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Discrete Time Fourier Transform

& Penn
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Lecture Outline

oelsiese’s

a LTI Systems

o Difference Equations

a Eigenfunctions

o Discrete Time Fourier Transform
= Definition
= Properties

0 Frequency Response of LTI Systems
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LTI Systems

seseees

A system #_ is linear time-invariant (LTI) if it is both linear and time-invariant

DEFINITION

0 LTT system can be completely characterized by its impulse

response
S EaN

0 Then the output for an arbitrary input is a sum of weighted,
delay impulse responses

zy yln] = i h[n — m) z[m]

yn]=x[n]*h[n]

Penn ESE 531 Spring 2020 - Khanna 3

System Properties

seseees

o Causality
= y[n] only depends on x|m] for m<=n
0 Linearity
= Scaled sum of arbitrary inputs results in output that is a scaled sum of
corresponding outputs
= Ax;[n]+Bx,[n] 2 Ay, [n]+By,[n]
0 Memoryless
= y[n] depends only on x[n]
0 Time Invariance
= Shifted input results in shifted output
= x[n-q] > yln-q]
o BIBO Stability

= A bounded input results in a bounded output (ie. max signal value
exists for output if max)
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Difference Equations

eelsieeels

0 Accumulator example

n

yinl= Y xlk]

koo

Penn ESE 531 Spring 2020 - Khanna 5

Difference Equations

eelsieeels

0 Accumulator example

AAnl=Y, xlk]
Mnl=x{nl+ 3 (k]

k=0

yin]=x[n]+ y[n-1]

yin]=yln-1]=x[n]

Eaky[n -k]= Ebmx[n -m]
k=0 m=0
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oelsiese’s

Difference Equations

0 Accumulator example

n

ynl= Y xlk]

k=0 x[n) yln)

One-sample
delay

yin-1]

n=1

yinl=x[n]+ Y 2[k]

p—
Yln]=x[n]+y[n-1]
Yin]=yln-1]=x[n]

iaky[n -k]= ﬁbmx[n -m]

k=0 m=0
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a

oelsiese’s

Example: Difference Equation

a Moving Average System

MZ

1
= -k
o MI+M2+1k§4x[n ]

Example: Difference Equation

seseees

o Moving Average System

| M,
M, 2,

1 27 k=M,

o Let M;=0 (i.c. system is causal)

1 K
y[n]=M2+1;x[n—k]

Penn ESE 531 Spring 2020 - Khanna 9

Eigenfunctions

& Penn.
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Example: Difference Equation
o Moving Average System
1 <
Hn]= M, +M, +1k=_2M|x["_k]
a Let M;=0 (i.e. system is causal)
1 K .
=5 +1gox[n ~ k]
Example 2.13 in
text (p 37)
Penn ESE 531 Spring 2020 - Khanna 10
Eigenfunction
o x[n]=ei®n
Penn ESE 531 Spring 2020 - Khanna 12




oelsiese’s

Eigenfunction

0 x[n]=ei®n

o

ynl="Y, x[n-kJh[k]

3

_ 2 ej[/)(n—k)h[k]

=0

%

=ejwn E h[k]ef/'(uk

k=-o

=H(eja))ejam
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Eigenvalue (frequency response)

oelsiese’s

0 x[n]=el®n

. H(e'")= i [kl ™"

ynl="Y, x[n-kh[k] =

=

_ 2 ejw(n—k)h[k]

o Describes the change
in amplitude and

— phase of signal at
- ) frequency W
= E hlkle™"* a Frequency response
_ H(el;j"_;e Jjoom a Complex value

= Reand Im
= Mag and Phase

¢ DT Frequency Response ®
o H(@+2mn)?
Penn ESE 531 Spring 2020 - Khanna 15
¢ Periodicity of Low Pass Freq Response
Hig(eh)
1
! | | 1
2m 2mtw, -m - P ™ 2m-w, 27
(a)
Hig(er)
1
| |
e v e
(b)
Penn ESE 531 Spring 2020 - Khanna 17
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: DT Frequency Response
3 y
o H(d(@*+27mn)?
H(ej(m+2n)n)= E h[k]e—j(aHZﬂ)k
f=—00
_ E h[k]e—j(uke—jan
Jfe=—00
_ E h[ k]e— Jjwk
k=—
- H(ejam)
Penn ESE 531 Spring 2020 - Khanna 16
¢ Other Filters
Hig(e™)
L
High-pass , ‘
- -0, 0 w, T o
(a)
Hy(e?)
1
Band-stop |__|
A
(b)
Hyy(e™)
Band-pass H i I_I
1 1
Penn ESE 531 Spring 2020 - Khanna @ 18




Discrete-Time Fourier Transform (DTFT)

& Penn.

