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Your First Priority

a0 Your first priority is your health

= You should abide by all health guidelines
= Wash your hands

= Cough/Sneeze into your elbow
= Don’t touch your face
= Maintain seetal physical distancing
Virtual social interaction is encouraged!

= Stay home except for necessary activities

= Part of your health is your mental and emotional health

= See https://caps.wellness.upenn.edu/selthelp/ for help
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Advice for Remote Learning Success

a Attend lecture in real time and stay on schedule
s Rewatch recorded lectures, attend virtual office hours

= We are here to help, but you need to let us know you

need help
0 Start homework early!

a0 Form a virtual study group with classmates

= Use piazza to find groups

0 Useful study habits reference:

= https://lsa.umich.edu/content/dam/rll-assets/rll-docs/
Study%20Habits.pdf
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Course Grading Changes

0 Homework
= 20% of grade (same)
= Only 8 HW 1nstead of 9

= Still drop lowest homework (same)

0 Final Project
= 30% of grade (increased)

0 Midterm Exam
= 25% of grade (same)

0 Final Exam
= 25% of grade (decreased)
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Course Structure Changes

0 Homework Canvas submission, course webpage and
Piazza all the same

= Recommend you turn on Piazza email notifications

0 Virtual lectures via Zoom

s See Piazza threads for link

o Virtual Office hours via Google Hangouts/Zoom

s See Piazza threads for schedule and links

0 Big challenge will be staying on pace with material

= Requires self-motivation
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I want to hear from you...

a Will you be in a different time zone?

0 Will you have trouble seeing or hearing video
lectures?

0 Are there any other accessibility issues I should
know about?

0 Email me any concerns -- I will do everything I can

to ensure you have the same learning objectives
from Lecture 1
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New Course Staff

0 New TAs/Graders
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Questions?

0 Use chat panel to type question

s Scroll to bottom of Zoom window and click “chat”
button
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: Lecture Outline

0 Review: Where did we leave off?

0 Generalized Linear Phase Systems
o IR Filters (if time)
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Frequency Response of Systems (Filters)
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#Penn,
Penn ESE 531 Spring 2020 - Khanna ‘



Frequency Response ot L'TT System

()= fer)x(e”)

0 We can define a magnitude response
Y (eja’)

0 And a phase response

i)

X ()

LY (e)=£H(e)+ LX(ej‘“)
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Group Delay

0 General phase response at a given frequency can be
characterized with group delay, which is related to
phase

grd[H(e™)] = — o {arg[H(c*)]}

arg[H (e’)]
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: Example: Moving Average

0 Moving Average Filter
= Causal: M,=0, M,=M

x[n-M]+...+ x|n]

yln]=

M +1

Impulse
response

Penn ESE 531 Spring 2020 - Khanna
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: Example: Moving Average

0 Moving Average Filter
= Causal: M,=0, M,=M

x[n-M]+...+ x|n]

b M +1

Impulse
response

Scaled &Time
Shifted window
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Example: Moving Average

w(n]

sin((N + 1/2)6())

sin(a)/Z)

wln] < W(e’”) =

Penn ESE 531 Spring 2020 - Khanna
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: Example: Moving Average

w[n] “window”

sin((N + 1/2)6())

sin(a)/Z)

wln] < W(e’”) =

1 s eioM2 sin((M/2+1/2)w)
M+1W[n_M/2] Wie™)- M +1 sin(w/Z)
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: Example: Moving Average

[H(e™)] ] ZH ()

g~IoM/2 sin((M/2+1/2)w)

(e M +1 sin(a)/2)
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General All-Pass Systems

0 d,=real pole, e,.=complex poles paired w/
conjugate, e,

M, _ M. , _ _
ooy AT (27! — ez — )
ap(2) = 1—[ 1 —dyz-1 (1 —exz7H(1 —efz™1)
k=1 k=1 S k
A
0 Example: 3
d =->
4
e, = 0.8¢7"*
= ¢ >
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Minimum-Phase Systems

0 Definition: A stable and causal system H(z) (i.e.
poles inside unit circle) whose inverse 1/H(z) is also
stable and causal (i.e. zeros inside unit circle)

H(2) 1/H(2)

®
®
v
> 4

Penn ESE 531 Spring 2020 - Khanna
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Min-Phase Decomposition Purpose

