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Discrete Time Fourier Transform
s Definition
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0 Frequency Response of LTI Systems
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-

T Systems

A system # is linear time-invariant (LTI) if it is both linear and time-invariant

DEFINITION

a LTI system can be completely characterized by its impulse
response

d— H —h

a0 Then the output for an arbitrary input is a sum of weighted,
delay impulse responses

r—| B F—oU yln| = Z hln — m] z[m]

mnm=—0o

yln]=x[n]=h[n]
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System Properties

0 Causality
= y[n] only depends on x[m] for m<=n
0 Linearity

= Scaled sum of arbitrary inputs results in output that 1s a scaled sum of
corresponding outputs

= Axy[n]+Bxy[n] 2 Ay,[n]+By,[n]
0 Memoryless
= y|[n]| depends only on x|n]
0 Time Invariance
= Shifted input results in shifted output
= x[n-q] = y[n-q]
o BIBO Stability

= A bounded input results in a bounded output (te. max signal value
exists for output if max)
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Difference Equations

0 Accumulator example

n

ynl= Y k]

k=—00
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Ditterence |

H.quations

0 Accumulator example

yln]=

n

Y x[k]

k=—00

vl =xin]+ 3 A[k]

k=—OO

yln]=x{n]+yln-1]

yln]=yln-1]=x[n]

Eaky[n -k]= E b x[n-m]

k=0 m=0
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. Ditterence Equations

0 Accumulator example

n

M= ,;_oo 4] r-l"_l.q> 1 )’l;-l

n-1
One-sample
y[n]=x[n]+ E x[k] “delay
h=—co y[n-1]

yln]=x{n]+yln-1]
yln]=yln-1]=x[n]

Eaky[n -k]= E b x[n-m]
k=0 m=0
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Example: Difference Equation

0 Moving Average System

M,

M +M +1kE X

yln]=
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: Example: Ditterence Equation

0 Moving Average System

M,

yln]= x|n

M +M +1kE

a0 Let M,=0 (1.e. system 1s causal)

-
=57 +12 x[n - k]
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Example: Difference Equation

0 Moving Average System

M,

yln]= x|n

M +M +1kE

a0 Let M,=0 (1.e. system 1s causal)

-
=57 +12 x[n - k]

Example 2.13 in
text (p 37)
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Eigenfunctions

L) L]
Y ICI
&
Penn ESE 531 Spring 2020 - Khanna 1



Eigenfunction

0 x[n]=el¥n
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: Eigentunction

0 x[n]=e®n

0

ynl= Y x[n-k]h[k]
k=—00

00

= ¥ Ok

k=—OO

= /" E hkle ™"
k=—00

= H(e’")e’™”

Penn ESE 531 Spring 2020 - Khanna

13



: Figenvalue (frequency response)

0 x[n]=el¥n

0

ynl= Y x[n-k]h[k]
fr=—00

00

= ¥ Ok

k=—OO

= /" E hkle ™"
k=—00
_ H(e]a))e]a)n
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0

H(e™)= ) hlkle™™

k=—OO

0 Describes the change
in amplitude and
phase of signal at
frequency W

0 Frequency response

0 Complex value

= Re and Im
= Mag and Phase
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DT Frequency Response

0 H(el(@+27m)n)
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DT Frequency Response

o H(e(@*27m)p

H(ej(a)+2yr)n)= E h[k]e—j(a)+2ﬂ)k
k=—00

_ E h[k]e—ja)ke—j2ﬂ:k
k=—00

00

= > h[kle™™

k=—00
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Periodicity of LLow Pass Freq Response

Hlp(ejw)

1

| | |
2T 2Mr W, =T -, W, 2m-w, 27

(a)
Hp(e*)

1

|
- —(0‘. (0‘. w
(b)
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Other Filters

