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a Discrete Fourier Series
a Discrete Fourier Transform (DFT)
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Discrete Fourier Series
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&Penn
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¢ Reminder: Eigenvalue (DTF
3 g
o x[n]=c®n o
. H(e")= Y ikl
vnl="Y, xin-kIhlk] =
p—
w 0 Describes the change
= E e/ Pplk] in amplitude and
k=20 phase of signal at
ki frequency W
=ejam E h[k]e—jwk qu Y
; a Frequency response
—H(e jw)e Jjon o Complex value
= Reand Im
= Mag and Phase
Penn ESE 531 Spring 2020 - Khanna 4

eelsieeels

Discrete Fourier Series

0 Definition:
= Consider N-periodic signal:

Zn+ N]=Z[n| Vn

= Frequency-domain also periodic in N:

X[k+ N]=X[k] Vk

.

. indicates periodic signal/spectrum

Penn ESE 531 Spring 2020 — Khanna
Adapted from M. Lustig, EECS Berkeley

8.1 in text

eelsieeels

Discrete Fourier Series

0 Define:
Wy & e—927/N
o DFS:
1 N-1 B
Bl = % 3 XKW
k=0
_ N-1
X[k = En]WN"
n=0

Penn ESE 531 Spring 2020 — Khanna
Adapted from M. Lustig, EECS Berkeley




. . . A —j2m/N
Discrete Fourier Series Wy =e

oelsiese’s

0 Properties of Wy
= W =W N =W N= =1

o W R = WKW and, WY = Wk

Penn ESE 531 Spring 2020 — Khanna
Adapted from M. Lustig, EECS Berkeley

a

Discrete Fourier Series

oelsiese’s

Wy & ¢=927/N

a Properties of Wy
. W= W N =W N = =1
- \erk+r - WrNk\\(/Nr and, Wka+N e W’Nk

0 Example: Wk (N=6)

k=1

Penn ESE 531 Spring 2020 — Khanna

Wy £ e92m/N

seseees

Discrete Fourier Series

0 Properties of Wy

. W= W N = W N= =1

= WK = WKW and, WY = Wk
a Example: W0 (N=6)

k=1 k=2
n=5
n= n=0,6
n=3
n=2 n=1

Penn ESE 531 Spring 2020 — Khanna
Adapted from M. Lustig, EECS Berkeley

Discrete Fourier Transform

eelsieeels

0 The DFT
1 N2
z[n] = ¥ kzzo X[k]Wx*™  Inverse DFT, synthesis
N-1
X[k] = m[n]W,’f," DFT, analysis
n=0

o It is understood that,
zln] = 0
X[k = 0

outside 0 <n< N -1
outside 0 < k<N —1

Penn ESE 531 Spring 2020 — Khanna
Adapted from M. Lustig, EECS Berkeley

Adapted from M. Lustig, EECS Berkeley 8
¢ Discrete Fourier Transform
a By convention, work with one period:
Zn] 0<n<N-1
zln] = :
0 otherwise
A | X[k 0<k<N-1
xp 2 AW .
0 otherwise
Same, but different!
Penn ESE 531 Spring 2020 — Khanna
Adapted from M. Lustig, EECS Berkeley 10
: DFS vs. DFT
0] DFS [ Izm [
B TTmT? ?TmT? ?TmT?“',‘ | ye
v R L R B
Penn ESE 531 Spring 2020 — Khanna
Adapted from M. Lustig, EECS Berkeley 12