0 Have some distortion that we want to compensate

o T }

: Distorting Compensating| |
el SyStem el sysiem —{-—-—»
s[n] Hy(z)  |saln] H.(2) | Scln]

I

0 It Hy(z) is min phase, easy:
» H (2)=1/H,(z) € also stable and causal

0 Else, decompose Hy(2)=Hy ,,1,(2) Hy,,(2)
s H(2)=1/Hymin(2) ?Ha(2)H(2)=Hg,,(2)

= Compensate for magnitude distortion

d,min

Penn ESE 531 Spring 2020 - Khanna
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FIR Filter Design
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Filter Specifications

|H(elw)|
1434,

_-7 N

N
1-0p, I\ |
I\ |
AN |

Passband : Transition : Stopband

| N
| N
| AN
8 | AN
— I r
0 w, W
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What is a Linear Filter?

0 Attenuates certain frequencies
0 Passes certain frequencies

0 Affects both phase and magnitude

0 What does it mean to design a filter?

= Determine the parameters of a transfer function or
difference equation that approximates a desired impulse
response (h[n]) or frequency response (H(el%)).

Penn ESE 531 Spring 2020 — Khanna
Adapted from M. Lustig, EECS Berkeley
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What is a Linear Filter?

0 Attenuates certain frequencies
0 Passes certain frequencies

0 Affects both phase and magnitude

o 1IR

= Mostly non-linear phase response

= Could be linear over a range of frequencies

o FIR

= Much easier to control the phase

= Both non-linear and linear phase

Penn ESE 531 Spring 2020 — Khanna
Adapted from M. Lustig, EECS Berkeley
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Generalized Linear Phase Systems
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Generalized Linear Phase

0 An LTT system has generalized linear phase if the
frequency response H(e’”) can be expressed as:

H(e’®) = A(w)e /**P,

a)‘<7z

0 Where A(W) 1s a real function.
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Generalized Linear Phase

0 An LTI system has generalized linear phase 1f
frequency response H(e’”) can be expressed as:

H(e’”) = A(w)e 7***P

a)\<7z

0 Where A(W) 1s a real function.

a0 What is the group delay?
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Causal FIR Systems

yln]= byx[n] + bx[n—1] +...4+ b, x[n—M],

M
H(z)=by+bz ' +..+b,z" = OH(I —c,z )
k=1

b, n=0,1,.,M
hln]=
0, otherwise

Penn ESE 531 Spring 2020 - Khanna
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’ Causal FIR Systems

0 Causal FIR systems have generalized linear phase if
they have impulse response length (M+1) and some
symmetry

a It can be shown if

hin] = hAlM —n]l, 0<n<M,
= 0, otherwise,
a then

H(eja)) - Ae(eja))e*-—j&)M/?.,

Penn ESE 531 Spring 2020 - Khanna
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: Example: Moving Average

w[n] “window”

sin((N + 1/2)6())

sin(a)/Z)

wln] < W(e’”) =

1 s eioM2 sin((M/2+1/2)w)
M+1W[n_M/2] Wie™)- M +1 sin(w/Z)
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Example: Ideal LLow-Pass Filter

m The frequency response H(w) of the ideal low-pass filter passes low frequencies (near w = 0)
but blocks high frequencies (near w = =)

0 otherwise

sin(w:n)

hin] = 2w,
Wen

h(n]

1
0.5 ﬁ
-30 -20 -10 0 10 20 30
n

g:]‘é”gﬁitfet h,,[n]=w,[n-N]-h{n-N)

Penn ESE 531 Spring 2020 - Khanna
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Causal FIR Systems

0 Causal FIR systems have generalized linear phase if
they have impulse response length (M+1)

a It can be shown if

hin| = hiM—n], 0<n=<M,
=0, otherwise,

0 Then

H(e!?) = A (e!®)e™/oM/2,

0 Sufficient conditions to guarantee GLP, not
necessary
= Other systems can also have GLP

Penn ESE 531 Spring 2020 - Khanna
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FIR GLP Systems

a Four types of FIR GLP
O TypeI

» Even Symmetry, M even

u Type 11
» Even Symmetry, M odd

= Type II
= Odd Symmetry, M even

. Type 1AY
= Odd Symmetry, M odd

Penn ESE 531 Spring 2020 - Khanna
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. FIR GLP: Type I

