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ILecture Outline

a0 Frequency Response of L'TT Systems
= Magnitude Response
= Simple Filters
= Phase Response

= Group Delay

= Example: Zero on Real Axis
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Frequency Response of L'TT Systems
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Frequency Response ot L'TT System

a LTI Systems are uniquely determined by their impulse
response ®

{ol= 3 ] -k on[H]

k=—00

0 We can write the input-output relation also in the z-domain

Y(z)=H(z)X(2)
a0 Or we can define an L'TT system with its frequency response
()= x(e")
0 H(el®) defines magnitude and phase change at each frequency

Penn ESE 531 Spring 2020 — Khanna
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Frequency Response ot L'TT System

()= fer)x(e”)

0 We can define a magnitude response
Y (eja’)

0 And a phase response

i)

X ()

LY (e)=£H(e)+ LX(ej‘“)

Penn ESE 531 Spring 2020 — Khanna
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Phase Response

0 Limit the range of the phase response

—7 < ARG[H (¢/“)] < 7.
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Phase Response

0 Limit the range of the phase response

—7 < ARG[H (e/“)] < 7.

arg[H(e/®)] ARG|H(e)]

il A Y -
T B \ -~ J/
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Group Delay

0 General phase response at a given frequency can be
characterized with group delay, which is related to
phase

grd[H(e™)] = — o {arg[H(c*)]}

0 More later... \

Unwrapped phase

Penn ESE 531 Spring 2020 — Khanna
Adapted from M. Lustig, EECS Berkeley



Linear Ditterence Equations

Zaky[n — k| = z brx[n — K
k=0 k=0

Example: Y[n] = z[n| + 0.1y[n — 1]

bo+biz 4. +byz™ b [T (1 —ckz™?)

Hz p— p—
(2) ag+a1z t+...+anz N ag

TR

(I —dpz™t)
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Magnitude Response

Magnitude of products is product of magnitudes

jovt Do Tlemo 1 — cxe™)
H(e’)|=| N -
ao Hk:O 1 —dk6_3w|
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Magnitude Response

Magnitude of products is product of magnitudes
M A
|H(6jw)‘ _ |b_0 . Hk:() 1 — Cr€ le
a0 JTamo |1 — dre=3¢

Consider one of the poles:
11— dre™ %] = |e™¥ —dy| = |v1]
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Magnitude Response

Magnitude of products is product of magnitudes

H(ei)) = 2. Hizoll = cxe™]
a0 [Tyeo|l — dre=4¢
Consider one of the poles:
11— dre™ %] = |e™¥ —dy| = |v1]
A
> >
d
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Magnitude Response

Magnitude of products is product of magnitudes
M A
H(e?)| = Ib_O =0 1 — cre™
a0 Teloll — dre3¥]

Consider one of the poles:
1 - e = )=
A
e’”
/ )
w 3¢ >

d

k
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Magnitude Response

Magnitude of products is product of magnitudes

H(e’)| = |

bo, Ilx—o |l — cre™|

a0 Teloll — dre3¥]

Consider one of the poles:
- a0
A
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Magnitude Response

Magnitude of products is product of magnitudes

H(ei)) = 2. Hizoll = cxe™]
a0’ o, |1 — dre—3v|
Consider one of the poles:
11— dre™ %] = |e™¥ —dy| = |v1]
A
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Magnitude Response

Magnitude of products is product of magnitudes

H(ei)) = 2. Hizoll = cxe™]
a0’ o, |1 — dre—3v|
Consider one of the poles:
11— dre™ %] = |e™¥ —dy| = |v1]
A
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Magnitude Response

Magnitude of products is product of magnitudes

H(ei)) = 2. Hizoll = cxe™]
a0’ o, |1 — dre—3v|
Consider one of the poles:
11— dre™ %] = |e™¥ —dy| = |v1]
A
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Magnitude Response

Magnitude of products is product of magnitudes

H(ei)) = 2. Hizoll = cxe™]
a0’ o, |1 — dre—3v|
Consider one of the poles:
11— dre™ %] = |e™¥ —dy| = |v1]
A
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Magnitude Response

