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ILecture Outline

0 Review: Interchanging Operations

0 Polyphase Decomposition
0 Multi-Rate Filter Banks
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Expander and Compressor

_’[ s ]_’ 4{ M J_' not LTI!

“expander” “‘compressor’
Upsampling Downsampling
-expanding in time -compressing in time
-compressing in frequency -expanding in frequency
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Interchanging Operations - Summary

Filter and expander Expander and expanded filter*

sl (1L o vinl = {1 (e} vl
sl M (vl = ainisfaebs( M i

Compressor and filter  Expanded filter* and compressor

*Expanded filter = expanded impulse response, compressed freq response
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Polyphase Decomposition

0 The polyphase decomposition of a sequence 1s
obtained by representing it as a superposition of M
subsequences, each consisting of every Mth value of
successively delayed versions of the sequence.

0 When this decomposition is applied to a filter
impulse response, it can lead to efficient
implementation structures for linear filters in several
contexts.
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Polyphase Decomposition

0 We can decompose an impulse response (of our
filter) to:

hin| = Z_ hin — k|
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Polyphase Decomposition

0 We can decompose an impulse response (of our
filter) to:

hin| = Z_ hi|n — k|

M=2

h[n] ]

I

n

ho[n]% I hl[’"/]% o

oo
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Polyphase Decomposition

0 We can decompose an impulse response (of our
filter) to:

M—1
hin] = ) hkln — k]
k=0
. ho[n]

AR
"h 't _oogTe

M=2

T o e

ho[n]% ' hl[n]% O:Ao' & T ol o T o |

W W
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Polyphase Decomposition

hi[n] —»[ M J—» er|n]

ex|n| = hg|nM|
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Polyphase Decomposition

hiln] —| M |-+ ex[n]

exn| = hg|nM|

eo[n]

Ll — il

il
Ll — il

-’ -’ - - - -

)
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O Polyphase Decomposition

ex[n] —| 1M | he[m

recall upsampling = scaling
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Polyphase Decomposition

ex[n] —{ 1M | B[

recall upsampling = scaling

Also, recall: M—1
hin] = ) hxln — k]
k=0
So ! M-1 \
H(z) = Ep(zM)zF
- k=0 J
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Polyphase Decomposition

H(z) = 2—: Ep(zM)z7F
k=0

z|n] > Eo (2M)
271y
e (+)— y[n]
2ty
z_ll

> By (z™)
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Polyphase Implementation of Decimation

wlnk>{t (2)>ylnl+{ M }> win] = yln]

0 Problem:

= Compute all y[n] and then throw away -- wasted
computation!
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Polyphase Implementation of Decimation

wlnk>{t (2)>ylnl+{ M }> win] = yln]

0 Problem:

= Compute all y[n] and then throw away -- wasted
computation!

s For FIR length N = N multiplications/unit time
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Polyphase Implementation of Decimation

olnf-+{H (2)}> yln—| 1M }> win] = y[nM]

— i) (M > wln
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Polyphase Implementation of Decimation

slnf-+{H (2)}> yln—| 1M }> win] = y[nM]

-1y — U
< SEEER

(+)—> w(n]
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Polyphase Implementation of Decimation

Tr/\ ‘., |

[ Aaxl

m[n]—»[lMJ—»[ J—»y[n]

(o)

) )
z[n] > Eo(zM)— |M

-1y — U
< SEEER
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Polyphase Implementation of Decimation

Tr/\ ‘., | [ Al

a:[n]—»[iMJ—»[ J—»y[n] ]—»'—».—» y[n]

e
—|Fg(2 M
)
1 & M — )
VA
Ly
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Polyphase Implementation of Decimation

Tr/\ ‘., | [ Al

x[n]—{iMJ—»[ J—»y[n] ]—»'—».—» y[n]
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Polyphase Implementation of Decimation

slnf-+{H (2)}> yln—| 1M }> win] = y[nM]

z|n] — »&—»Eo(z)\
M (B (2) (+)— wn]
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Polyphase Implementation of Decimation

slnf-+{H (2)}> yln—| 1M }> win] = y[nM]

Each filter computation:
-N/M multiplications

z|n] — »&—»Eo(z)\
z_l m Er (2)—{+)— w[n]

Total computation:
-M filters
->N mults??
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Polyphase Implementation of Decimation

slnf-+{H (2)}> yln—| 1M }> win] = y[nM]