Type I Even Symmetry, M even

hinl=h[M —n], n=0,1,...M

| Center of
< symmetry
l
—o , L 2 —& .
0 M M=4 "

2

Penn ESE 531 Spring 2020 - Khanna
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FIR GLP: Type I

Type I Even Symmetry, M even

hinl=h[M —n], n=0,1,...M , Ceteret

RN

0 M M=4 n
2

M
Then H(e’”)=Y h[nle /™ = A(w) e /M"
n=0 Real, Even " integer delay

Penn ESE 531 Spring 2020 - Khanna 35



®: FIR GLP: Type I —

“xample, M=4

Type I Even Symmetry, M even

hn]=hM —n],

M .
Then H(e’”)=Y h[nle /™ = A(w) e /M
—

n=0

Penn ESE 531 Spring 2020 - Khanna

n=0,1,...

Real, Even

M

" integer delay
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®: FIR GLP: Type I — Example, M=4

Type I Even Symmetry, M even
hinl=hM —-n], n=0,1,...M

M
Then H(ejw) — Zh[n]e—la’n — A(W) e—ja)M/2
n=0 Real, Even " integer delay

H(e’*)=h[0]+ A[l]le ™’ + h[2]e 7** + h[3]e > + h[4]e /**

Penn ESE 531 Spring 2020 - Khanna
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®: FIR GLP: Type I — Example, M=4

Type I Even Symmetry, M even
hinl=h[M —n], n=0,1,...M

M
Then H(ejw) — Zh[n]e_la’" — A(W) e—ja)M/2
n=0 Real, Even " integer delay

H(e’®)=h[0]+ A[1]e ’® + h[2]e 7*® + h[3]e > + h[4]e /**
=e /?” [h[O]ej 22 4 W[1]e’® + h[2]+ H[3]e 7% + h[4]e_j2“’]

Penn ESE 531 Spring 2020 - Khanna 38



®: FIR GLP: Type I — Example, M=4

Type I Even Symmetry, M even
hinl=h[M —n], n=0,1,...M

M
Then H(ejw) — Zh[n]e_la’" — A(W) e—ja)M/2
n=0 Real, Even " integer delay

H(e’®)=h[0]+ A[1]e ’® + h[2]e 7*® + h[3]e > + h[4]e /**
= e 2°| h[0]e’>” + h[1]e’” + h[2]+ h[1]e 7 + A[0]e /> |
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. FIR GLP: Type I — Example, M=4

Type I Even Symmetry, M even
hinl=h[M —n], n=0,1,...M

M
Then H(ejw) — Zh[n]e‘lw’? — A(W) e—ja)M/Z
n=0 Real, Even " integer delay

H(e’®)=h[0]+ A[lle ’® + h[2]e 7*® + h[3]e > + h[4]e /**
= e 2%| h[0]e’>” + h[1]e’” + h[2]+ h[1]e 7 + A[0]e /> |

— [2h[0: cos(2w) + 2h[1]cos(w) + h[2]] 20
A(w) (even)

Penn ESE 531 Spring 2020 - Khanna 40



FIR GLP: Type I

Type I Even Symmetry, M even

hinl=h[M —n], n=0,1,...

M

Center of
r*/ symmetry

LT

N -

Then H(e’®) = Zh[n]e_”’": A(w) g /M2

Real Even

H(ej(l)) — e—jwM/2 (

al0] = h[M/2],

Penn ESE 531 Spring 2020 - Khanna alk] = 2h[(M/2) —

M/2

k=0

" integer delay

Z alk] cos a)k)

k=1,2,...,M/2.
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. FIR GLP: Type II

Typell Even Symmetry, M odd

hinl=h[M —n], n=0,1,...M

| Center of
<+~ symmetry
I

1 |
|

° l —-—
0 M M=5 n

2

Penn ESE 531 Spring 2020 - Khanna
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. FIR GLP: Type II

Typell Even Symmetry, M odd

hinl=hM —-n], n=0,1,...M

| Center of
I["""symm Ty
BEUARE
0 M M=5
2
M
Then H(e”)=Y hnle ™ = A(w) e joM /2
n=0 Real,Even " integer delay

Penn ESE 531 Spring 2020 - Khanna
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®: [IR GLP: Type IT — Example, M=3