: : A —j2m/N
i DFS vs. DFT i Example Wy =e
z[n]
1
I A e [
o[l 1e o111 ot T, - T
N-1
X[k] = z[n]Wkn N=6
n=0
) DFI— X[]
?TTHT? i o .
: 7l I
Penn ESE 531 Spring 2020 — Khanna Penn ESE 531 Spring 2020 — Khanna
Adapted from M. Lustig, EECS Berkeley 13 Adapted from M. Lustig, EECS Berkeley 14
: A _—j2n/N 2 A _—j2r/N
: Example Wy Ze : Example Wy =e
z[n] z[n]
o1 2 8 4 5 ° n o1 2 5 2 5 ° n
N-1 N-1
X[k = ) apwr X[k = z[n]Wx?
n=0 n=0
2 27
Wo=e's Wo=e S > (/0
5= 6= — X[O]=E(W6) =6
5 5 -0
X[k]= Y 07))" X[k1= Y07y
n=0 n=0
Penn ESE 531 Spring 2020 — Khanna Penn ESE 531 Spring 2020 — Khanna
Adapted from M. Lustig, EECS Berkeley 15 Adapted from M. Lustig, EECS Berkeley 16
: A _—j2n/N : A _—jon/N
: Example Wy =e : Example Wy =e
z[n] z[n]
1 1
T T T T T B T T T T T B X[ 1] - ?
o1 2 3 4 5 n o1 2 3 4 5 n
N-1 s ()
X[k)] = Z z[n]W}%" X[1]=E(W/ﬁ)"=2[e s ]
n=0 n=0 n=0
_p s
= 6 N
Wy=e —_— X[0]= D7) =6
5 n=0
X[k]= S 07)"
pur X[1]=?
Penn ESE 531 Spring 2020 — Khanna Penn ESE 531 Spring 2020 — Khanna
Adapted from M. Lustig, EECS Berkeley 17 Adapted from M. Lustig, EECS Berkeley 18




.
Wy & e=92m/N

Example

oelsiese’s

z[n]
L, o

s s
X[l]=2<W6>"=2Le 6]
n=0 n=0

pm _pgm g 1 ox
=l+e ®+e ®+e O +e O +e O

Penn ESE 531 Spring 2020 — Khanna
Adapted from M. Lustig, EECS Berkeley 19

A —jon/N
Example Wy £ e 7%/

oelsiese’s

z[n]
L, o

s 5 2 \"

n s

XU=3 ) =Yle"*
n=0 n=0

2 4 _ 6 8 10

= i i J -/
=l+e O +e ®+e O t+e Cte O

g pmo pmoom x _amsw
=e %le “+e C+elre e e ©

Penn ESE 531 Spring 2020 — Khanna
Adapted from M. Lustig, EECS Berkeley 20

Wy £ e92m/N

seseees

Example

z[n]
)
DENEIESEES
o1 2 3 4 5 ° n
s s o2\
X[1]=2<W6)”=2Le 6]
n=0 n=0
21 _4x_6x 87 1oz

- J T b
=l+e ®+e C+e C+e O 4e ©

_PE

St pmo pmomo _xo pm sm
=e ®le S +e C+eb4e Ste O 4e O

-2x T 37 Sx
=e © (2cos(€)+ 2005(?)+ 2008(?)) = O |
Penn ESE 531 Spring 2020 — Khanna

Adapted from M. Lustig, EECS Berkeley 21

. . . A —j2m/N
Discrete Fourier Series Wy =e

seseees

a Properties of WN:

. W= W N = W= =1

n WK = WMV, and, W oN = Wk
o Example: Wk (N=6)

k=1 k=2
n=5
n= n=0,6
n=3
n=2 n=1

Penn ESE 531 Spring 2020 — Khanna

Wi £ ¢92n/N

eelsieeels

Example

i

5 nk _
XTk] = E W k=0,1,2,3,4,5

n=0
0 else

= 60lk]

Penn ESE 531 Spring 2020 — Khanna
Adapted from M. Lustig, EECS Berkeley 23

Adapted from M. Lustig, EECS Berkeley 22
Example Wy & e /2
z[n] Z[n|
RRENEREREENR
o1 2 3 4 5 n
5 nk _
X[k]= > k=01,2345
0 else
=60[k] “6-point” DFT

Penn ESE 531 Spring 2020 — Khanna
Adapted from M. Lustig, EECS Berkeley 24




Example

oelsiese’s

.
Wy & e=92m/N

o Q: What if we take N=10?
o A: X[k] = X[k] where &[n] is a period-10 seq.

