L L
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. Linear Interpolation -- Frequency Domain

x[n]=x[n]*h, [n]

x[n]—’[ 0 }“"e["] { Aoprox J—. z:fn]

]l - |n|/1~41 |n| = 1-'9
hinln] = IO, otherwise,
. 4/5 yinln]

L=$

v 3/5
i
) ,/{’TT Iy, .

0
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. Linear Interpolation -- Frequency Domain

x[n]=x[n]*h, [n]

x[n]—’[ 1 }xe["] { Aoprox J—. z:fn]

- 1—|n|/L, |n| <L,
hiinln] = [0, otherwise,

: K hyinln] DTFT =

L=$

4/5
7 3/5
- ~ ‘ . I{’((’]“))
,,'TTT TTT‘*,, /\/
0 n
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. Linear Interpolation -- Frequency Domain

x[n]=x[n]*h, [n]

a:[n]—’[ 1 }“‘*’[’"’] { aporox J—. z:fn]

a1 =1n|/L, |n| =L,
hiinln] = [ 0, otherwise,

: K hyinln] DTFT ==

L=$

4/5
"L 315
. . - [['((:ju))
4—:"1 T T T\e - reg .
0 n - | X, (e?)
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. Linear Interpolation -- Frequency Domain

x[n]=x[n]*h, [n]

a—{ 1 P o e i
1 —|n|/L, |n| =L,

hlin[”] - [ 0

otherwise,
Ideal
. 4/5 yinln] DTFT = ei)
1N 35 LS Xi(e] )
) l I a0 :
. . . H,(eiv)
-, | T T T T ) AT L ,
0 n X, (e?)
I.=5 / ,
“n({.’f“’)
-m 4w _m o _m m 2m 4w
5 5 5 5 5 5
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. Linear Interpolation -- Frequency Domain

x[n]=x[n]*h, [n]

a—{ 1 P o e i

a1 =1n|/L, |n| =L,
hiinln] = [ 0, otherwise,

1 e DTFT = Linear Int

X ()

L=$
A

4/5
"ig 3/5
= “w 205
1 l [ I [Ty
4—:"1 T T\e .

0
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. Linear Interpolation -- Frequency Domain

x[n]=x[n]*h, [n]

a;[n]—»[ 1 }”"‘*’["] { aporox J—. z:fn]

a1 =1n|/L, |n| =L,
hiinln] = [ 0, otherwise,

| Ideal Linear Int
ge o PITS TR T

4/5
s 3/5
e ,
= N 1/3 . ;
) L, H;(e/w)
P :'f T T T T T\\e . /
n

0

Hlin("’j‘")
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Interpolation and Decimation

decimator

a:[n]-»[

LPF
/M

Moo )

interpolator

e

m[n]-—»[
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Interpolation Filter Example 1

0 In this example, we interpolate a signal x(n) by a
factor of 4.

0 We use a linear phase Type I FIR lowpass filter of

length 21.
5
11
0.8}
06}
g o4 ‘ ‘
0.2}
AU LA
02} | | -
0 5 10 15 20 06 0.8
n /T
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Interpolation Filter

“xample 1

1.2 T

0.8

= 0.6

0.4

‘11
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Interpolation Filter

“xample 1

=0.6
x
0.4

il

l l
0 10 20 30
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Interpolation Filter

“xample 1

1.2
L
0.8
Sp6l |
0.4f i *
Bl ‘ I J ‘ | (convolve)
0 10 20 30 40 50 60 70 80
5
11
0.8}
__ 06
= 04}
0.2} l {
Of+++uy L
02} | o
0 5 10 15 20 06 08
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Interpolation Filter Example 1

1.2
1k
0.8
g{\ps
oal X
0.2 -
uil L (convolve
0 0 10 20 30 40 50 60 70 80
1.2M
1
0.8
5;0.6 -
041
0.2
ol o] ! “ I I -
0 10 20 30 40 50 60 70 80 90 100 0.8

n
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Interpolation Filter Example 2

0 This time we use a filter of length 7 with the effect
of linear interpolation

0.8
0.6

o N

-0.2¢1

0.6 0.8
n /T
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Interpolation Filter

“xample 2

=0.6
x
0.4

il

l l
0 10 20 30
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l l
40 50 60 70
n

29



Interpolation Filter Example 2

ol
041 *
021 10[ 20 30 40 510‘ 6{0 ‘ 1710‘ ‘ ;0 (ConVOIVe)
5
1t
0.8}
06}
= 04} l [
0.2} [ [
ol
—0.2}
0 2 4 6 06 08
n /T
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Interpolation Filter

“xample 2

A
0.8
Sosf
04
0.2
I
"

il

||! {L
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Interpolation Filter Example 2

|||||||||||||

,Tﬂﬂ HH 30|M| I |H \IH bﬂleﬂH|H@ o




Interpolation Filter Example 3

0 When interpolating a signal x(n), the interpolation
filter h(n) will in general change the samples ot x(n)
in addition to filling in the zeros.