Penn ESE 531 Spring 2020 - Khanna

DTFT Definition

oelsiese’s

[

X(e™)="Y x[kle"

k=—00

1 = o
x[n]=— | X(e’*)e’"dw
[n] 2ﬂ_fﬂ( )

Penn ESE 531 Spring 2020 - Khanna 20

DTFT Definition

seseees

0

X (™)=Y x[kle ™"

fk=—o

1 o
=— | X(’")e’"dw
x[n] 271:[1 (e’)e

X(f)= Y k"
k=—0
Alternate 0sf, N
)= [ X(N)e”"df
-0.5/,
Penn ESE 531 Spring 2020 - Khanna 21

Example: Window DTFT *

seseees

“window”

Example: Window DTFT

eelsieeels

Penn ESE 531 Spring 2020 - Khanna 23
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¢ Example: Window DTFT
N
W(ejw) _ E e—j(uk
k=N
=N 4/ NV o g0y N 4 o eN

=eNA4e 4. +eN 4 4/ 4 oIV

1_pM+1

Useful sum: 1+p+p’+..+p" = :
-p

Penn ESE 531 Spring 2020 - Khanna 24




Example: Window DTFT

oelsiese’s

N
W(ejw)= E e—j{uk
k=-N
=N 4 oW 4 4o/ 4 TN g pmieN

=e N4 4.+ 4. 4N 4 oIV

Example: Window DTFT

oelsiese’s

. N l_ejw(2N+1)

W(e')=e" _
1-e™

e—ij _ej{u(N+l)

1- e;/w

e joN _ ej(u(N+l) e—jw/Z

1- eju) e—jw/Z
o JONH/2) _ jo(N+1/2) sin((N+ 1/2)0.))

e—j{u/Z _ ej(u/l sin ((,()/2)

Periodic sinc

Penn ESE 531 Spring 2020 - Khanna 26

M+l
Useful sum: 1+p+p’+..+p" = IIL
-pP
p=e” M=2N
) ) _ LJ®o(2N+1)
W(e')=e ™" I-e .
1 _ e_/{u
Penn ESE 531 Spring 2020 - Khanna 25
¢ Example: Window DTFT e
e sin((N +1/2)w)
Also, Zw[n] e sin(w/2)
) 2N +1 '
w

=1 why?
A
Plot for N=2 \/ \/
T

N +

L/

fi [ C
Penn ESE 531 Spring 2020 - Khanna 27
¢ Fourier Transform Pairs e

TABLE2.3  FOURIER TRANSFORM PAIRS

Sequence Fourier Transform
1. 8l 1

2 5in =gl

31 (eenen)

4 dhulal (al < 1)

5l

6 Gt Dauln] - (lal < 1)

arl<n

Losnsm
0. othervise

9. xinl =

11, coswon+ ) 32 el o+ 208+ x50 o + 27001

Penn ESE 531 Spring 2020 - Khanna 29

i Periodic Sinc
N=1 N=2
N=3 N=4
Penn ESE 531 s[;rmg 2000 Khanna o ) - 28
¢ Properties of the DTFT
0 Linearity:
ax [n]+bx,[n] < aXl(ej“’)+bX2(ej‘”)
a Periodicity: _ ‘
X(ej([u+2ﬂ)) - X(ejw)
o Conjugate Symmetry:
X'(e")=X(e) If x[n] real
Re{X (")} =Re{X(e/)}
Im{X (™)} = ~Im{X(e")}
Penn ESE 531 Spring 2020 - Khanna 30




oelsiese’s

Properties of the DTFT

o Time Reversal:

If x[n] real
x[-n]< X (/)

xln] <> X (™)
x-n]e X ()
a Time/Freq Shifting:
xn] < X (™)
x[n-n,]<> e X ()

ejmunx[n] - X(ej(m—mu))

oelsiese’s

Properties of the DTFT

a Differentiation in Frequency:
x{n]< X(e")

Jjo
nx[n] < jidX(e )
dw

o Convolution in Time:

yln]=x[n]+h[n]
Y(e’”)= X (e*)H(e’)

Penn ESE 531 Spring 2020 - Khanna

32
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: .
¢ Fourier Transform Theorems
:
TABLE2.2  FOURIER TRANSFORM THEOREMS
x[n]
yin]
X*(e!”) if x[n] real.
dX (e/)
e
X (/)Y ey
=ydo
Penn ESE 531 Spring 2020 - Khanna 33

Example:

seseees

0 What is DTFT of:

0

X(e™) = E x[ ke

=—00

eelsieeels

Example: Windowed cos( 7T n)

0 What is DTFT of:

Penn ESE 531 Spring 2020 - Khanna

35
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¢ Example: Windowed cos( 7 n)
0 What is DTFT of:
| TN
el™™ x
Jwyn J(w-w,)
Penn ESE 531 Spring 2020 - Khanna € ! x[n] bl X(e ! ) 36




oelsiese’s

Example: Windowed cos( 7T n)

r Al

2N +1=35

/N
N

=T =3 ] 0 0 2 L

Penn ESE 531 Spring 2020 - Khanna 37

Frequency Response of LTI Systems

& Penn
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LTI Systems

seseees

A system #_ is linear time-invariant (LTI) if it is both linear and time-invariant

DEFINITION

0 LTT system car) ) o | by its impulse
response | H(e™)= Y [kl

k=—o

0 Then the output for an arbitrary input is a sum of weighted,
delay impulse responses

zy yin] = i hin — m] z{m]

yn]=x[n]*h[n]