Magnitude of products is product of magnitudes

H(ei)) = 2. Hizoll = cxe™]
a0 oy |1 — dre—3¢]
Consider one of the poles:
11— dre™ %] = |e™¥ —dy| = |v1]
A
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Magnitude Response

Magnitude of products is product of magnitudes

H(ei)) = 2. Hizoll = cxe™]
a0 oy |1 — dre—3¢]
Consider one of the poles:
11— dre™ %] = |e™¥ —dy| = |v1]
A
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Magnitude Response

Magnitude of products is product of magnitudes

H(ei)) = 2. Hizoll = cxe™]
a0 [lpeo |l — dre=3|
Consider one of the poles:
11— dre™ %] = |e™¥ —dy| = |v1]
A
0
4
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Magnitude Response

Magnitude of products is product of magnitudes

H(ei)) = 2. Hizoll = cxe™]
a0 [Tyeo|l — dre=4¢
Consider one of the poles:
11— dre™ %] = |e™¥ —dy| = |v1]
A
e’”
Vl
. d
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Magnitude Response Example

1+ 271
H = 0.
(2) =005 =55 =
v
H(z) =0.00—
|H(2)| o
A
>

Penn ESE 531 Spring 2020 — Khanna
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Magnitude Response Example

1+ 271
H = 0.05

(2) 1—0.9z-1

V2|

H(z)| =0.00—

|H(z)| o]

A
O H—>

Penn ESE 531 Spring 2020 — Khanna
Adapted from M. Lustig, EECS Berkeley
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Magnitude Response Example

1+ 21
H = 0.05

(2) 1 — 0921

V2|

H(z) =0.05—

|H(z)] v

A
e’
V2 //
3///;0\ Vl X

Penn ESE 531 Spring 2020 — Khanna
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Magnitude Response Example

1+ 21
H = 0.05

(2) 1 — 0921

V2|

H(z) =0.05—

|H(z)] v

A
e’
V2 //
3///;0\ Vl X
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Magnitude Response Example

1+ 271
H = 0.
(2) = 0.057 0 =
v
H(z)| = 0.052
|H(2)| o]
‘H(ej“’)

v, 7 v
A

Penn ESE 531 Spring 2020 — Khanna
Adapted from M. Lustig, EECS Berkeley
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Simple Low Pass Filter

l—a 14 2z71

Hip(z) = 2 1—az™

Penn ESE 531 Spring 2020 — Khanna
Adapted from M. Lustig, EECS Berkeley
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Simple Low Pass Filter

l—a 14271
Hpp(z) = al <1
Lp(2) 2 1—az1 o]
(')
A
1
1/2 T_\
w, > w
. 1 — sin(w,)
wc is the 3dB cutoff frequency =
cos(w.)

Penn ESE 531 Spring 2020 — Khanna
Adapted from M. Lustig, EECS Berkeley
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Simple High Pass Filter

l—a 1—2z71

Hrp(2) = 2 14+ az—1

Penn ESE 531 Spring 2020 — Khanna
Adapted from M. Lustig, EECS Berkeley
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Simple High Pass Filter

l—a 1—2z71

Hup(2) = —— 1=

Penn ESE 531 Spring 2020 — Khanna
Adapted from M. Lustig, EECS Berkeley

al <1
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Simple High Pass Filter

l—a 1—2z71
2 1+ az1

Hyp(z) = al <1

1 — sin(w,)

: o —
wc is the 3dB cutoff frequency cos(w,)

Penn ESE 531 Spring 2020 — Khanna
Adapted from M. Lustig, EECS Berkeley 32



Simple Band-Stop (Notch) Filter

1+ «
HBS(Z)Z

1 —2Bz" 14 272

2

1-8(1+a)z7t +az2

ol <1

Bl <1

.
Note: 1-282" 14272 = (1 — %0z 1) (1 — e w0, 1)

cos(wp) = B

\

Penn ESE 531 Spring 2020 — Khanna
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Simple Band-Stop (Notch) Filter