Typell Even Symmetry, M odd

M
Then H(e’”)=Y h[nle /™ = A(w) e /M
n=0 Real, Even " integer delay

H(e'”) = h[0]+ A{1]le ™/ + h[2]e™7>* + h[3]e

Penn ESE 531 Spring 2020 - Khanna
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®: [IR GLP: Type IT — Example, M=3

Typell Even Symmetry, M odd

M
Then H(e’”)=Y h[nle /™ = A(w) e /M
n=0 Real, Even " integer delay

H(e’) = h[0]+ A[1]le 7 + h[2]e 7>® + h[3]e

H(e’”)=[2h[0]cos(3w / 2) + 2h[1]cos(w / 2)] o302
A(a))

Penn ESE 531 Spring 2020 - Khanna
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FIR GLP: Type 11

Typell Even Symmetry, M odd

1

Center of

I[4""'symmetry

LT

[
[
l

M

2

0 M=5
Then H(e’®) = Zh[n]e-f“’" = A(w) g /M2
Real, Even " integer delay
(M+1)/2
H(el?) = e~/ L 3" bik]cos|w(k—})]

k=1

blk] =2h[(M +1)/2 —k], k=1,2,...

Penn ESE 531 Spring 2020 - Khanna
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FIR GLP: Type I and II

M2
—_ H(e!”) = e /M2 | ¥ " a[k] cos wk
nter o r —
I["""'symmetry A(w) k=0

0 M=4 »

RRRE I

H(eja)) —_ e—jwM/Z l

Center of

1\\ﬁr

(M+1)/2
Y blk]cos [w (k- %)]’
k=1

I
[+~ symmetry A(w) \

TR

I
|
I
|
|
0 M M=5 n
2

Penn ESE 531 Spring 2020 - Khanna
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®: FIR GLP: Type III

Type III Odd Symmetry, M even

hinl=—-hM —n], n=0,1,...M  (note h|M /2]=0)

Center of
1 I " symmetry
-&
0

Penn ESE 531 Spring 2020 - Khanna
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. FIR GLP: Type III

Type III Odd Symmetry, M even

hinl=—-hM —n], n=0,1,...M  (note h|M /2]=0)
II /sg:lrt:ét?;

|
L M=2
f - * —o—o——&
]l l
-1

0 n

—

M . .
H(e]a)):Zh[n]e—]am — A(W) e—]a)M/2+]7z/2
n=0 Real,Odd

Penn ESE 531 Spring 2020 - Khanna 49



: FIR GLP: Type III — Example, M=4

Type III Odd Symmetry, M even

hinl=—-hM —n], n=0,1,...M  (note h|M /2]=0)

—

M . .
H(e]a))zzh[n]e—]a)n — A(W) e—]a)M/2+]7z/2
n=0 Real,0dd

Penn ESE 531 Spring 2020 - Khanna 50



: FIR GLP: Type III — Example, M=4

Type III Odd Symmetry, M even

hinl=—-hM —n], n=0,1,...M  (note h|M /2]=0)

M . .
H(e]a))zzh[n]e—]a)n — A(W) e—]a)M/2+]7z/2
n=0 Real,0dd

H(e’) = h[0]+ M[1]e 7 + h[2]e 7> + h[3]e > + h[4]e 7**
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®: FIR GLP: Type 11T — Example, M=4

Type III Odd Symmetry, M even

hinl=—-hM —n], n=0,1,...M  (note h|M /2]=0)

M . .
H(e]a))zzh[n]e—]a)n — A(W) e—]a)M/2+]7z/2
n=0 Real,0dd

H(e’) = h[0]+ M[1]e 7 + h[2]e 7> + h[3]e > + h[4]e 7**
= 20T H[0]e”” + h{1]e™ + A3} + h4]e > |
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®: FIR GLP: Type 11T — Example, M=4

Type III Odd Symmetry, M even

hinl=—-hM —n], n=0,1,...M  (note h|M /2]=0)

M . .
H(e]a))zzh[n]e—]a)n — A(W) e—]a)M/2+]7z/2
n=0 Real,0dd

H(e’) = h[0]+ M[1]e 7 + h[2]e 7> + h[3]e > + h[4]e 7**
= e 2?| h[0]e’>” + h[1]e’® — h{1]e ™/ — h[0]e /> |
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®: FIR GLP: Type 11T — Example, M=4

Type III Odd Symmetry, M even

hinl=—-hM —n], n=0,1,...M  (note h|M /2]=0)