0 Can a filter be designed so as to preserve the
original samples x(n)?
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Interpolation Filter Example 3

0 When interpolating a signal x(n), the interpolation
filter h(n) will in general change the samples ot x(n)
in addition to filling in the zeros.

0 Can a filter be designed so as to preserve the
original samples x(n)?

0 To be precise, if y(n) = h(n) * [ T 2] x(n) then can
we design h(n) so that y(2n) = x(n)?
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Interpolation Filter Example 3

0 When interpolating a signal x(n), the interpolation
filter h(n) will in general change the samples ot x(n)
in addition to filling in the zeros.

0 Can a filter be designed so as to preserve the
original samples x(n)?

0 To be precise, if y(n) = h(n) * [ T 2] x(n) then can
we design h(n) so that y(2n) = x(n)?

= Or more generally, so that y2n + n ) = x(n) ?
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Interpolation Filter Example 3

0 When interpolating by a factor of 2, if h(n) is a half-band
filter, then it will not change the samples x(n).

0 A n_-centered half-band filter h(n) is a filter that satisties:

1, forn=n,
h(n) =
0, forn=mn,+t2,46,...

0 That means, every second value of h(n) 1s zero, except for
one such value, as shown in the figure.

A HALF-BAND FILTER
1.2 T T T

1t

0.8

_ 086f
£ 04

0.2f

R N T

-0.2
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Interpolation Filter Example 3

0 When interpolating by a factor of 2, if h(n) is a half-band
filter, then it will not change the samples x(n).

0 A n_-centered half-band filter h(n) is a filter that satisties:

1, forn=n,
h(n) =
0, forn=mn,+t2,46,...

0 That means, every second value of h(n) 1s zero, except for
one such value, as shown in the figure.

A HALF-BAND FILTER
1.2 T 7 T

1t

0.8

_ 086f
£ 04

0.2f

TOTONOIOXE D, CHICH.CHIC.

-0.2
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Interpolation Filter Example 3

0 When interpolating by a factor of 2, if h(n) is a half-band
filter, then it will not change the samples x(n).

0 A n_-centered half-band filter h(n) is a filter that satisties:

1, forn=n,
h(n) =
0, forn=mn,+t2,46,...

0 That means, every second value of h(n) 1s zero, except for
one such value, as shown in the figure.

A HALF-BAND FILTER
1.2 T T T T T T T T T T T ‘

1t

0.8 h(2 n -+ nO) — 5(”)7

_ 06f
£ 04

0.2f

R N T

-0.2
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Interpolation Filter Example 4

0 When interpolating a signal x(n) by a factor L, the original
samples of x(n) are preserved if h(n) 1s a Nyquist-L filter.

0 A Nyquist-L filter simply generalizes the notion of the
haltband filter to L. > 2.

Penn ESE 531 Spring 2020 - Khanna
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Interpolation Filter Example 4

0 When interpolating a signal x(n) by a factor L, the original
samples of x(n) are preserved if h(n) 1s a Nyquist-L filter.

0 A Nyquist-L filter simply generalizes the notion of the
haltband filter to L. > 2.

a A (O-centered) Nyquist-L filter h(n) 1s one for which

h(Ln)=4d(n).

ANYQUIST-4 FILTER
I

h(n)

Penn ESE 531 Spring 2020 - Khanna
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Interpolation Filter Example 4

0 When interpolating a signal x(n) by a factor L, the original
samples of x(n) are preserved if h(n) 1s a Nyquist-L filter.

0 A Nyquist-L filter simply generalizes the notion of the
haltband filter to L. > 2.

a A (O-centered) Nyquist-L filter h(n) 1s one for which

h(Ln)=4d(n).