High-pass

Band-stop

Band-pass
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th(ejw)
e I = —
| |
- -, 0 W, T W
(a)
Hys(e/)
1
| |
- -wp =W, 0 w, W) T W
(b)
pr(elw)
1
| |
-7 —~wp  —w, 0 ®, W) T W
(c)
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Discrete-Time Fourter Transtorm (DTFT)

L) L]
S Ienn
[
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: DTFT Definition

1 o
x[n]l=— | X(e’)Ye’"dw
[n] 2ﬂ_fﬂ (™)
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: DTFT Definition

1 o
x[n]l=— | X(e’)Ye’"dw
[n] 2ﬂ_fﬂ (™)

Alternate
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0.0]

X(f)= p, skl ™"
0.5f.

x[n]= [ X(f)e*™"df

~0.5f
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Example: Window DTEFT
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w(n]

“‘window”
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Example: Window DTFT

W(e’”) = i wlkle /™"
f=—o0

k=N
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“‘window”
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Example: Window DTFT

N

W(e’”) = E e ok
k= N

_ ja)N_I_eja)(N—l)_l_ _I_eja)O_I_ e—ja)(N—l)_I_e—ja)N

— TN ; ; . _ .
—e N (1+e’ +.. .+’ .+ 4 /)

1_pM+1
1-p

Useful sum: 1+p+p°+..+p"
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Example: Window DTFT

N
W(e’”) = E e ok

k=N
—jw(N-1)

= /N L /oD L L0 e —JoN

— TN ; ; . _ .
—e N (1+e’ +.. .+’ .+ 4 /)

+ e

Useful sum: 1+p+p*+..+p" = -p™"
I-p
p=e’ M=2N
W(e'”)=e " I- ejw(%N+1)
1-e’”
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Example: Window DTFT

N 1— ejw(2N+1)

1-e’”
—-JoN eja)(N+1)

W(e'")=e

e

1-e’

-joN eja)(N+1) e—jw/2
. X

1-e’” e

e—ja)(N+l/2) _ eja)(N+1/2) sm((N + 1/2)(0)

e

—jw/2

e 1V _ el sin(a)/Z)

Periodic sinc
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: Example: Window DTFT o

sin((N + 1/2)00)

sip (a)/2)

W(e') =

Also, 2w[n]
2N + 1

Plot for N=2

[ ' ‘ i -
L o
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Periodic Sinc

2

of / \\ /,"’ l'\l\ /,',}
1l /
1 J \/

L L L L
3 2 1 0 1
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2 : 0 1 2 3
'/-\\.' N j— 4 |
/\\ ,‘}I \‘ /\\
\\\- / \ /,"!‘ \ / \\_‘ //
\/ \/
3 2 1 0 , 2 3
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Fourier Transtform Pairs

TABLE2.3 FOURIER TRANSFORM PAIRS

Fourier Transform

Sequence
1. 8[n)
2. 8[n — ng)
3.1 (=00 < n < o0)

4. a"uln] (la] < 1)

5. uln)

6. (n+ Da"uln)

r'sinwp(n + 1)

(la| < 1)

7. - uln] (rl < 1)
sinw)
8. sin wen
n
, 0<n<
9. x[n] = | sn=M

l () ej(l) on

11. cos(won + ¢)

0, otherwise

1

e—jmn()

o0
Z 218 (w + 2mk)

k=—00
1
1 —ae—je
| o0
1 — + Z wd(w + 2mk)
e k=—00
v
{ _at.—jm)z
1

1 —2rcoswpe @ + r2e=j2w

l, || < we,
0, we <ol <m

X (t,.['(r)) - I

snlo(M £ /2] o
sin(w/2)

Z 2n8(w — w( + 2mk)
k=—00

Z (rel?8(w — wq+2mk) + e 18w + w(+2mk)]

k=—00
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. Properties of the DTFT

0 Linearity:
ax [n]+bx [n] < aXl(ej‘“) + sz(ejw)
a Periodicity: | |
X(e](a)+2ﬂ)) _ X(e]a))
a0 Conjugate Symmettry:
X (e™)=X(e) If x[n] real

