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0 Spectral Analysis with DFT
o Windowing
o Effect of zero-padding

o Time-dependent Fourier transform

= Aka short-time Fourier transform
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Spectral Analysis Using the DFT

seseees

0 DFT is a tool for spectrum analysis

= Find out what frequencies are in your signal
0 Should be simple:

= Take a block, compute spectrum with DFT
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Spectral Analysis Using the DFT

a DFT is a tool for spectrum analysis

= Find out what frequencies are in your signal
a Should be simple:

= Take a block, compute spectrum with DFT
0 But, there are issues and tradeoffs:

= Signal duration vs spectral resolution

= Sampling rate vs spectral range

= Spectral sampling rate

= Spectral artifacts

Penn ESE 531 Spring 2020 — Khanna
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Spectral Analysis Using the DFT

o Steps for processing continuous time (CT) signals

PRI Continuous-to-
Antialiasing " :
— et | e ime (] 0P |
sc(0) 5 x(0) | conversion | x[n] v[n] VIK

Haa(j) T

win]
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Spectral Analysis Using the DFT

0 Two important tools:
= Applying a window = reduced artifacts
= Zero-padding = increases spectral sampling

[ Parameter Symbol Units ‘
Sampling interval T s
Sampling frequency Qs = 2% rad/s
Window length L unitless
Window duration L-T s
DFT length N>L unitless
DFT duration N - s
Spectral resolution rad/s
Spectral sampling interval rad/s

Penn ESE 531 Spring 2020 — Khanna
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CT Signal Example

oelsiese’s

x (1) = A cos(w,t) + A, cos(w,?)
X, (jQ) = 47[5(Q- )+ 8(Q+ ) |+ 4,7[0(Q-0,)+ 5(Q+w,)]

Penn ESE 531 Spring 2020 — Khanna
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Sampled CT Signal Example

seseees

o If we sample the signal over an infinite time
duration, we would have:

-0<n<®

x[n]=

o With the discrete time Fourier transform (DTFT):

. ]
JjerTy _
(e )—T EXC

r=—%

j(Q—rZ—ﬂ) , -0o<Q<oo
T
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CT Signal Example

oelsiese’s

X () = A4 cos(w,t) + 4, cos(w,)
X,(jQ) = 47[5(Q-0)+5(Q+ )|+ 4,7[5(Q-w,)+8(Q+w,)]

CTSignal x,(0), ~o < t < 0, /2= 35 Hz, 2= 65 Hz FT of Original CT Signal (heights represent areas of 5121 impuilses)

s E
) Q12r (Hz)
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CT Signal Example

seseees

x (1) = 4, cos(w,t) + 4, cos(w,?)
X,(jQ) = Aln[é(Q—wl)+6(Q+wl)]+Azn[é(Q—wz)+6(9+wz)]

T Signal x (0 ~o < < 0, wy/21= 35 He, 0/2n= 65 He FT of Original CT Signal (eights represent areas of (0 impulses)

18] 35
1 3
05| 25

) e
x x

5| 15
a 1
s 05

0 o5 115 2 28 20 0 0 10 2
t® Qi2r(He)
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¢ Sampled CT Signal Example
:
0 Sampling with Q2s/2 7 =1/T=20Hz
Sampled Signal, n] = x,(nT), == < 1< oo, 11T =20 Hz DTFT of Sampled Signal (heights represent arzas of 31 | impulses)
1 80|
0.5 i% 50|
05 {E 30|
15 10|
100 20 m 0 0
. 2 ot
11
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Windowed Sampled CT Signal

eelsieeels

0 In any real system, we sample only over a finite
block of L samples:

x[n]= xc(t)LnT, O<n<L-1

a This simply corresponds to a rectangular window of
duration L
0 Recall there are many other window types