—

M . .
H(eja)) = Zh[n]e—ﬂtm — A(W) e—]a)M/2+]7r/2
n=0

Real,Odd

H(e’) = h[0]+ M[1]e 7 + h[2]e 7> + h[3]e > + h[4]e 7**

— 72
— ¢ /%

01> + h{1]e’® ~ [1le 7 — h{0]e /2 |

=[2A[0]sin(2w) + 2A[1]sin(w)] je />

7/

Penn ESE 531 Spring 2020 - Khanna
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. FIR GLP: Type III

Type III Odd Symmetry, M even

hinl=—-hM —n], n=0,1,...M  (note h|M /2]=0)

M . .
H(eja))zzh[n]e—ja)n _ A(W) e—]a)M/2+]7z/2
n=0

—
Real,Odd
" M/2 1
H(e/®) = je /*M/2 | % " c[k] sin wk
k=1

clk] = 2h[(M/2) — k], k=1,2,..., M/2.
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! FIR GLP: Type IV

Type IV Odd Symmetry, M Odd

Wnl=—-hM —n], n=0,1,...M

Center of

l
M=1

(M / 2 not an integer)

-

1] le—"" symmetry
&
0

|
?

|

Penn ESE 531 Spring 2020 - Khanna
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®: [IR GLP: Type IV — Example, M=3

Type IV Odd Symmetry, M Odd

Wnl=—-hM —n], n=0,1,...M (M / 2 not an integer)

M
H(e/?) = 2 :h nle 7" = A(w e—j(oM/2+j7Z'/2
( ) n=0 [ ] R%f—‘f Oc)l q " fractional delay
B eal,

H(e/®) = h[0]+ h[lle™/® + h[2]e™*® + h[3]e 7

Penn ESE 531 Spring 2020 - Khanna 57



®: [IR GLP: Type IV — Example, M=3

Type IV Odd Symmetry, M Odd

Wnl=—-hM —n], n=0,1,...M (M / 2 not an integer)

M
H(e/?) = 2 :h nle 7" = A(w e—j(oM/2+j7Z'/2
( ) n=0 [ ] R%f—‘f Oc)l q " fractional delay
B eal,

H(e/®) = h[0]+ h[lle™/® + h[2]e™*® + h[3]e 7

H(e®) = [2A[0]sin(3ew / 2) + 2A[1]sin(w / 2)] je 13

A(w)
Penn ESE 531 Spring 2020 - Khanna 58




FIR GLP: Type IV

Type IV Odd Symmetry, M Odd

hn)l=—-h{M —n],

M . .
H(eja)):zh[n]e—]am _ A(W) e—ja)M/2+]7Z'/2
n=0

Penn ESE 531 Spring 2020 - Khanna

n=0,1,..,M (M / 2 not an integer)

Center of

1? e symmetry
|
. IM=1

0 |

-1

" fractional delay

Real,0dd
| | [(M+1)/2
H(e/®) = je~/*M2| 3" dlk]sin | (k- 1)]
k=1

dik] =2h[(M +1)/2 — k], k=1,2,...,(M+1)/2.

1 — —e . 4 * L 4 *

—

n

59



Center of
1 ,4/ symmeftry

M=2
-

&

FIR GLP: Type III and IV

H(eja)) - je—-jwM/Z l-

*

|
|
- —&
0 I
i
I

_.11
Center of

19 e symmetry
. IM=1
0 |

&
_11

Penn ESE 531 Spring 2020 - Khanna

H(();a)) — je—j(t)M/z

[ (M+1)/2

k=1

A(w)

M/2

Y c[k] sin wk

> diksinfo (k-

1
2

)

e
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’ Z.eros of GLP System — Type I and 11

a0 FIR GLP System Function

M

H(z) = ) hlnlz™"
=()

Penn ESE 531 Spring 2020 - Khanna
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’ Z.eros of GLP System — Type I and 11

a0 FIR GLP System Function

M
H(z) = Zh[n]z_”
—0

M
H(z) = Zh[M —nlz”"

n={()

Penn ESE 531 Spring 2020 - Khanna
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’ Z.eros of GLP System — Type I and 11

a0 FIR GLP System Function

M
H(z) = zh[n]z_"
—0

M 0
H(z) =) hIM—nlz™" = ) hlklz*z™"
k=M

n=()

Penn ESE 531 Spring 2020 - Khanna
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’ Z.eros of GLP System — Type I and 11

a0 FIR GLP System Function

M
H(z) = Zh[n]z_"
—0

M 0
H@) =) hIM —nlz™" = ) hlklz*z™"

n={( k=M

= Mpz ™.