Re{X(e™)} = Re{X(e’)}
Im{X (")} =-Im{X (™)}
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. Properties of the DTFT

0 Time Reversal:

x[n] < X (e’) If x[n] real
x[-n]< X(e)  x[-n]< X (e’)

a Time/Freq Shifting:
x[n] <> X (e’)
] e_jwndX(ejw)

e’ x[n] <> X (/™)

x|ln—n

Penn ESE 531 Spring 2020 - Khanna
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. Properties of the DTFT

0 Differentiation in Frequency:

x[n] < X (e’”)

jo
nx[n]<>j dx(e”)
dw

0 Convolution in Time:

yln]=x[n]=*h[n]
Y(e)=X(’)H(e™)

Penn ESE 531 Spring 2020 - Khanna
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"heorems

Fourier Transform "

TABLE 2.2 FOURIER TRANSFORM THEOREMS

Sequence
x[n]

y[n]

Fourier Transform
X (ejw)
Y(t’jw)

1. ax[n]+ by[n]
2. x[n —ng4] (ng aninteger)
3. e/®0"x[n)

4. x[—n]

5. nx|n]

6. x[n] * y[n]
7. x[n]y[n]

Parseval’s theorem:

aX (e/®) + by (e/®)
e_jw”dX (ejw)
X (ej((')—(l)()))

X (e—.jw)
X*(e!?) if x[n] real.

dX (e/?)
dw

X (ej(l)) Y((’ja))

g . .
— X (/)Y e/ @=)dp
21 J—n

o0 | . ‘
8. Z .|.x'[n]|2 =5 /_” |X(e-"")|2da)

n=—0oo

00 1 - . .
0. Z x[nly*[n] = 2—n/ X (/)Y *(e!)dw
. -7

n=—0oo
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Example:

a0 What 1s DTFT of:

X (e’
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Example: Windowed cos( 7T n)

a0 What 1s DTFT of:

Penn ESE 531 Spring 2020 - Khanna
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Example: Windowed cos( 7T n)

a0 What 1s DTFT of:

ejwonX[n]eX(ej(w_wo)) N
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Example: Windowed cos( 7T n)

2N +1=5

2 - - 1 1 1 '
- - 0 1 ?
/¥ : ‘ Ty
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Frequency Response of L'TT Systems

L) L]
S 'enn
[
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g

T Systems

A system # is linear time-invariant (LTI) if it is both linear and time-invariant

DEFINITION

a0 LTT system cat | 0 | by its impulse
response H(e") = E h[k]e_]wk

k=—00

a0 Then the output for an arbitrary input is a sum of weighted,
delay impulse responses

e 2 1oy vl = 3 hin-mlam]

m=—0o0

yln]=x[n]=h[n]

Penn ESE 531 Spring 2020 - Khanna

39



L'TT System Frequency Response

a0 (DT)Fourter Transtorm of impulse response

X[n]=eien 4{ LTI System [— y[n]=H(e®)eiwn

0 )

H(e™)= ) hlkle™™

k=—OO

Penn ESE 531 Spring 2020 - Khanna
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: Example: Moving Average

0 Moving Average Filter
= Causal: M,=0, M,=M

x[n-M]+...+ x|n]

yln]=

M +1

Impulse
response

Penn ESE 531 Spring 2020 - Khanna
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: Example: Moving Average

0 Moving Average Filter
= Causal: M,=0, M,=M

x[n-M]+...+ x|n]

b M +1

Impulse
response

Scaled &Time
Shifted window

Penn ESE 531 Spring 2020 - Khanna

“‘window”
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Example: Moving Average

w(n]

sin((N + 1/2)6())

sin(a)/Z)

wln] < W(e’”) =

Penn ESE 531 Spring 2020 - Khanna

“‘window”
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. Example: Window DTET

sin((N + 1/2)00)

sin (a)/2)