= Hann, Hamming, Blackman, Kaiser, etc.
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¢ Windows
:
Name(s) Definition MATLAB Command Graph (M =8)
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Windows

oelsiese’s

Name(s) Definition MATLAB Command Graph (M =8)

e M=

Hamn M:‘%["w{%\] <2 hann 0443) ;“'/A/ \
1 0 nl > M/2 o4
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¢ Windows
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¢ Windowed Sampled CT Signal
a Convolution with W(el%’) has two effects in the
spectrum:
= It limits the spectral resolution (spectral spreading)
= Main lobes of the DTFT of the window
= The window can produce spectral leakage
= Side lobes of the DTFT of the window
0 These two are always a tradeoff
= time-frequency uncertainty principle
= More later...
17
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i Windowed Sampled CT Signal
0 We take the block of signal samples and multiply by
a window of duration L, obtaining:
v[n]=x[n]-w[n], O<n<L-1
o If the window w[n] has DTFT, W(el%), then the
windowed block of signal samples has a DTFT
given by the periodic convolution between X(el%)
and W(e®):
. 1™ . .
V(e')y=— [ X" W('"")do
2me,
Penn ESE 531 Spring 2020 - Khanna 16
¢ Sampled CT Signal Example
0 Sampling with Q's/2 7T =1/T=20Hz
Sompiod gl A7l 0T, ~: <1 <5, UT=20He  DrETr Sampied Sigrl (s rpresenta of i )
e e e e W L PR
18
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Windowed Sampled CT Signal Example

oelsiese’s

0 As before, the sampling rate is Qs/2 7T =1/T=20Hz
0 Rectangular Window, L = 32
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»
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M
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multiply convolve H
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Windowed Sampled CT Signal Example

o As before, the sampling rate is Qs/27T=1/T=20Hz
0 Triangular Window, L = 32

Tharguar Window, L= 2 OTFT ofThangulr Window

Sos o
04
5
02
o
CR T R ] C o 0
@ 2:00
‘Samped, Windoved Sinal. Trangulr Window. = 32 OTFT of Sampied, Windowed Sinst

15

EZ.WTI A,?L l J:TTTTT%’?"‘%
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¢ Windowed Sampled CT Signal Example
0 As before, the sampling rate is $2s/2 7T =1/T=20Hz
0 Rectangular Window, L. = 32
l Linh
‘M?l& F T T T
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¢ Windowed Sampled CT Signal Example

0 As before, the sampling rate is Qs/27m=1/T=20Hz
0 Hamming Window, L = 32
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Windowed Sampled CT Signal Example

o As before, the sampling rate is Qs/27T=1/T=20Hz
0 Hamming Window, L. = 64

Hamming Window, L= OTFT o g Window
12 «
s
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2
»
"
"
o
i
o oomowowomoo@ EQ o %
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eelsieeels

Optimal Window: Kaiser

0 Minimum main-lobe width for a given sidelobe
energy percentage

Juidelobes |H (/) [*dw
J7 |H(e%)[2dw

0 Window is parametetized with L and B
= B determines side-lobe level

= L determines main-lobe width
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Window Comparison Example

oelsiese’s

y[n] = sin(2720.1992n) +0.005sin(270.257) |0 < n < 128

Penn ESE 531 Spring 2020 - Khanna 25

Window Comparison Example

oelsiese’s

[n] =sin(2770.1992n) +0.005sin(2770.251) |0 < n < 128

Rect

l‘ll‘ll!l‘!l”!l‘/”l‘fl‘“m‘l‘ m” """rum 1] I_‘ll Hmml

%0 [ 10 25

Tangle

ITIITTNYITR:

|
2

Penn ESE 531 Spring 2020 - Khanna 26

seseees

Window Comparison Example

Hamming
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Zero-Padding

o In preparation for taking an N-point DFT, we may
zero-pad the windowed block of signal samples

vin] O=sn=<L-1
0 LsnsN-1

0 This zero-padding has no effect on the DTFT of
v[n], since the DTFT is computed by summing over
infinity

a Effect of Zero Padding

= We take the N-point DFT of the zero-padded v[n], to
obtain the block of N spectral samples:

Penn ESE 531 Spring 2020 - Khanna 28

Zero-Padding

eelsieeels

0 Consider the DTFT of the zero-padded v(n]. Since the zero-
padded v[n] is of length N, its DTFT can be written:

N-l
V(e'”)= Ev[n]e"’j‘”, ~o<W<®

=0

0 The N-point DFT of v[n] is given by:
N-1 N-1 )
VIKI= Yvnlwy =y vnle /@M%, 0k <N -1
=0
0 We know that the DFT is a sample V(e/*):
Vik]=V(e™)| 0<k=N-1