0 If z,is a zero of H(z), then 7, is also a zero of H(z)

Penn ESE 531 Spring 2020 - Khanna



’ Z.eros of GLP System — Type I and 11

a0 FIR GLP System Function

M

H(z) = Z hinlz ™"
—0

If z, is a zero then z, ' is also a zero.
a If h|n] is real,

. % .
Ifz, 1s a zero then z, * 1s also a zero.

(Use conjugate symmetry property of real signals)

Penn ESE 531 Spring 2020 - Khanna 65



Z.eros of GLP System — Type I and 11

a0 FIR GLP System Function
M

H(z) = ) hlnlz™"
n=,_

Real system — zeros occur in conjugate-reciprocal groups of 4

(1 - rejgz“l)(l - re"jez_l)(l - r"]ejez"l)(l - r’le—joz“l)
—— — — S
Za (20)* (z1)* A
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Z.eros of GLP System — Type I and 11

a0 FIR GLP System Function
M

H(z) = Z hinlz "
n=_)

Real system — zeros occur in conjugate-reciprocal groups of 4
1 —refz27 Y —re ?z7H = r 19271 - rle=i0771y

a If zero 1s on unit circle (r=1)

(1—¢e/%771)1 —e 19771y,

Penn ESE 531 Spring 2020 - Khanna
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Z.eros of GLP System — Type I and 11

a0 FIR GLP System Function
M

H(z) = Z hinlz "
n=,_

Real system — zeros occur in conjugate-reciprocal groups of 4
(1 - re’®27 (1 —re %7711 = r 17711 = r e 97
a If zero 1s on unit circle (r=1)
(1—¢e/%771)1 —e 19771y,
0 If zero is real and not on unit circle (6 =0)
(1+ rz_l)(l + 717,
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Zeros of GLLP System — ]

ype 1

Type I

Unit Im z-plane
circle
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Z.eros of GLP System — Type I

Type I

Unit
circle

Group of 4 reciprocal and conjugate zeros
Group of 2 real and not on unit circle zeros
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Zeros of GLP System — Type 11

Type 11

Unit Tm
circle
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Z.eros of GLP System — Type 11

Type 11

Unit
circle

Group of 4 reciprocal and conjugate zeros
Group of 2 real and not on unit circle zeros
Group of 2 real and not on unit circle zeros

Penn ESE 531 Spring 2020 - Khanna
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Z.eros of GLP System — Type 11

Type 11

Unit
circle

Single real and on unit circle zero

Penn ESE 531 Spring 2020 - Khanna
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®: Zcros of GLP System — Type II

a0 FIR GLP System Function

M
H(z) = Zh[M —nlz"
n=()

=z"MHiz ).

Penn ESE 531 Spring 2020 - Khanna
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Zeros of GLP System — Type 11

a0 FIR GLP System Function

M 0
H(z) =) hIM—nlz™" = ) hlklz*z™
k=M

n=()
=z"MH ™).

Considerz=-1: H(-1)=(-1)""H(-1)

— for M odd, z=-1 must be a zero (Type II)
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Zeros of GLP System — Type 11

Type 11

U nit Tm
circle
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FIR GLP: Type I and II

}‘/’ Center of H / € ‘;0)

symmetry

1 T \

O I I —o5
0 M M=4 n

2

Center of

UL Pes

|
0 M M=5 n
2 2?0'67
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’ Z.eros of GLP System — Type III and IV

a0 FIR GLP System Function

M

H(z) = Z hinlz ™"
—0

Penn ESE 531 Spring 2020 - Khanna
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Z.eros of GLP System — Type III and IV

a0 FIR GLP System Function

M

H(z) = Z hinlz ™"
—0

Hiz =—-z"MHE).

Penn ESE 531 Spring 2020 - Khanna
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Z.eros of GLP System — Type III and IV

a0 FIR GLP System Function

M
H(z) = ) hlnlz™"
n=,_

If z, is a zero then z,~ is also a zero.