Penn ESE 531 Spring 2020 — Khanna

A —jon/N
Example Wy £ e 7%/

oelsiese’s

0 Q: What if we take N=10?
o A: X[k] = X[k] where &[n] is a period-10 seq.

z[n] Z[n]

RRNR AR

X[k]= 3 AlnW k=01234,56.7.8.9

0 else

“10-point” DFT

Penn ESE 531 Spring 2020 — Khanna

Adapted from M. Lustig, EECS Berkeley 25
: A _—jon/N
: Example Wy Ze
o Q: What if we take N=10?
o A: X[k] = X[k] where &[n] is a period-10 seq.
z[n] Z[n]
n
3 k
X[k = > Wiy k=01,2,3456,7.89
0 else
Penn ESE 531 Spring 2020 — Khanna “10-point” DFT
Adapted from M. Lustig, EECS Berkeley 27

Example

eelsieeels

o Now, sum from n=0to 9

9 . 5 .
X[k]= Enﬂ)x[n]wl(,; = Emleg

_A
27, \" I-|e ¥ -k
5 -k l-e 7
o] A
n=0

Penn ESE 531 Spring 2020 — Khanna
Adapted from M. Lustig, EECS Berkeley 29

Adapted from M. Lustig, EECS Berkeley 26
¢ Example
.
.
o Now, sum from n=0 to 9
X[k]= 29 X[ = 25 W
n=0 10 n=0 10
Penn ESE 531 Spring 2020 — Khanna
Adapted from M. Lustig, EECS Berkeley 28
¢ Example
.
.
o Now, sum from n=0 to 9
XK= A= Wik
n=0 10 n=0 10
6
2
1 it s
an \" T ’/7”1‘
5 -k l-e
= E e’ | oA/ 7%
=0 _ax 2w
l-¢ 1 1-¢ 10
37 3z 37
k| ik ik 37
e e’ —e ? sin| —k
ik 5
= —e 2
x B 7
-k Zk -k T
e 1o (e/m _e ‘10 ) sm(wk)
Penn ESE 531 Spring 2020 — Khanna “10- po| nt” DFT
30

Adapted from M. Lustig, EECS Berkeley




DFT vs. DTFT

oelsiese’s

o For finite sequences of length N:
= The N-point DFT of x[n] is:

N-1 N-1
X[k =Y ap]Wi = alple /MM o<k <N -1
n=0 n=0

= The DTFT of x[n] is:

N-1
X (%) = E z[nle™ 7" —oco<w< 00
n=0
Penn ESE 531 Spring 2020 — Khanna
Adapted from M. Lustig, EECS Berkeley 31

DFT vs. DTFT

oelsiese’s

a The DFT are samples of the DTFT at N equally
spaced frequencies

X[k] = X ()| g2z O0<k<N-1

Penn ESE 531 Spring 2020 — Khanna
Adapted from M. Lustig, EECS Berkeley

seseees

DFT vs DTFT

seseees

DFT vs DTFT

o Back to example

. (37
xS0 (—k
vir1 Z N\ gk _ 7 5

Nﬂwﬂ N

1

o
(] 1 2 3 4 5 6 7
w

Penn ESE 531 Spring 2020 — Khanna
Adapted from M. Lustig, EECS Berkeley

34

o Back to example
3
L sinf—Fk
5 o ik 5
XK= Wi=e 2
n=0 T
sin| —k
10
Penn ESE 531 Spring 2020 — Khanna
Adapted from M. Lustig, EECS Berkeley 33
: DFT vs DTFT
:
0 Back to example -
L sin (—k)
%k
vir1 =\ gk _ 72

\s5 )

1(lk)
10

“6-point” DFT
Use fftshift

to center
7 around dc

Penn ESE 531 Spring 2020 — Khanna
Adapted from M. Lustig, EECS Berkeley 35

DFT vs DTFT

eelsieeels

sin
=

o Back to example (
vir1- Nk _ 72

g
5

{i]