Each filter computation:
-N/M multiplications

E, (z) -1/M rate per sample
—1¢ . , \ ,\?N/M*(l/M) mults/unit time

(+)—> w(n]

Total computation:
-M filters
->N/M mults/unit time
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Polyphase Implementation of Decimator

) interpolator decimator
ol B E o )
) R /
z[n] » (M —{Eo(2)
,— 1y "/ \—/\
) R
IM = E1(2)—{+)— w[n]
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Polyphase Implementation of Interpolation

interpolator decimator
4 N
LPF
o M= { e }—’
o J

[n] \»[ ) ]\
zln] — Eo(z 1L

;z_]L —»[E1 z)]—-[ 1L — w(n)]
"L
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Multi-Rate Filter Banks

0 Use filter banks to operate on a signal differently in
different frequency bands

= To save computation, reduce the rate after filtering
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Multi-Rate Filter Banks

0 Use filter banks to operate on a signal differently in
different frequency bands

= To save computation, reduce the rate after filtering

a hg[n] is low-pass, h,[n] is high-pass
s Often h,[n]=e/""h,[n] € shift freq resp by 7T

z[n] —> holn] —{ |2 j > 21— 2oln] >
\ — Stuff — — @_)

(L) —{ 12
&

hi[n] }—> l2
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Multi-Rate Filter Banks

0 Assume h, h; are ideal low/high pass with W =7 /2

:E[’n,] —> hon] — |2 |—

AL —{ 12
2

hi[n] — l2 >

X (&%)
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Multi-Rate Filter Banks

0 Assume h, h; are ideal low/high pass with W =7 /2

> _/\A/\ >
/s

z(n] —->| ho[n] —>{ |2
"I hi[n] — |2

X (&%)

Penn ESE 531 Spring 2020 - Khanna

>

29



. Multi-Rate Filter Banks

0 Assume h, h; are ideal low/high pass with W =7 /2

z(n] —->| ho[n] —>{ |2
"I hi[n] — |2

X (&%)
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Multi-Rate Filter Banks

0 Assume h, h; are ideal low/high pass with W =7 /2

x[n] ——Pl hO[Il] — lz > < ho[n] :&) >
\[: — Nl {2}
hi[n] —> lz > L Al
\ / 4 7 ~
) / —f hnl f—{ |2
NI
N ) (42

X(e]w) N g ) ”
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Multi-Rate Filter Banks

0 Assume h, h; are ideal low/high pass with W =7 /2

/|

z(n] —->| ho[n] —>{ |2
"I hi[n] — |2

X (&%)
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g
B,

Pr N
AL,
Al

l2\ >
lZ\ >
flipped!™
Have to be
careful with
order!
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. Multi-Rate Filter Banks

0 Assume h, h; are ideal low/high pass with W =7 /2

z(n] —->| ho[n] —>{ |2
"I hi[n] — |2

X (&%)
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Multi-Rate Filter Banks

0 Assume h, h; are ideal low/high pass with W =7 /2

e ~
_ = oy
T M r—\/
.[ — 24 » gi[n]
\\_/ —— )

flipped™
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Multi-Rate Filter Banks

0 Assume h, h; are ideal low/high pass with W =7 /2

e ~
_ m_ — 2 ’@"@* y[n]
n )
.[ — 2} > gi[n] }‘
- D— J
B flipped™
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Multi-Rate Filter Banks

0 Assume h, h; are ideal low/high pass with W =7 /2

s N
AA . Dm0k
o ™ R
.[ —>{ 2 +—>| 2i[n] }’
\\_) /

flipped™
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Multi-Rate Filter Banks

0 Assume h, h; are ideal low/high pass with W =7 /2

s N

_*z > &l f>5rs i)
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Multi-Rate Filter Banks

0 Assume h, h; are ideal low/high pass with W =7 /2

(— — \
—>{ 24 » go[n] —>( > y[n]
o ™ N — /
.[ —>{ 2 +—>| 2i[n]
\\_/ — )

flipped™
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. Multi-Rate Filter Banks

A hy, h; are NOT ideal low/high pass

Penn ESE 531 Spring 2020 - Khanna
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Non Ideal Filters

A hy, h; are NOT ideal low/high pass

z[n| —

~analysis

\-»l ho[n]