Penn ESE 531 Spring 2020 - Khanna
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Z.eros of GLP System — Type III and IV

a0 FIR GLP System Function
M

H(z) = Z hinlz "
n=_)

Real system — zeros occur in conjugate-reciprocal groups of 4
(1 - re’?27 (1 —re 771 = r 17711 = r e /97
a If zero 1s on unit circle (r=1)
(1—¢e/%771)1 —e 19771y,
0 If zero is real and not on unit circle (6 =0)
A+rz Ha+r7127h.
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Zeros of GLLP System — ]

"ype 111

Unit 0O Im

circle
O O
Re
k—j}

O
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Zeros of GLLP System — ]

"ype 111
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Zeros of GLLP System — ]

ype 1V

circle | z-plane
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Zeros of GLLP System — ]

ype 1V
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’ Z.eros of GLP System — Type III and IV

a0 FIR GLP System Function

Hiz =—-z"MHE).
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Z.eros of GLP System — Type III and IV

a0 FIR GLP System Function

Hiz =—-z"MHE™.

H(1)=-H(1) = z=1mustbeazero (Type Ill and IV)
H(-1)=- (-1)H(-1)

— for M even, z=—1 must be a zero (Type III)
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Zeros of GLLP System — ]

'ype III and IV

Type III

Unit O Im
circle

Type IV

Unit
circle | z-plane

b

O
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FIR GLP: Type III and IV

Center of
1 «—" symmetry
|
l | M=2
- & —o—» * - -
0 : l n
I
-1
Center of
1? e symmetry
J
IM=1
. 4 - ———0-—@
0 |

‘
1 n
=1
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GLP and Min Phase Systems

0 Any FIR linear-phase system can be decomposed
into:

H(z) = Hupin(2) Huc(2) Hmax (2)

0 A min phase system, system containing only zeros
on unit circle, and max phase system

Penn ESE 531 Spring 2020 - Khanna

90



GLP and Min Phase Systems

0 Any FIR linear-phase system can be decomposed
into:

H(z) =

()
L
o
¢
D

0 A min phase s

on unit circle, :

~
(
O

[
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What is a Linear Filter?

0 Attenuates certain frequencies
0 Passes certain frequencies

0 Affects both phase and magnitude

o 1IR

= Mostly non-linear phase response

= Could be linear over a range of frequencies

o FIR

= Much easier to control the phase

= Both non-linear and linear phase

Penn ESE 531 Spring 2020 — Khanna
Adapted from M. Lustig, EECS Berkeley
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ITR Filter Design

0 Transform continuous-time filter into a discrete-
time filter meeting specs

= Pick suitable transformation from s (Laplace variable) to g
(or £to n)

= Pick suitable analog H (s) allowing specs to be met,
transform to H()

0 We've seen this before... impulse invariance

Penn ESE 531 Spring 2020 - Khanna
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Impulse Invariance

0 Want to implement continuous-time system in

discrete-time

Continuous-time
e LTI system  jr——3
x.(1) h.(1), H.(j€2) ye(?)

Discrete-time

|

|

i)— C/D p—»| LTlsystem p—> D/C
x| x[n] | hinl.H(*) | yln]

I

|

i

|

Hoq(j) = H (j§2)

Penn ESE 531 Spring 2020 - Khanna
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: Impulse Invariance

0 With H_(j2) bandlimited, choose
o N0,
H(e")=H (j F)’ ‘a)‘ <7

0 With the further requirement that T be chosen such
that

H (jQ)=0, ‘Q‘zn/T

h[n]="Th (nT)
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S-Plane Mapping to Z-Plane

b

radius=e=% cos(bt,)

s-plane

Penn ESE 531 Spring 2020 - Khanna

T

z-plane
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Impulse Invariance

0 Sampling the impulse response 1s equivalent to mapping the
s-plane to the z-plane using:

- Z:esTd_rejw

0 The entire Q axis of the s-plane wraps around the unit circle
of the z-plane an infinite number of times

Penn ESE 531 Spring 2020 - Khanna
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Impulse Invariance

0 Sampling the impulse response 1s equivalent to mapping the
s-plane to the z-plane using:

- Z:esTd:rejw

0 The entire Q axis of the s-plane wraps around the unit circle
of the z-plane an infinite number of times

0 The left half s-plane maps to the interior of the unit circle
and the right half plane to the exterior

Penn ESE 531 Spring 2020 - Khanna
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Impulse Invariance Mapping