Hps(z) = L1° 1-2B2"" 4277 af <1
BT 1Bl +a)z+az?2 |8l <1
Note: 1-2B82" 4272 =(1—-e“2 1)1 —e w1

cos(wp) = B

\

A
X @
/
7
w
) TN
\
N\
N \
X 0O
Penn ESE 531 Sgring 2020 — Khanna
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Simple Band-Stop (Notch) Filter

l+a 1-2Bz71+277 ol <1
2 1-B(l+a)zt4+az72 |Bl<1

HBs(Z) f—

\

f
Note:  1—28z"1+272=(1— ez 1)(1—e dw, 1)

cos(wp) = B

N Y,
A
‘H(e]“’ )‘
X ,O A
/
0 1
/
\ d >
\
\
i | >
)4 |
© Wy T
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Simple Band-Stop (Notch) Filter

l+a 1-2Bz71+277 ol <1
Hps(z) = —1 —2
2 1-8(1+4+a)z7t+az 8] <1
4 p
Note:
14+a  2+28
Hes(Fl) = S~ A roazs | )
A
(™)
X ,O A
/a)()
~ >
\\\ | >
140
X © w, j_'L_
Penn ESE 531 Sgring 2020 — Khanna
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Simple Band-Stop (Notch) Filter

Hps(2) l+a 1-—-2Bz"14272 ol <1
BS\?) =
2 1-B(l+a)zt4+az72 |Bl<1
4 N
Note: As o — 1 poles approach zeros
l+a 2+28
H 1) = =1
Bs(F) = 5~ 07 a0 £ p)
\ J
A
H(e)
X ,O A
/ 1 Y/
, W, s 11
\ \1/
N
\\ |
> | > w
X © @, T
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Simple Band-Pass Filter

]l — o
HBP(Z) [

] — 22

2

Penn ESE 531 Spring 2020 — Khanna
Adapted from M. Lustig, EECS Berkeley

1-B(14+a)z7l +az—2

al <1

Bl <1
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Simple Band-Pass Filter

] — 22

]l —«
H BP (Z ) [
2
A
X
o o—
X
Penn ESE 531 Sgring 2020 — Khanna

Adapted from M. Lustig, EECS Berkeley
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al <1

Bl <1
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Simple Band-Pass Filter

]l —«
H BP (z ) [
2
A
X
o o—
X
Penn ESE 531 Sgring 2020 — Khanna

Adapted from M. Lustig, EECS Berkeley

1 — 272 lal < 1
1-B(14+a)z7l1+az"2 |B]<1
(")
A
1
w, j_'L_ > w
cos(wp) = f3
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Simple Band-Pass Filter

Hyp(2) 1 —« 1— 272 al <1
BP\?R) =
2 1-B(1+a)z"l4+az72 |Bl<1
A
H(e)
X A
1 T Larger & reduces pass band
o o—> I\
/} \
S AN
- LN >
I o
X W, il
Penn ESE 531 Sgring 2020 — Khanna cos(wo) = f
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Phase Response

0 Limit the range of the phase response

—7 < ARG[H (e/“)] < 7.

arg[H(e/®)] ARG|H(e)]

| A Y -
T \ /-

Penn ESE 531 Spring 2020 — Khanna
Adapted from M. Lustig, EECS Berkeley 42



Phase Response Example

H(e¥) =¥ < hln] = d§[n — ng|

Penn ESE 531 Spring 2020 — Khanna
Adapted from M. Lustig, EECS Berkeley



Phase Response Example

H(e!¥) =¥ < hln] = d§[n — ng]

H(e)| =1
arg[H (e/*)] = —wnqg

Penn ESE 531 Spring 2020 — Khanna
Adapted from M. Lustig, EECS Berkeley

ARG is the wrapped phase
arg is the unwrapped phase
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Phase Response Example

H(e™) = &*m ¢ hn] =

H(e’)| =1
arg[H (e’¥)] = —wny

ARG
A

NN

d[n — ng|

ARG is the wrapped phase
arg is the unwrapped phase

> (V)

L IN N

Penn ESE 531 Spring 2020 — Khanna
Adapted from M. Lustig, EECS Berkeley
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Group Delay

