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Polyphase Decomposition and Multi-rate
Filter Banks
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Lecture Outline

oelsiese’s

0 Review: Interchanging Operations
o Polyphase Decomposition
0 Multi-Rate Filter Banks

Penn ESE 531 Spring 2020 - Khanna 2

seseees

Expander and Compressor

“expander” “compressor”

not LTI!

Upsampling
-expanding in time
-compressing in frequency

Downsampling
-compressing in time
-expanding in frequency
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seseees

Interchanging Operations - Summary

Expander and expanded filter*

I

Expanded filter* and compressor

Filter and expander

x[n y[n]

Compressor and filter

*Expanded filter = expanded impulse response, compressed freq response
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Polyphase Decomposition

eelsieeels

0 The polyphase decomposition of a sequence is
obtained by representing it as a superposition of M
subsequences, each consisting of every Mth value of
successively delayed versions of the sequence.

0 When this decomposition is applied to a filter
impulse response, it can lead to efficient
implementation structures for linear filters in several
contexts.
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Polyphase Decomposition

eelsieeels

0 We can decompose an impulse response (of our
filter) to:

hin] = Z_ hin — k]
k=0
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Polyphase Decomposition

filter) to:

M-1
hln] =" hi[n— k|
k=0

M=2
hln]

N

ho [n]{ hl[n]% !
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a We can decompose an impulse response (of our

a

Polyphase Decomposition

hi[n] ﬁ ex[n]

er[n] = hg[nM]

AR

n
h1 [TL

L1l
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n

® Polyphase Decomposition

exfnl—{ 1 | el

recall upsampling = scaling
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¢ Polyphase Decomposition

filter) to:

M-1
hin] = Y hi[n — K]
k=0

ho[n]
M=2

a We can decompose an impulse response (of our

2 AR

il - e

ho [n]% hi[n] } '

Penn ESE 531 Spring 2020 - Khanna

n

Polyphase Decomposition

hi[n] ﬁ ex[n]

i er[n] = hg[nM]
o eoln]y
CLLL —
hafn} " aifn], !
1l — 11l
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Polyphase Decomposition

exfnl—{ 1 |l

recall upsampling = scaling

Also, recall:

So,
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oelsiese’s

Polyphase Decomposition

M—-1
H(z) =Y Ei(z)z7*
k=0
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oelsiese’s

Polyphase Implementation of Decimation

eln{f1 )yl }> wln] = yia)

o Problem:

= Compute all y[n] and then throw away -- wasted
computation!
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Polyphase Implementation of Decimation

seseees

lnp{t ()} yinl{( 1M > wln] = yinM]

o Problem:

= Compute all y[n] and then throw away -- wasted
computation!

= For FIR length N = N multiplications/unit time
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Polyphase Implementation of Decimation

seseees

sinp~{i @)+ sln~{ 1} vl = yinM]
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eelsieeels

Polyphase Implementation of Decimation

aln{f () ylni—{ M > i) = yln]
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eelsieeels

Polyphase Implementation of Decimation

[ am
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oelsiese’s

Polyphase Implementation of Decimation

[ am

o (v }utn

SR N B

o
E-Lor

Z—l
Z—l
2—1
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oelsiese’s

Polyphase Implementation of Decimation

[_an

I VEN B o
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Polyphase Implementation of Decimation

it ) in—( M | win] = ylnd]

seseees
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seseees

Polyphase Implementation of Decimation

sinp~{i @)+ sln~{ 1M} wln] = yinM]

Each filter computation:
-N/M multiplications

(H— wln]

Total computation:
-M filters
>N mults??
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eelsieeels

Polyphase Implementation of Decimation

aln{f () ylni—{ M > i) = yln]

Each filter computation:
-N/M multiplications

-1/M rate per sample
->N/M*(1/M) mults/unit time

» D — i

Total computation:
-M filters
->N/M mults/unit time

Penn ESE 531 Spring 2020 - Khanna 23

eelsieeels

Polyphase Implementation of Decimator

interpolator decimator
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Polyphase Implementation of Interpolation

oelsiese’s

interpolator decimator

z[n]

Penn ESE 531 Spring 2020 - Khanna 25

Multi-Rate Filter Banks

oelsiese’s

a Use filter banks to operate on a signal differently in
different frequency bands