Also, SxX[n] W (e™) =

2N + 1

\ ______ i
Plot for N=2 | \/ \/

1 A 1 1 | 1
h ;I ;L
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Example: Moving Average

win]

sin((N + 1/2)6())

sin(a)/Z)

wln] < W(e’”) =
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“‘window”
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Example: Moving Average

w(n]

sin((N + 1/2)6())

sin(a)/Z)

wln] < W(e’”) =

1
M +1

h[n]= wln-M/2]<> H(e’”) =

Penn ESE 531 Spring 2020 - Khanna

“‘window”
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Example: Moving Average

w[n] “window”

wln]<

sin((N + 1/2)6())

sin(a)/Z)

W(e'”)=

1
M +1

h[n]=

Penn ESE 531 Spring 2020 - Khanna

wln-M/2]<> H(e’”) =

x[n—n,]< e " X (e’
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Example: Moving Average

w[n] “window”

sin((N + 1/2)6())

sin(a)/Z)

wln] < W(e’”) =

—joM/2 Q1
1 win— M /2] <> H(e™) = e s1n((M/2+1/2)a))

in]= M +1 M +1 sin(a)/2)
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: Example: Moving Average

Penn ESE 531 Spring 2020 - Khanna

i ZH (")
| \ =

AN

F e ' |
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Example: Ideal LLow-Pass Filter

m The frequency response H(w) of the ideal low-pass filter passes low frequencies (near w = 0)
but blocks high frequencies (near w = +)

H(w) ]l —w,.<w<w,
w) =
0 otherwise

Hiw)

Penn ESE 531 Spring 2020 - Khanna
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Example: Ideal LLow-Pass Filter

m The frequency response H(w) of the ideal low-pass filter passes low frequencies (near w = 0)
but blocks high frequencies (near w = +)

H(w) ]l —w,.<w<w,
w s
0 otherwise

Hiw)

m Compute the impulse response h[n| given this H(w)

m Apply the inverse DTFT
T dw /wc dw ejw" We ej“’c" — e—jw"n We sin(wcn)

@
.
£
=
I
I

h[n] = H(w) ejw"% =

—T _wC

2T 2mgn|_ N 2min T wen

Penn ESE 531 Spring 2020 - Khanna
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Example: Ideal LLow-Pass Filter

m The frequency response H(w) of the ideal low-pass filter passes low frequencies (near w = 0)
but blocks high frequencies (near w = =)

1 —We < < We
H(w)z{ we < |w| < w

0 otherwise

Penn ESE 531 Spring 2020 - Khanna
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Example: Ideal LLow-Pass Filter

m The frequency response H(w) of the ideal low-pass filter passes low frequencies (near w = 0)
but blocks high frequencies (near w = =)

0 otherwise

sin(w:n)

hin] = 2w,
Wen

h(n]

1
0.5 ﬁ
-30 -20 -10 0 10 20 30
n

g:]‘é”gﬁitfet h,,[n]=w,[n-N]-h{n-N)

Penn ESE 531 Spring 2020 - Khanna
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Example: Practical LP Filter

.2 T T T
VA S
0 —
-3 -2 -1 0 1 3
()
0 Pass band smeared and rippled
= Smearing determined by width of main lobe
= Rippling determined by size of main lobes
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Big Ideas

0 Ditference Equations

= Help see implementation... more later with z-transform

0 Discrete Time Fourier Transform

= Represent signals as a sum of scaled and phase shifted

complex sinusoids (eigenfunctions) X (/) = E x[kJe™/*
= Continuous in frequency over 2 7T =—o0
0 Frequency Response of LTI Systems x[n]=— f X(e™)e™"dw
= Frequency response of impulse response

= Describes scaling and phase shifting of a pure frequency

X[n]=ejwn ‘)[ LTI System ]—) y[n]:H(ej(Dn)ej(on
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Admin

o HW 1 out now
= Due 2/2 at midnight

s Submit in Canvas
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