0 General phase response at a given frequency can be
characterized with group delay, which is related to
phase

grd[H(e™)] = — o {arg[H(c*)]}

arg[H (e’)]

Penn ESE 531 Spring 2020 — Khanna _ SI ope /
Adapted from M. Lustig, EECS Berkeley p 46



Phase Response Example

H(e!¥) =¥ < hln] = d§[n — ng]

[H(e9)| =1
arg[H (e7)] = —wng ~ ARGisthe wrapped phase
ARG
A

TN,

grd[H (e’)] = —%{arg[H Gl

Penn ESE 531 Spring 2020 — Khanna For linear phase system, group delay is nj
Adapted from M. Lustig, EECS Berkeley
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Group Delay

0 General phase response at a given frequency can be
characterized with group delay, which is related to
phase

grd[H(e™)] = — o {arg[H(c*)]}

arg[H (e’)]

Penn ESE 531 Spring 2020 — Khanna _ SI ope /
Adapted from M. Lustig, EECS Berkeley p 48



Group Delay

grd[H (e’*)]

Penn ESE 531 Spring 2020 — Khanna
Adapted from M. Lustig, EECS Berkeley

2 farglH ()]}

arg[H (e’)]
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Group Delay

grd[H (e?¥)] = —%{arg[H(ejw)]}

( T L Al .—j y
jw
arg[H (e’*)]
wi w2 1 A
l i
0
w2 X wi i
r “ 4
).. -
0 50 150 200 250 3

)0

-

Penn ESE 531 Spring 2020 — Khanna
Adapted from M. Lustig, EECS Berkeley 50



Group Delay Math

(1-¢,z7™)
(1-dz7™)

1

bO

a

H(z)=

0

— 1= =

b
]

Penn ESE 531 Spring 2020 — Khanna
Adapted from M. Lustig, EECS Berkeley

S

1

:(1 — cke'jw)

H(e!”)=2

Q
o

— =i =

_(l—dke'jw)

e
L
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Group Delay Math

M M |
, | [a-c2 o, Ha-ge™
H(Z) — _0 k=l H(ejw) — _0 k=1
a1 . a, i
| Ja-a.z" (1-d.e’)
k=1 =
arg of products is sum of args
. M N .
arg[ H(e’”)]= Y arg[l-c,e™"] Earg [1-d e™"]
k=1 Je=1

grd[H(e”)]= Y grd[l1-c,e™]- Y grd[1-d,e ]

Penn ESE 531 Spring 2020 — Khanna
Adapted from M. Lustig, EECS Berkeley
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Group Delay Math

M N
grd[H(e”)]= Y grd[l1-c,e™]- Y grd[1-d,e ]
k=1 k=1

0 Look at each factor:

arg[1-re’’e™ /] =tan™' ( rsin(@-0) )

1-rcos(w-0)

r> —rcos(w—0)
2

grd[1-re’’e /] =
‘1 —re’le™

Penn ESE 531 Spring 2020 — Khanna
Adapted from M. Lustig, EECS Berkeley
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Example: Zero on Real Axis

0 Geometric Interpretation for (6 =0)

arg[1-re /"]

Penn ESE 531 Spring 2020 — Khanna
Adapted from M. Lustig, EECS Berkeley
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Example: Zero on Real Axis

0 Geometric Interpretation for (6 =0)

arg[l-re /] =arg[(e’” —r)e /] =arg[e’” — r]—arg[e’"]
A\ ~ / J/
@ W
A

Penn ESE 531 Spring 2020 — Khanna
Adapted from M. Lustig, EECS Berkeley



Example: Zero on Real Axis

0 Geometric Interpretation for (6 =0)

arg[l-re /] =arg[(e’” —r)e /] =arg[e’” — r]—arg[e’"]
A\ ~ VA J/
@ W
A

r

Penn ESE 531 Spring 2020 — Khanna
Adapted from M. Lustig, EECS Berkeley



Example: Zero on Real Axis

0 Geometric Interpretation for (6 =0)

arg[l-re /] =arg[(e’” —r)e /] =arg[e’” — r]—arg[e’"]
A\ ~ / J/
@ W

Aﬂ\ !