—

"I hi[n]

X(

SN

A

e

>

elv)
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Non Ideal Filters

A hy, h; are NOT ideal low/high pass

z[n| —

ho[n]

X(

D
"I hi[n]

e

elv)
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Non Ideal Filters

A hy, h; are NOT ideal low/high pass

i
x|n| —» hon] —
) (42

"I hi[n] —> l2 > A‘%
) ) _ﬂ-
X (e¥) X (&%)

Y SN YV
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Non Ideal Filters

A hy, h; are NOT ideal low/high pass

z(n] <->| ho[n] —>E
"I hi[n] }—> \E}

. J

X (&%)
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Non Ideal Filters

~_analysis

:Eh@]<:—% ho[n] ——a{:iéj

—
"I hi[n] }—> l2

J

AN
X (e7¥)

WV
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Non Ideal Filters

z|n| —

Stuff

X (&%)

WV
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Non Ideal Filters

:Eh@]<:—% ho[n] ——a{:iéj

hi[n] }—> l2

Stuff

AN
X (e7¥)
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®: Perfect Reconstruction non-Ideal Filters

—analysis - qynlhesjs_[
M) v N G Yy n,]
z|n] ——>| ho[n] — |2 > 21 o &l o
N\ — | |Stuff| | —<X i :/
hi[n] —{ |2 —>{ 21— gi[n]
. — ) \_J — )
Y(e¥) = %[Go(ej“’)HO(ej“’)—I—Gl(ej‘*’)Hl(ej‘*’)] X (e?)

1 . . . . .
+§ [Go(ej‘”)Ho(ej(w_”)) + Gl(ejw)Hl(eJ(w_”))} X(ey(w—ﬂ))

T aliasing
need to cancel!
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: Quadrature Mirror Filters

~_analysis
SEFER
z|n] ——>| ho[n] — ]2
N\ —
hi[n] }—> l2

Quadrature mirror filters
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Perfect Reconstruction non-Ideal Filters

Y(ej“’) = % [Go(ej‘*’)HO(ej“’) + Gl(ej“’)Hl(ej“’)] X(ej“’)

1 . . . . .
+§ [Go(ejw)Ho(ej(“_”)) -+ G1(63‘”)H1(67(“’_7’))} X(ej(“’_”))

T aliasing
need to cancel!

Hy(e®) = Hy(e“™)
Go(eji“’) = 2H0(ejw)
G1(e?¥) = —2H,(e’?)
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Haar Filter Example

H, (ejw) _ Ho(ej(w—ﬂ))
Go(eji“’) = 2H0(ejw)
G1(e?¥) = —2H(e’?)
ho[n] hun] glnl| | | elnd |

Penn ESE 531 Spring 2020 - Khanna
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Polyphase Filter Bank

=
=,
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(i)

hi[n] —>

analysis

> pln]

— q[n]

E

analysis
) )
l2 ——| coo[n]
—/ —
S SR
l2 | eo1[n]
N/ —
l2 ——| cio[n]
— —
SR SR
l2 —5| c¢i11[n]
— —

pln]

qln]
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Polyphase Decomposition

hio|n] _.[ M } ex|n]

exn| = hg|nM|

eo|n]

e — {[1
® O T T T o T | el[n]- O —
ho[njm hl:nilil. E— | T T
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Polyphase Filter Bank

analysis
ofn) {12
hi[n] —>
)
€oo — ho[Qn]
€1 = h0[2n+1]
el = ego|n
€11 — '—801[n]
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E

analysis
) )
l2 ——| coo[n]
—/ —
S SR
l2 | eo1[n]
N/ —
l2 ——| cio[n]
— —
SR SR
l2 —5| c¢i11[n]
— —

pln]

qln]

53



Polyphase Filter Bank

analysis
) —
x[n]—> ¢2 ——| coo[n]
-1 —/ ———
l2 5| co1[n]
\——/ ~—
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ho [277,]
ho [QTL + 1]
€00 [n]

—€n1 [n]
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ADC

Analog to Digital Converter

L) L]
S Ienn
[
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Anti-Aliasing Filter with ADC

--------------------------------------------------------------------------

Filter H_Lp(jQ)

Anal sampler —
x&[Anti-Tlligginj )[ ]zc[n] CEC(TLT))[ QuantizerJ

t='n,TJ

...........................................................................