5
2T
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Frequency Analysis with DFT

eelsieeels

0 Hamming window, L. = N = 32

‘Sampled, Windowed Signal Hamming Window, L = 32, Zaro-Padded 1o N = 32 N-Point DFT of Sampied, Windowed, Zero-Pacided Sigral
10 1

15|
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oelsiese’s

Frequency Analysis with DFT

0 Hamming window, L. = 32, Zero-padded to N = 64

‘Sampied, Windowed Signal Hamming Window, L = 2, ZoroPadded to N = 68 N-Poit DFT of Sampled, Windowsd, Zoo-Padded Signal

1
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Frequency Analysis with DFT

a Length of window determines spectral resolution
o Type of window determines side-lobe amplitude/
main-lobe width (spectral leakage/spreading)

= Some windows have better tradeoff between resolution

and side-lobe height

a Zero-padding approximates the DTFT better
(spectral sampling). Does not introduce new
information!

Penn ESE 531 Spring 2020 - Khanna 32

Potential Problems and Solutions

seseees

o 1. Spectral error
= a. Filter signal to reduce frequency content above Q /2 = 7 /T.
s b. Increase sampling frequency Q=27 /T.
0 2. Insufficient frequency resolution
= a. Increase L
= b. Use window having narrow main lobe.
0 3. Spectral error from leakage
= a. Use window having low side lobes.
= b. Increase L
0 4. Missing features due to spectral sampling
= a. Increase L.

= b. Increase N by zero-padding v[n] to length N > .

Penn ESE 531 Spring 2020 - Khanna
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Time Dependent DFT

&Penn,

Penn ESE 531 Spring 2020 - Khanna

DFT

eelsieeels

o DFT is only one out of a LARGE class of
transforms
0 Used for:
= Analysis
= Compression
= Denoising
= Detection
= Recognition

= Approximation (Spatse)

Penn ESE 531 Spring 2020 - Khanna
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Example of Spectral Analysis

0 Spectrum of a bird chirping
= Interesting,.... but...
= Does not tell the whole story

= No temporal information!

x[n]

Spoctrum of a bird chip.

500 ‘

|
= ()
o rg‘A‘J‘h.J J“"ﬂn\'v\/"mvﬁ-\*

o5 1 s B 25
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iSpectrum Demo

oelsiese’s

a https://dogparksoftware.com/iSpectrum. html

LT P

oot an

Penn ESE 531 Spring 2020 - Khanna 37
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Time Dependent Fourier Transform

0 Also called short-time Foutier transform
0 To get temporal information, use part of the signal

around every time point

X[n,A)= E x[n+mlw[m]e /"
0 Mapping from 1D > 2D, n discrete, A cont.
a Simply slide a window and compute DTFT

seseees

Time Dependent Fourier Transform

x[320 + m]

LR A ANARANAARAALL,
VRYR AR

(a)
x[720 + m]

VAT TEARAALAACAAAAAMOALLL .
T

(b)
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¢ Time Dependent Fourier Transform
:
200
2 |
E I
o
Il
J
(b)
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¢ Time Dependent Fourier Transform
:
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¢ Time Dependent Fourier Transform
:
o
0
10 \
fof |
i
(b)
0
£ [
ERY M
0 A
Al@2m)
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Spectrogram

oelsiese’s

a Plotting Y[n, A)

0

cos(uonz)

cos(0.2n)

cos(0.27n) + cos(0.237n)

ylnl =

n<0

0 <n <20,000
20,000 < n < 25,000
25,000 < n.

oelsiese’s

Spectrogram

o Plotting Y[n, A)

0 n<0
Jinl = cos(agn?) 0 <n < 20,000
- ] cos(0.27n) 20,000 < n < 25,000
cos(0.2rn) + cos(0.237n) 25,000 < n.
Spectrogram for Window Length L = 401
0.5 T T T T T
| |
041 | | 1
| |
T 031 1
S I |
Z 02 | | B
| |
0.1F | .—‘=
0 I . 1 . .
0 5000 10000 15000 20000 25000 30000