r
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Example: Zero on Real Axis

0 Geometric Interpretation for (6 =0)

arg[l-re /] =arg[(e’” —r)e /] =arg[e’” — r]—arg[e’"]
A\ ~ / J/
@ W
Ay -
D N7,

Penn ESE 531 Spring 2020 - Khanna
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Example: Zero on Real Axis

0 Geometric Interpretation for (6 =0)

arg[l-re /] =arg[(e’” —r)e /] =arg[e’” — r]—arg[e’"]
A\ ~ VA J/
@ W
Ay -
A arg
AN 1
r > U
1 JU

Penn ESE 531 Spring 2020 - Khanna
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Example: Zero on Real Axis

0 Geometric Interpretation for (6 =0)

arg[l-re /] =arg[(e’” —r)e /] =arg[e’” — r]—arg[e’"]
A\ ~ / J/
w=0 ¥ w
A
— >

Penn ESE 531 Spring 2020 — Khanna
Adapted from M. Lustig, EECS Berkeley



Example: Zero on Real Axis

0 Geometric Interpretation for (6 =0)

arg[l-re /] =arg[(e’” —r)e /] =arg[e’” — r]—arg[e’"]
A\ ~ VA J/
@ W
Ay -
A arg
AN 1
r > U
1 JU

Penn ESE 531 Spring 2020 — Khanna
Adapted from M. Lustig, EECS Berkeley
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Example: Zero on Real Axis

0 Geometric Interpretation for (6 =0)

arg[l-re /] =arg[(e’” —r)e /] =arg[e’” — r]—arg[e’"]
A\ ~ / J/
@ W

Penn ESE 531 Spring 2020 — Khanna
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Example: Zero on Real Axis

0 Geometric Interpretation for (6 =0)

arg[l-re /] =arg[(e’” —r)e /] =arg[e’” — r]—arg[e’"]
\ ~ VA J/
W=7 ¥ w
A
A arg
—=?—> > (1)
1 JU

Penn ESE 531 Spring 2020 — Khanna
Adapted from M. Lustig, EECS Berkeley
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Example: Zero on Real Axis

0 Geometric Interpretation for (6 =0)

arg[l-re /] =arg[(e’” —r)e /] =arg[e’” — r]—arg[e’"]
A\ ~ / J/
@ W
A
A arg
Q-w

Penn ESE 531 Spring 2020 — Khanna
Adapted from M. Lustig, EECS Berkeley
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Example: Zero on Real Axis

0 Geometric Interpretation for (6 =0)

arg[l-re /] =arg[(e’” —r)e /] =arg[e’” — r]—arg[e’"]
A\ ~ / J/
@ W
A A1 A grd

Penn ESE 531 Spring 2020 — Khanna
Adapted from M. Lustig, EECS Berkeley
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Group Delay Math

M N
grd[H(e”)]= Y grd[l1-c,e™]- Y grd[1-d,e ]
k=1 k=1

0 Look at each factor: e =+ O?

arg[1-re’’e™ /] =tan™' ( rsin(@-0) )

1-rcos(w-0)

r> —rcos(w—0)
2

grd[1-re’’e /] =
‘1 —re’le™

Penn ESE 531 Spring 2020 — Khanna
Adapted from M. Lustig, EECS Berkeley 66



“xample: Zero on Real Axis

o For 6 #0

arg

Penn ESE 531 Spring 2020 — Khanna
Adapted from M. Lustig, EECS Berkeley

Samples

Radian frequency (o)

27
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Example: Zero on Real Axis

a0 Magnitude Response

0 - jw - jw
l-re’’e’ =1-re™’
10
5 }
0
-5
m
©
-10
-15
A
~-20
-25 | .
0 K o 3w 2w
—> 2 2
Radian frequency (@)
I

Penn ESE 531 Spring 2020 — Khanna
Adapted from M. Lustig, EECS Berkeley
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“xample: Zero on Real Axis

a0 Magnitude Response

—3 Radian frequency (@)