Penn ESE 531 Spring 2020 - Khanna
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Aliasing

o If Q>R /2, x.(t) an aliased version of x_(t)

__________
P d ~

o TXG) i 19 < Q.
Xr(58) = { 0 otherwise
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Anti-Aliasing Filter with ADC

Te (t) Analog 1

--------------------------------------------------------------------------

sampler ]x[n] = x.(nT)

—>| Anti-Aliasing » Quantizer
Filter HLp(jQ) t = nTJ
and (2, < 22
. S N .
1 ‘ ——— UTL__ 042 _____
< l,, \‘ > < l, ‘ l, \‘ l,i\\ \\ )
_QN QN QN
X (JQX,,(j<2) X (j€2)
- > ———— Vi a2 _____
4 N Pd g Y \i’ - \\
< Q | %2 > < I 1 Q 3 >
-Qy N N
Q2
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Non-Ideal Anti-Aliasing Filter

X.(JQ)HLp ()
1 interference
/
—Qn QN
Q/2

Penn ESE 531 Spring 2020 - Khanna
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Non-Ideal Anti-Aliasing Filter

X(JQ)HLp ()
1 interference
/
—Qn | QN
Q/2
X(ejQ)
\‘ I ;'7-(‘— l v;'-(—‘ A 'I
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Non-Ideal Anti-Aliasing Filter

interference

/

—Qn | QN
0, /2

0 Problem: Hard to implement sharp analog filter

a0 Consequence: Crop part of the signal and suffer
from noise and interference

Penn ESE 531 Spring 2020 - Khanna
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Oversampled ADC

............................. ADCAD ]
ajc(t) Sharp Analog C/D W;U[n] — a:c(nT)
———>| Anti-Aliasing —> Quantizer
Filter HLp(jQ) ‘ J
.................... Oversampled ADCAD ...
_ Sharp Digita
.’Bc(t) Simple Analog ! c/D Anti-aliasin
ey . g .
Anti-Aliasing > 1, ) filter ; M Quantizer
Filter J 5 T M QN 7

...........................................................................
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Oversampled ADC - Simple filter

1

—Qn QN T
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Oversampled ADC - M=2

L X (59 HLp (59)

—QN QN
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Oversampled ADC

............................. ADCAD ]
ajc(t) Sharp Analog C/D W;U[n] — a:c(nT)
———>| Anti-Aliasing —> Quantizer
Filter HLp(jQ) ‘ J
.................... Oversampled ADCAD ...
_ Sharp Digita
.’Bc(t) Simple Analog ! c/D Anti-aliasin
ey . g .
Anti-Aliasing > 1, ) filter ; M Quantizer
Filter J 5 T M QN 7

........................................................................
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Oversampled ADC - Sharp digital filter/Downsample

A,

X(ejw)

1/T

aliased ch
//
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Oversampled ADC

............................. ADCAD ]
ajc(t) Sharp Analog C/D W;U[n] — a:c(nT)
———>| Anti-Aliasing —> Quantizer
Filter HLp(jQ) ‘ J
.................... Oversampled ADCAD ...
_ Sharp Digita
.’Bc(t) Simple Analog ! c/D Anti-aliasin
ey . g .
Anti-Aliasing > 1, ) filter ; M Quantizer
Filter J 5 T M QN 7

........................................................................
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Oversampled ADC - Sharp digital filter/Downsample

after oversampling

X (e79)

after digital LP and decimation,

1/Ty

—
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Xa(e%)

aliased noise
.--""//

Tqg=MT
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Oversampled ADC

Ze (t) Sharp Analog

- Anti-Aliasing
Filter HLp(jQ)

x.(t) |simple Analog

---------------------------------------------------------------------------

C/D Sharp Digita

Anti-Aliasing
Filter J
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Anti-aliasin .
S U filter . J Quantizer
: M " Qn —

M

......................................................................
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Big Ideas

0 Interchanging Operations
0 Polyphase Decomposition sln—{H {1} vl

0 Multi-Rate Filter Banks sl 1M ) 2l

oo

— (D
z[n] » IM —{Eo(2)
el T ;z\
e N GEEER
) » M » F)y (Z) f—» ’w[’n,]
yA v ~—_/ \_/
—1 :
yA ) R
L> lM » Er—1(2)
— —/ —
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Admin

a0 HW 4 due Sunday
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