sample index
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3
i Spectrogram
o Plotting Y[n, A)
0 n<0
yin] = cos(agn?) 0 < n < 20,000
: cos(0.27n) 20,000 < n < 25,000
cos(0.2n) + cos(0.237n) 25,000 < n.
Spectrogram for Window Length L = 101
05 T T T T
0.4
®
< 03
=
02
0.1
) ‘ ‘ ‘ ‘
0 5000 10000 15000 20000 25000 30000
sample index
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¢ Spectrogram Example
3
3
I
1| 1
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i A
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T,
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: Spectrogram
; Spectrogram for Window Length L = 401
0s
I I
04 | |
g0 : :
<02 | 1
o1 ! ! —_
1
0 1 1
o0 5000 10000 15000 20000 25000 30000
sample index n
Spectrogram for Window Length L = 101
0s
04
f:
<03
02
0.1
0 0 5000 10000 15000 20000 25000 30000
sample index n
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¢ Discrete Time-Dependent Fourier Transform
©
X[n,A)= E x[n+mlw[m]e ™"
i
L-1 )
X[rR,k]= X[rR,27k | N) = E X[rR + mw[m]e /M kn
m=0
a L - Window length
a R - Jump of samples
0 N - DFT length
531 Spring 2020 - Khanna 48




Discrete Time-Dependent Fourier Transform

oelsiese’s

X[n,A)= }x: x[n+mlw[m]e*"

L-1

X[rR,k]= X[rR,27wk /| N) = 2 *[FR +mlwm]e /7

m=0
L-1
_ - jQa/N)km
X [k]= 2 x[rR +mw[m]e
m=0
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Audio Visualization

seseees

o https://www.youtube.com/watch?v=vvrIAMWEU-c

oelsiese’s

Joy Division

JOY DIVISION

UNKNOWN PLEASURES
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Discrete STFT

L1 optional
Xr k] = Z z[rR + mjw[m]eI2mkm/N
m=0
w
Aw = 2%
At=1L

\
!

one STFT coefficient

Penn ESE 531 Spring 2020 - Khanna 53

Penn ESE 531 Spring 2020 - Khanna 50
: DFT
N-1
X[k] = E x[n]e'ﬂ”k"/N
n=0
w
2T
Aw=—
N —
At = |
|
|
Aw - At =21 | t
one DFT coefficient
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¢ Spectrogram

L Je RN N

NAARANAN ¥ \

2 a 0 0 0 12 e 16 )

» What is the difference between the spectrograms?
a) Window size B<A ¢) Window type is different
b) Window size B>A
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Sidelobes of Windows

oelsiese’s

DTFT of Rectangular Window

DTFT of Hamming Window

oelsiese’s

Spectrogram

» What is the difference between the spectrograms?
a) Window size B<A
b) Window size B>A

c) Window type is different

Penn ESE 531 Spring 2020 - Khanna 56
: Application - Frequency Shift Keying
o FSK Communications
= Spectrogram transmitting ‘H” (ASCIT H = 01001000)
58
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¢ Window Size
Hamming Window, L = 32
§: ‘ gm
e Tﬂm L1 mﬁﬁ? U
Hamming Window, L — 64
i
Penn ESE 531 Spring 2020 - Khanna 57
¢ STFT Reconstruction
o If R <L =N, then we can recover x[n] block-by-
block from X, [k]
a For non-overlapping windows, R=L
= .
Jj2mkm/ N
x ] = % X, [kl
k=0
59
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STFT Reconstruction

eelsieeels

o If R <L =N, then we can recover x[n] block-by-
block from X, [k]

o For non-overlapping windows, R=L

1 S j2xkm/ N
x [m]=— ¥ X, [kle”™"

_ x [n-rR]

] wln-rR]

Y rR<sn<(r+1)R-1

Penn ESE 531 Spring 2020 - Khanna
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SFTT Reconstruction with overlap

0 Practically make R<L<N

o If we choose R, L, and N appropriately with
window, the overlap-add will negate the window
effects

£[n] = Z xy[n —rR].

r=—00

Penn ESE 531 Spring 2020 - Khanna
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Big Ideas

0 Frequency analysis with DFT
= Nontrivial to choose sampling frequency, signal length,
window type, DFT length (zero-padding)
= Get accurate representation of DFT
0 Time-dependent Fourier transform
= Aka short-time Foutier transform
= Includes temporal information about signal
= Useful for many applications

= Analysis, Compression, Denoising, Detection, Recognition,
Approximation (Sparse)

= Overlap for reconstruction

Penn ESE 531 Spring 2020 — Khanna
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Admin
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o Project
s Due 4/28

= Rubric in Canvas
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