Mapping

\\\\
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Impulse Invariance

0 Sampling the impulse response 1s equivalent to mapping the
s-plane to the z-plane using:
m 7 = eSTd = ¢ ojw
0 The entire Q axis of the s-plane wraps around the unit circle
of the z-plane an infinite number of times

0 The left half s-plane maps to the interior of the unit circle
and the right half plane to the exterior

0 This means stable analog filters (poles in LHP) will
transform to stable digital filters (poles inside unit circle)

0 This is a many-to-one mapping of strips of the s-plane to
regions of the z-plane
= Not a conformal mapping

s The poles map according to z = e$14 | but the zeros do not always
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Impulse Invariance

0 Limitation of Impulse Invariance: overlap of images
ot the frequency response. This prevents it from

being used for high-pass filter design

H,(32)
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Bilinear Transformation

0 The technique uses an algebraic transformation
between the variables s and g that maps the entire
j (2 -axis in the s-plane to one revolution of the unit
circle in the z-plane.
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Bilinear Transformation

2 [1-2z71
\S' = ;
Ty \1+4z71

0 Substitutings = 0+ Qand z = ¢
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Bilinear Transformation

2 1=z
S = .
Ta \1+z71
0 Substitutings = 0+ jQand z = ¥
2 (1 - e"f“’)
S = —
Ta \1+ e 7@

2 [2.«3-!‘"/2( j sinw/2)] 2j

s=0+ jQ= tan(w/2).

Ta| 2e-i92(cosw/2) | Ty
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Bilinear Transformation

2
= Td tan(w/2).

w = 2 arctan({Q7;/2).

No aliasing, but mapping nonlinear
(Impulse invariance:

linear mapping, but with aliasing)
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Transformation of DT Filters

: Analog '
| Lowpass :
S, o
A 1 1
s /= G(Z ) Digital Lowpass,
o lp( ) 4 Bandpass, Highpass,
Digital Lowpass | 7.0 1 sformation etc.

0 Z — complex variable for the LP filter

0 z — complex variable for the transformed filter

0 Map Z-plane=>z-plane with transformation G
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Transformation of DT Filters

: Analog :
| Lowpass I
S, o
A 1 1
s /= G(Z ) Digital Lowpass,
o lp( ) 4 Bandpass, Highpass,
Digital Lowpass | .01 sformation etc.

0 Map Z-plane=2>z-plane with transformation G

H(Z) = HIP(Z)IZ*lzG(g‘-l)
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General Transformations

TABLE7.1  TRANSFORMATIONS FROM A LOWPASS DIGITAL FILTER PROTOTYPE
OF CUTOFF FREQUENCY 6p TO HIGHPASS, BANDPASS, AND BANDSTOP FILTERS

Filter Type Transformations Associated Design Formulas

= sin (9523'1)

LY - T

Lowpass Z—l = T:—-GF sin (92+‘”E)
wp = desired cutoff frequency
bpt+wp
g -1 Tt Ol=———cos( )
Highpass 7 = 1T ol cos (BE_TL‘” 4 )

wp = desired cutoff frequency

2+@Wp1

COS(SLZ_L)
O "= e ———
w 2—([) 1
2 Jmk o1y kel cos(—"—z——L)

Wp) = Wyl 6
HZ_Z—%Z_I‘}'l k = cot (—g-——z-—l-—)taﬂ(?p)
wpy = desired lower cutoff frequency
wp = desired upper cutoff frequency

Bandpass Z -1

cos(wgz-rwgl )
2 _ 2 1, 1=k “T cos (2p22p!
- - -
R v 22 o S
Bandstop z7l= i L 5 11-.-k Wp2 ~ @pi fp
K-2 . 2a -1 1 k =tan | ————— | tan | —
15k 1+k 2 2

wpy = desired lower cutoff frequency
wpy = desired upper cutoff frequency

/.2-7.4 in textbook
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Big Ideas

0 Generalized Linear Phase Systems
= Useful for design of causal FIR filters
s Have linear phase = constant group delay

= Type I, I, III, IV suited for different types
= Low pass, band pass, high pass

o 1IR

= Design from continuous time filters with mapping of s-
plane onto z-plane

o DT filter transformations

s Transform z-plane with rational function G(z!)
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Admin

a HW 6

= Out now
= Due Sunday 3/29

a I want to hear from you

s Concerns

= Suggestions

s Feedback
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