“6-point” DFT
“10-point” DFT

N

Use fftshift
to center
’ around dc

Penn ESE 531 Spring 2020 — Khanna
Adapted from M. Lustig, EECS Berkeley




DFT Examples

oelsiese’s

A A

0 2 a4 s

3456780

XiH- lE SV k=012345

else

=50[k] 6-point” DFT

DFT and Inverse DFT

oelsiese’s

0 Use the DFT to compute the inverse DFT. How?

N-1
1
z[n] = N X[E]WxNF™  Inverse DFT, synthesis
k=0
N-1
X[k = z[n]Wkn DFT, analysis
n=0
Penn ESE 531 Spring 2020 — Khanna
Adapted from M. Lustig, BECS Berkeley 38
¢ DFT and Inverse DFT

o Use the DFT to compute the inverse DFT. How?

N-z*[n] = N (DFT '{X[k]})"

1 N-1
_ —kn
= N NkZ_OX[k]WN

Penn ESE 531 Spring 2020 — Khanna

Penn ESE 531 Spring 2020 - Khanna 37
: DFT and Inverse DFT
0 Use the DFT to compute the inverse DFT. How?
* —1 *
N-z*[n] = N (DFT ' {X[k]})
Penn ESE 531 Spring 2020 — Khanna
Adapted from M. Lustig, EECS Berkeley 39
: DFT and Inverse DFT
0 Use the DFT to compute the inverse DFT. How?
* —1 *
N-z*[n] = N (DFT '{X[k]})
*
1 kn
= N[> § : X[k|Wx
N-1
_ * kn
= X*k]Wy
k=0
Penn ESE 531 Spring 2020 — Khanna
Adapted from M. Lustig, EECS Berkeley nl

Adapted from M. Lustig, EECS Berkeley 40
: DFT and Inverse DFT
0 Use the DFT to compute the inverse DFT. How?
* —1 *
N-z*[n] = N (DFT '{X[k]})
*
(a+ jb)+(c+ jd)) 1
( || = N( ZX[k]W n
- j(b+d
((a+c>+./( +d)) Py
=(a+€.)-/(b+({) N—1
= (@=jb)+(c= jd) . n
@by e jdy| = X kWY
k=0
Penn ESE 531 Spring 2020 — Khanna
Adapted from M. Lustig, EECS Berkeley 42




DFT and Inverse DFT

oelsiese’s

0 Use the DFT to compute the inverse DFT. How?

N -z*[n] = N(D]:T_1 {X[k]})*

*

1 N-1
_ —kn
= N _?—o: XKWy

N-1
= ) X kWi
k=0

= DFT{X*[k]}
Penn ESE 531 Spring 2020 — Khanna
Adapted from M. Lustig, EECS Berkeley

43

DFT and Inverse DFT

oelsiese’s

0 Use the DFT to compute the inverse DFT. How?

N - z*[n]

1 N-l *
— —kn
= N5 X XKWy
k=0
N-1
— * kn
= X*[k]Wy
k=0
Penn ESE 531 Spring 2020 — Iqmnn
Adapted from M. Lustig, EECS Berkeley 44

DFT and Inverse DFT

seseees

o So

DFT{X*[k]} = N (DFT* {X[k]})"

Penn ESE 531 Spring 2020 — Khanna
Adapted from M. Lustig, EECS Berkeley

DFT and Inverse DFT

seseees

o So

DFT {X*[k]} = N (DFT* {X[k]})"

DFT (XK} =  (DFT (XK}

Penn ESE 531 Spring 2020 — Khanna

DFT and Inverse DFT

eelsieeels

o So

DFT{X*[k]} = N (DFT* {X[k]})"