ANYQUIST-4 FILTER
I

h(n)
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Non-integer Resampling

Penn



Non-integer Resampling

o T°’=TM/L

Penn ESE 531 Spring 2020 - Khanna
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Non-integer Resampling

o T°’=TM/L
= Upsample by L, then downsample by M
interpolator decimator
LPF
—> L ain=
ol B )

N

Penn ESE 531 Spring 2020 - Khanna
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Non-integer Resampling

o T°’=TM/L
= Upsample by L, then downsample by M
interpolator decimator
4 N

x([n|-

*[ ™ L ) ’[

i B }

Or,
4 N 4
gain L LPF
ol 1L L
\ J o
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Example

0 T>:3/2T - L=2, M=3 . gain L LPF H M

- Xc(jQ)/l

min{r/L ,w/M}

N

\

Qn Q
ing T :
X (e3%) sampiing Subsampling M=3
s x — I
exp!oding L=2 LP filtering )
X, (') X; = HyX,
. . SN ‘
o - —T T

Penn ESE 531 Spring 2020 - Khanna

46



Example

0 T>:3/2T - L=2, M=3 . gain L LPF H M

N

min{r/L,7/M}
Xc(jﬂ)/l\

O s
sampling T :
X (e7%) P "JTg Subsampling M=3
/\ 2/(37)
o T —T ]y
explgding L=2 LP filtering )
1% ~ 2T
Xe(ej ) T Xz — HdXe
- - —T ™
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Non-integer Sampling

o T°’=TM/L
s Downsample by M, then upsample by L.?
interpolator decimator
LPF
— L ain=
ot L ’[ e }
Or,
e R e N
inL LPF
37[”]“’[ TL ]‘_’[galrrrllin{vr/L,w/M} H M J_
o J o J
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Example

0 What if we want to resample by 1.01T?

Penn ESE 531 Spring 2020 - Khanna
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Example

0 What if we want to resample by 1.01T?
= Upsample by L=100
s Filter 7T /101
= Downsample by M=101

Penn ESE 531 Spring 2020 - Khanna
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Example

0 What if we want to resample by 1.01T?
= Upsample by L=100

= Filter 7T /101 ($$$%9)
= Downsample by M=101

0 Fortunately there are ways around it!

= Called multi-rate signal processing

= Uses compressors, expanders and filtering

Penn ESE 531 Spring 2020 - Khanna

51



Interchanging Operations

(=

“expander”

Upsampling
-expanding in time
-compressing in frequency

Penn ESE 531 Spring 2020 - Khanna

”[ M J" not LT!

“‘compressor”

Downsampling
-compressing in time
-expanding in frequency
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Interchanging Operations - Expander

(=

“expander”

Upsampling
-expanding in time
-compressing in frequency

elnj—{H (2} 1L }» yin
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: Interchanging Operations - Expander

(=

“expander”

Upsampling
-expanding in time
-compressing in frequency

H(eij)X(eij) L (ejw (eng)
H () X (e7%) X (&%)
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Interchanging Operations -

Expander

(=

“expander”

Upsampling
-expanding in time
-compressing in frequency

| | H(eij)X(eij)
H(e’*) X (%)

Penn ESE 531 Spring 2020 - Khanna

D

X(eJ“’L)

(eij X(eij)
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Interchanging Operations - Compressor

”[ M ]" not LT!

“‘compressor”

Downsampling
-compressing in time
-expanding in frequency

v[n]
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: Interchanging Operations - Compressor
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: Interchanging Operations - Compressor

(i) = o)
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Interchanging Operations - Summary

Filter and expander Expander and expanded filter*

sl (1L o vinl = {1 (e} vl
sl M (vl = ainisfaebs( M i

Compressor and filter  Expanded filter* and compressor

*Expanded filter = expanded impulse response, compressed freq response
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Multi-Rate Signal Processing

0 What if we want to resample by 1.01T?
= Expand by L=100

s Filter 7T /101 ($3$$%)
= Compress by M=101

0 Fortunately there are ways around it!

s Called multi-rate

= Uses compressors, expanders and filtering

Penn ESE 531 Spring 2020 - Khanna
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Big Ideas

a0 Downsampling/Upsampling
0 Practical Interpolation
0 Non-integer Resampling

0 Multi-Rate Processing

= Interchanging Operations

slnj—{H () 1L} yin]
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slnf{ 1L Jolan) yin)
x [n]—»EJ(zM ﬂ—»[ M ]—' y[n]
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Admin

a0 HW 4 due Sunday
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