Penn ESE 531 Spring 2020 - Khanna 39

LTI System Frequency Response

seseees

a (DT)Fourier Transform of impulse response

x[n]=eion LTI System [— y[n]=H(el®)eion

%

H(e)="Y hlkle™

=00

Penn ESE 531 Spring 2020 - Khanna 40

eelsieeels

Example: Moving Average

0 Moving Average Filter

= Causal: M, =0, M,=M
_x[n=M]+...+x[n]
N M +1

Impulse
response

Penn ESE 531 Spring 2020 - Khanna 41

eelsieeels

Example: Moving Average

0 Moving Average Filter
= Causal: M,=0, M,=M

_x[n=M]+..+x[n]
- M +1

yn]

Impulse
response

Scaled &Time
Shifted window

Penn ESE 531 Spring 2020 - Khanna 42




oelsiese’s

Example: Moving Average

sin((N+1/2)w)
sin((u/z)

wln] <> W(e")=

Penn ESE 531 Spring 2020 - Khanna

45

¢ Example: Moving Average e
in((N+1/2
i< ey S+ 120)
sm(w/ 2)
h[n]=
Penn ESE 531 Spring 2020 - Khanna 45
¢ Example: Moving Average
w[n] “window”
in((N +1/2
win] < W(e”)= M
sm(w/ 2)
1 .
h[n]= ]« H(e™) =
- jon, Jjo
Penn ESE 531 Spring 2020 - Khanna |x[n B nd] e X (e™) 47

{ Example: Window DTFT
o sin((N+1/2)w)
Also, 2x[n] W)= sin(w/Z)
’ 2N +1 '

™
= ?
\ /N 1 1 why?
Plot for N=2 \/ \/
=T
44

Penn ESE 531 Spring 2020 - Khanna

seseees

Example: Moving Average

sin((N +1/2)0)
sin(w/Z)

win] < W(e')=

M/2]< H(e™) =

1
h[n]=M+1w[n—

Penn ESE 531 Spring 2020 - Khanna

46

eelsieeels

Example: Moving Average

sin((N+ I/Z)w)

Ml W)= sin((u/Z)

o oM)2 sin((M/2 + 1/2)(0)

1 joy _
h[n]=mw[n_M/2]eH(e )= M+1 sin(a}/2)

Penn ESE 531 Spring 2020 - Khanna
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Example: Moving Average

oelsiese’s

1 [H ()] ] ZH(e)

M=4
(N=2)

Penn ESE 531 Spring 2020 - Khanna 49

Example: Ideal Low-Pass Filter ®

oelsiese’s

m The frequency response H(w) of the ideal low-pass filter passes low frequencies (near w = 0)
but blocks high frequencies (near w = +7)

Hw) 1 —we<w<we
W) =
0 otherwise

H)

Penn ESE 531 Spring 2020 - Khanna 50

Example: Ideal Low-Pass Filter

seseees

m The frequency response H(w) of the ideal low-pass filter passes low frequencies (near w = 0)
but blocks high frequencies (near w = %)

—we Sw < we
H(w):{l we Cw < we

0 otherwise
H)
P
05|
- -, 0 w, x

m Compute the impulse response h[n] given this H (w)

u Apply the inverse DTFT

T dw We dw e?‘*’r" — g—dwen we i
_ on @0 _ Jon w0 _ _ _ e
hfn) /, A (@) 5o / o omin ™
Penn ESE 531 Spring 2020 - Khanna 51

Example: Ideal Low-Pass Filter

seseees

m The frequency response H(w) of the ideal low-pass filter passes low frequencies (near w = 0)
but blocks high frequencies (near w = +m)

Hw) = 1 —we < |w| Swe
0 otherwise

h[n]
1
05
-30 -20 -10 0 10 20 30
n

Example: Ideal Low-Pass Filter

eelsieeels

m The frequency response H (w) of the ideal low-pass filter passes low frequencies (near w = 0)
but blocks high frequencies (near w = )

Hw) 1 —we < |w| <we
W) =
0 otherwise

hi] = 200, 520)
h[n]
1
05
‘L‘\‘N \oge?*®000gee0t00gy
-30 -20 -10 0 10 20 30
n

TN ) ) [ ) V)
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¢ Example: Practical LP Filter
. imag ]
= 3 5 : 2 s
©
a Pass band smeared and rippled
= Smearing determined by width of main lobe
= Rippling determined by size of main lobes

Penn ESE 531 Spring 2020 - Khanna 54




Big Ideas

oelsiese’s

o Difference Equations
= Help see implementation... more later with z-transform
o Discrete Time Fourier Transform

= Represent signals as a sum of scaled and phase shifted

complex sinusoids (eigenfunctions) X(e')= 2 X[kl

= Continuous in frequency over 2 7T k=

o Frequency Response of LTI Systems x[n] =i}X (e’)e’"dw,

= Frequency response of impulse response

= Describes scaling and phase shifting of a pure frequency

x[n]=eion LTI System y[n]=H(eivn)eiwn

Penn ESE 531 Spring 2020 - Khanna

Admin

oelsiese’s

o HW 1 out now
= Due 2/2 at midnight

= Submit in Canvas
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