DFT{X[k]} :@

0 Implement IDFT by:
» Take complex conjugate
= Take DFT
= Multiply by 1/N

= Take complex conjugate

Penn ESE 531 Spring 2020 — Khanna
Adapted from M. Lustig, EECS Berkeley

47

Adapted from M. Lustig, EECS Berkeley 46
. N_1
3 . _ kn
i DFT as Matrix Operator X[kl = Y anWy
. n=0
DFT:
X[0] wip s wRr wRtN = (0]
X[k] = w‘,’f,” . whn - W;(iv—l) x[n)
X[N -1 i : 1)n Chne Z[N'— 1]
W(N 1)0 . WI(VN 1) ] L WI(VN 1)(N-1) X
freq, X[K] DFT matrix time, x[n]
Penn ESE 531 Spring 2020 — Khanna
Adapted from M. Lustig, EECS Berkeley 48




DFT as Matrix Operator

.
.
.
.
00
X[0] WN
X (k] = wko
X[N —1] W}(\]N-no
IDFT:
—00
z[0] Wi
(n] _ L “no
z[n] =N WN
1[N.— 1] —(N-1)0
W
Penn ESE 531 Spring 2020 — Khanna
Adapted from M. Lustig, EECS Berkeley

—ok

wN
Znk

WN

—(N-1)k
w0

N-1
Xk = Y znwE
n=0
O(N-—-1
WN( d z[0]
wh(¥-1 z[n]
W}(\]N—l)(N—l) z[N —1]
WOV X[0]
w;,"i”-‘) X[k]
X[N‘— 1]

—(N-1)(N-1
W (VD=1

N2 complex multiples -

seseees

Properties of the DFT

o Linearity

Penn ESE 531 Spring 2020 — Khanna
Adapted from M. Lustig, EECS Berkeley

. N-1
. . _ kn
¢ DFT as Matrix Operator Xk = > apwg
. n=0
DFT:
X[0) wiP wRr W=D 2[0]
X[k = Wk]o wkn w}fl(’.\’*l) [n]
X[N - 1] WI(VN’—l)o W}(\’N.—l)n W}(\]N-i)(N-n o[N'- 1)
IDFT:
- - —~0(N -1
(0] Wy e WO wROW =D x[0]
: N : i :
z[n] - w0 wyk wN"(N 1) X k]
2N - 1) W;(zirq)u W;(N—l)k W;(N—.l)(N—l) XN - 1)
Penn ESE 531 Spring 2020 — Khanna
Adapted from M. Lustig, EECS Berkeley 49
¢ DFT as Matrix Operator
.
o Can write compactly as
X = Wpyx
L Wi X
x = — Wy
N
Penn ESE 531 Spring 2020 — Khanna
Adapted from M. Lustig, EECS Berkeley 51
¢ Circular Shift
.
%[n] Fln-m]

el

'"TT? ?TT IT?m?

Penn ESE 531 Spring 2020 — Khanna
Adapted from M. Lustig, EECS Berkeley

N-1

n

o Circular Time Shift

a Properties of DFT inherited from DFS

alml[n] + Qoo [’I’L] < C\(le[k] + a2X2 [k]

&[((n—m))n] & X[kle I ET/NR™ = X [K]WR"

52

Circular Shift

eelsieeels

]

F[n-m)

i ?TIHT? ?TTHT?l ?Tmh‘”

0 N

]

. '"TT? ?TTUT?M?TNTT? ?TH'"n

N-1

?THTT?

0 N-1

Penn ESE 531 Spring 2020 — Khanna
Adapted from M. Lustig, EECS Berkeley
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Circular Shift

oelsiese’s

]

il ”

Shift by 3

oelsiese’s

Circular Shift

Shift by 3

bl

Ll ”