= To save computation, reduce the rate after filteting
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Multi-Rate Filter Banks

seseees

0 Use filter banks to operate on a signal differently in
different frequency bands

= To save computation, reduce the rate after filtering

0 hg[n] is low-pass, h[n] is high-pass
= Often h[n]=e/"hy[n] € shift freq resp by 7T
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®: Multi-Rate Filter Banks

0 Assume hy, h; are ideal low/high pass with W=7 /2

X (M)
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Multi-Rate Filter Banks

eelsieeels

o Assume hy, h, ate ideal low/high pass with @ =7 /2
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Multi-Rate Filter Banks

eelsieeels

0 Assume hy, h, are ideal l()w/high pass with W =7 /2

flipped™
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Multi-Rate Filter Banks

oelsiese’s

o Assume hy, h, are ideal low/high pass with W =7 /2

M
-G
‘i
(i1
| ‘mite!
X(e]w) L J

oelsiese’s

Multi-Rate Filter Banks

0 Assume hy, h; are ideal low/high pass with W=7 /2

333

Have to be
= careful with
order!
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seseees

Multi-Rate Filter Banks

0 Assume hy, h; are ideal low/high pass with W=7 /2

flipped!™
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¢ Multi-Rate Filter Banks
o Assume hy, h, are ideal low/high pass with W = /2
_adaa
h flipped!™
X (ef*)
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¢ Multi-Rate Filter Banks
o Assume hy, h, ate ideal low/high pass with @ =7 /2
—_—
Y VN o
- ™
N flipped!™
- T
35
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¢ Multi-Rate Filter Banks
0 Assume h, h, are ideal low/high pass with W =7 /2
N flipped!™
- (3
—T m
Penn ESE 531 Spring 2020 - Khanna 36




Multi-Rate Filter Banks

oelsiese’s

o Assume hy, h, are ideal low/high pass with W =7 /2
=7 ™

flipped!™

Dok

 —
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¢ Multi-Rate Filter Banks
a hy, h; are NOT ideal low/high pass
X (&) ) )
TP Hy(e’) Hy(e?)
| i
_ - |
‘ .
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Non Ideal Filters

eelsieeels

a hy, h; ate NOT ideal low/high pass
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Multi-Rate Filter Banks

oelsiese’s

0 Assume hy, h; are ideal low/high pass with W=7 /2

Penn ESE 531 Spring 2020 - Khanna 38

Non Ideal Filters

seseees

a hy, hy are NOT ideal low/high pass
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eelsieeels

Non Ideal Filters

a hy, h; are NOT ideal low/high pass
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Non Ideal Filters

oelsiese’s

a hy, h; are NOT ideal low/high pass
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Non Ideal Filters

oelsiese’s

analysis

X (e7v)

Y VN
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Non Ideal Filters

seseees
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Non Ideal Filters

seseees

X (e?v)

AN
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Perfect Reconstruction non-Ideal Filters

eelsieeels

Y(e) =

[Go(e’)Ho(e?) + G1(e7“) Hy(¢/)] X (')

5 [Gole)Ho(el~) + G () Hy ()] x(fo)

T aliasing
need to cancel!

Penn ESE 531 Spring 2020 - Khanna 47

Quadrature Mirror Filters

eelsieeels

Quadrature mirror filters

~

Hl(ej“’) = HQ(Ej(w_W>)
Go(e™) = 2Hy(e™)
Gi(e) = —2H; ()
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Perfect Reconstruction non-Ideal Filters

oelsiese’s

Y(e) = 3 [Gole™)Ho(e) + Gr(e)H ()] X ()

+5 [Gole)Ho(&~) + G () Hy (=) X (&)

T aliasing
need to cancel!

Hy(e%) = Ho(ef@™™)
Go(e?*) = 2Hy(e?)
Gl(ej“’) = —2H1(cj“’)
Penn ESE 531 Spring 2020 - Khanna 49

¢ Haar Filter Example
(&) = (@)
Go(e?) = 2Hy(e™*)
G1(e™) = —2H(e')
ho[n] hy[n] gl | enl
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Polyphase Filter Bank

analysis
o0

analysis

x[n] Lm—»%—,% p/nl
L
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seseees

Polyphase Decomposition

hi[n] —» e

ex[n] = hg[nM]
eo[n]

hin) —_— T i

il oy,

T > [ T
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eelsieeels

Polyphase Filter Bank

analysis
o

analysis

€00
/ qln]
€l = CQU[H]
en = ol .—’-_'
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eelsieeels