Penn ESE 531 Spring 2020 — Khanna
Adapted from M. Lustig, EECS Berkeley

. i) 2 {)
mw

——— =

69



Example: Zero on Real Axis

a0 For 6 =7, how does zero location effect

magnitude, phase and group delay? ——mer=05
_ jO - jw o 1= ()7
l-re”e ™ r=0.9

10 r=1

b
N

Radian frequency ()

Penn ESE 531 Spring 2020 — Khanna
Adapted from M. Lustig, EECS Berkeley
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Example: Zero on Real Axis

a0 For 6 =7, how does zero location effect
magnitude, phase and group delay? ——

3

Radians

3n 27

| 1
0 u w 3w
2 2

Radian frequency (w)

Penn ESE 531 Spring 2020 — Khanna
Adapted from M. Lustig, EECS Berkeley
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Example: Zero on Real Axis

a0 For 6 =7, how does zero location effect
magnitude, phase and group delay?

Ny
|

Radian frequency ()

Penn ESE 531 Spring 2020 — Khanna
Adapted from M. Lustig, EECS Berkeley
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28d Order IR with Complex Poles

1
(1- refBz—l)(l —re—Jifz;—1) r=0.9, 8 =7 /4

H(z) =

magnitude

dB

Radian frequency (w)

Penn ESE 531 Spring 2020 - Khanna
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28d Order IR with Complex Poles

1

H(z) =

magnitude

dB

Radians

Radian frequency (w)

Penn ESE 531 Spring 2020 - Khanna

(1- refBz—l)(l —re—Jifz;—1) r=0.9, 8 =7 /4

phase

|
L 3 2

ol

Radian frequency (w)

group delay
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3td Order IIR Example

0.05634(1 4+ z~1)(1 — 1.0166z~1 + z72) Unit circle Im z-plane

H(z) = .
! (1 —0.683z-1)(1 — 1.4461z~1 + 0.79572-2) N

Penn ESE 531 Spring 2020 - Khanna 75



3td Order IIR Example

0.05634(1 + z~1)(1 — 1.0166z~ + z72)

H —
(@) (1 —0.683z-1)(1 — 1.4461z~1 4+ 0.795722)

T 37

=
iy

Radian frequency (w)

Penn ESE 531 Spring 2020 - Khanna
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Unit circle

N,

76



3td Order IIR Example

0.05634(1 4+ z~1)(1 — 1.0166z~! + 772)
H(z) =

T (1 -0.6832-1)(1 — 1.44617~1 4+ 0.795722)

20 1
0

-20

8 -40
-60

~-80

=]
3

T 37 2%

Radian frequency (w)

Radians
|
N~
/

—4 | | 1
0 T T 3n 2
2

Radian frequency (w)

Penn ESE 531 Spring 2020 - Khanna

Im z-plane
Unit circle ¥
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3td Order IIR Example

0.05634(1 + z~1)(1 — 1016621 + z72) Unit circle

(2) = -
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3td Order IIR Example

He 0.05634(1 4+ z~1)(1 — 1.0166z~1 + z72) Unit circle Im z-plane
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Big Ideas

0 Frequency Response of L'TT Systems
= Magnitude Response

= Simple Filters
= Phase Response

= Group Delay

= Example: Zero on Real Axis

Penn ESE 531 Spring 2020 — Khanna
Adapted from M. Lustig, EECS Berkeley
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Admin

a HW 5 due Sunday

a HW 1-4 grading backlog
= Will have all grades by Sunday

a0 Dhaval extra OH on Tu evening for exam prep

s See Piazza for time and location

s Dhaval TH/F OH cancelled
0 Yinghao OH W will be exam review session

0 No oftice hours during spring break

Penn ESE 531 Spring 2020 - Khanna

81



Admin - Midterm

0 Midterm next week Thursday 3/5

= During class

= Starts at exactly 4:30pm, ends at exactly 5:50pm (80 minutes)
= Location DRLB A2

= Old exams posted on previous years’ website

= Disclaimer: old exams before 2019 covered more material

= Covers Lec1-11
= Closed book, one page (8.5x11) cheat sheet allowed

= Calculators allowed, no smart phones

Penn ESE 531 Spring 2020 - Khanna
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