Penn ESE 531 Spring 2020 — Khanna

Adapted from M. Lustig, EECS Berkeley 56

Circular Shift

seseees

Shift by 3

Penn ESE 531 Spring 2020 — Khanna

Adapted from M. Lustig, EECS Berkeley 58

0 N-1
Penn ESE 531 Sprmg 2020 — Khanna
Adapted from M. Lustig, EECS Berkeley 55
¢ Circular Shift
Shift by 3
o]
Tooll] ”
0 N1
Penn ESE 531 Spring 2020 — Khanna
Adapted from M. Lustig, EECS Berkeley 57
Circular Shift
+#l Shift by 3
?TWT? ,
) N=1
|
Silie
0 N-1
&) |
o010l
0 N1
Penn ESE 531 Spring 2020 — Khanna
59

Adapted from M. Lustig, EECS Berkeley

Properties of DFT

eelsieeels

a Circular frequency shift
a[n]e! /MM = afn]W™ & X[(k ~1)x]
a Complex Conjugation

" [n] & X*[((=F))n]

0 Conjugate Symmetry for Real Signals
If x[n] real

z[n] = z*[n] < X[k] = X*[((=k))~]

Penn ESE 531 Spring 2020 — Khanna
Adapted from M. Lustig, EECS Berkeley 60
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Example: Conjugate Symmetry

4-point DFT
—Symmetry

Penn ESE 531 Spring 2020 — Khanna
Adapted from M. Lustig, EECS Berkeley

z[n] = z*[n] + X[k]

= X"[((=k))n]

61
¢ Example: Conjugate Symmetry
4-point DFT /—\ X[k
—Symmetry T T T T
4 3 2 14 0 1 2 3 k
N
Nt o Lot oty €] = 27 (0] & X[k = X*[(=R))N]

¢ Example: Conjugate Symmetry

4-point DFT X[K]
—Symmetry m T
4 -3 -2 1 0 1 2 3 k
N
m X[k]
5-point DFT
ey | | [ ][] ][]
o 1 2 3 4 k

Penn ESE 531 Spring 2020 — Khanna
Adapted from M. Lustig, EECS Berkeley

z[n] = z*[n] <> X[k]

= X*[((=k))nN]

65

Example: Conjugate Symmetry

4-point DFT
—Symmetry

Penn ESE 531 Spring 2020 — Khanna
Adapted from M. Lustig, EECS Berkeley

z[n] = z*[n] &> X[k] =

X[((=k))N]

62
¢ Example: Conjugate Symmetry
4-point DFT
—Symmetry T ']’ T ]’
3 02 4 0 1 2
A
. R
4-point DFT /\ X[k
—Symmetry T T
0o 1 2 3 k
N
N from . g S ey T = @] & X[K] = X*[(=R))w]

Example

>

X[k]

Penn ESE 531 Spring 2020 — Khanna

Adapted from M. Lustig, EECS Berkeley

5-point DFT
—Symmetry T T T T
5 -4 -3 -2 -1 2 3 4 k
\_)
5-point DFT /
—Symmetry | T T T
0 1 2 3 4 g

=

66
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oelsiese’s

Properties of the DFS/DFT

Discrete Fourler Series Discrete Fourler Transtorm
Property | N-periodic sequence N-periadic DFS Property N-polnt sequence N-point DFT
bl il ) xle)
i), %l X[k X1 wb) wl] X[k [
Lincarty o)+ 5, 1] oK)+ 67, 4] Lincarity ax o]+ br,ln) ax, (k] bx,e]
Duality Xn) Ni[-k] Duality X[n) Naf((- k)]
Time Shift Fn-m] Wi x[K] *“”j];:l]"‘““ ln-m)), ] wix[K]
Circular
freguency Wil -1 1fcmw W) -0,
Comoten | 2l -] RA0Ra0 comototon | Zrlhlo-m)i] Xl
Maliplcation Sl IS RORE-D | maptcsion slablo] LSl
Conjtpion TH Conjtpion <l XlEn]