Polyphase Filter Bank

analysis

m—»@—v — pln]
L o -

e = hol2n]

ep1 = hg [ZTL + 1]
elo = epon]

€11 = —€n1 [n]
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ADC

Analog to Digital Converter

Penn ESE 531 Spring 2020 - Khanna

& Penn

oelsiese’s

Anti-Aliasing Filter with ADC

ADC AID

zo(t) [ Analog W [ sampler ]z[n] = z,(nT) o
Anti-Al 2 H uantizer H
Fitter Hqun)J Lt =nT J

Penn ESE 531 Spring 2020 - Khanna 56

seseees

Aliasing

o If Q>R /2, x,(t) an aliased version of x(t)

o TX(5Q) i Q] <Q,/2
X:(99) = { 0 otherwise

seseees

Anti-Aliasing Filter with ADC
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¢ Non-Ideal Anti-Aliasing Filter
Xe(592)Hip(592)
1 interference
o)
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) ADC AD )
Anal sampler -
z(t) Ant-Alas J [ ]w[n] ze(nT) Quantizer | i
Filter qunj H Lt =nT J
and 0, < 2Q
X.(/Q) i N X(/Q)
_____ L — e MY 0y
Qy Qy Q
X (JX,,(Q) X ()
-------- —) — A1 N ¥
o o - Q :
Qg2
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¢ Non-Ideal Anti-Aliasing Filter
Xc (G Hrp(59)
1 interference
—Qn [ QN
Q,/2
X(e7%)
/’—_____—-~\W”————-_—_-\W”—__——_—_-\W
\ A ."\ A N A
—T [
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oelsiese’s

Non-Ideal Anti-Aliasing

Filter

X () Hep(59)

1

sl

Oy

interference

Oy
0,/2

0 Problem: Hard to implement sharp analog filter

o Consequence: Crop patt of the signal and suffer

from noise and interference

oelsiese’s

Oversampled ADC

ADC AD

O gln] = z.(nT) _
[ T } Quantizer

ADC A/D

O
N arp Digital
Z4(t) _[Simple Analog cP Ant-aliasin
ple \na 9 "
Anti-Aliasing —>|p_ 1 =) filter - M || Quantizer
Filter T M\Qn i

2e(t) [Srarsosiog
g
Filter HLP(jnﬂ
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¢ Oversampled ADC - Simple filter
b
Penn ESE 531 Spring 2020 - Khanna 63
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¢ Oversampled ADC - M=2
L X () Hep (59)
aliased nl?i%/_
i s
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Oversampled ADC

eelsieeels

ADC AD

zc(t) Sharp Analoq
227 5| Anti-Aliasing

Filter HLPGQ)J

(CIDW
LT

zc(t) Simple Analog| CiD
Anti-Aliasing 7= 1 ( L
Filter =u'ay)

[} ADC AD
harp Digital
Anti-aliasing
filter 7 o Quantizer
M
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Oversampled ADC - Sharp digital filter/Downsample

eelsieeels

X (&)

/T

/_ aliased noise,
Meiisn - i I\ T e
Aol

L st 0 24 w (At ¥ t Pty
= pal
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oelsiese’s

Oversampled ADC

Quantizer

zc(t) [Sharp Analoq
277 5| Anti-Aliasi

g
Filter HLP(jQﬂ

oelsiese’s

Oversampled ADC - Sharp digital filter/Downsample

after oversampling L
X (e79)
/T
aliased noise,
Nt v
gD Vi oot efliutnse
after digital LP and decimation j
¢ Xal@) - MT
1/T,
W ek s
i # o e N Ly b e
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Zc (t) Simple Analog| e Anti-aliasing i
Anti- A||as|ng =y 1 ) filter Quantizer
Filter T Moy =
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¢ Oversampled ADC
.
ADC AD
Z, (t) Sharp Analog] ( co W Z[n] =z, (TLT)
———>| Anti-Aliasing Quantizer
Filter HLPGQ)J

seseees

Big Ideas

o Interchanging Operations
a Polyphase Decomposition
0 Multi-Rate Filter Banks

analysis. []
el L) (Rh (o )
03 “
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r[n.'/["] = ,r[n yln]

synmesns

70

Oversampled ADC A/D
arp Digital
z(t) |simple Analog oo Anti-aliasing
Anti-Aliasing 7= 1 7 filter Quantizer
Filter =uay) .l
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¢ Admin
.

0 HW 4 due Sunday
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