Penn ESE 531 Spring 2020 — Khanna
Adapted from M. Lustig, EECS Berkeley

Duality

seseees

If x—275 X, then {X[nl}) o 275 N {d(~k)x1} o

¢ Properties (Continued)
.
Time-
L) $30] i <L) 130
Reat Par Relili} X[l Eh) | reutra Relafn} X, - (el X0,
R jumislo Tl 30T a) | e il X - St X )
wvenpan | 5, fol= 36l ¥ -n) Refle] wvenpan | 5, b= 3ol x ) ) Re{x[t]
odPan | & [..|—§[‘|,.]—\'[—"]> Jiml¥le]) 0dd Part x‘[,,]r%[r[,.p;[u—,.p ) Jim{xe]
- X-4) M= X[
Symmety for [ Refilell= Rel¥{- AL | symmery tor [ Retxfeh=Relx((-K), }
" Real #ll=%"ln] limfelelf=-tmf-k} | Reat A=) [ (e} = - (- ),
e [gpit | [ [0
| 2k =-¥(-4] 2xfk]=-2x[(-4)),]
SebRbl- 4 SRR Siabhol Sl
Parseval’s g Paneval’s d
denity - ) denity
Sl -3 St
Penn ESE 531 Spring 2020 — Khanna
Adapted from M. Lustig, EECS Berkeley

Penn ESE 531 Spring 2020 - Khanna

Penn ESE 531 Spring 2020 - Khanna 69
¢ Proof of Duality
N N-1 _,,z;r o
DFT of {x{n]}, is X[k]=) xple " ; k<0<N-1
p=0
N-1N-1 7}_2;:‘”‘ 7/_2;: n
DFT of {X[n]}Y is Sy xple N e N, k<O0<N-1
n=0 p=0
X[n)
N-1 N-1 27
—J°,, (ptk)n
=X Apl Ye ¥
p=0 n=
N for (p+k))y=0,
0 otherwise
(p+k)y =0 for0<p &k<N-1 = p=((-k)y
p=—k+mN =((-k)), +rN+mN =((-k)), because 0<p<N -1
<. DFT of {X[n]}3 is N{xl(-)yT}q
71

¢ Duality
If x—275 X, then {X[nl}) , 2> N {(-K)y1}
2in] 225 % [k,
% (n) 225 NR[—k].
Penn ESE 531 Spring 2020 - Khanna 70
i Circular Convolution

o Circular Convolution:
N-1

z1[n] @ zaln] £ Y wamlzs[((n —m)) ]

m=0
For two signals of length N
Note: Circular convolution is commutative
z3[n] @ z1[n] = 71 [n] @ 2[n]

Penn ESE 531 Spring 2020 — Khanna
Adapted from M. Lustig, EECS Berkeley 72




Compute Circular Convolution Sum

oelsiese’s

o

N-1
z1[n] @ aln] = Y @1 [mlas[((n — m)) N]
m=0
Penn ESE 531 Spring 2020 — Khanna
Adapted from M. Lustig, EECS Berkeley 73

Compute Circular Convolution Sum

oelsiese’s

z1[n]
1 o o
01 2 3 4 5 6 n
2(n]
1 o 0
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Compute Circular Convolution Sum
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Circular Convolution
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o For x;[n] and x,[n] with length N

.’L’1[n] @ :Ez[’n,] — X4 [k] . Xz[k]

= Very usefulll (for linear convolutions with DFT)
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Multiplication

a For x;[n] and x,[n] with length N

z1[n] - 2aln] © %Xl[k] ® Xa[k]

Penn ESE 531 Spring 2020 — Khanna
Adapted from M. Lustig, EECS Berkeley 86

Linear Convolution
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0 Next....
= Using DFT, circular convolution is easy...

= ...But want linear convolution not circular

= So, show how to perform linear convolution with circular
convolution
= Use DFT to do linear convolution

= Because FFT is fast implementation of DFT, do linear
convolution faster via the DFT
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Big Ideas

o Discrete Fourier Transform (DFT)
= For finite signals assumed to be zero outside of defined
length
= N-point DFT is sampled DTFT at N points
= Useful properties allow easier linear convolution
o DFT Properties

= Inherited from DFS, but circular operations!
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Admin
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0 HW 7 out now
= Due Sunday
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