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ILecture Outline

0 Review
= Ideal sampling
= Frequency response of sampled signal
= Reconstruction
= Anti-aliasing filtering
a DT processing of CT signals

L Impulse Invariance

a CT processing of DT signals (why??)
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Last Time...

Sampling, Frequency Response of Sampled
Signal, Reconstruction, Anti-aliasing filtering

L) L
S enn
[
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DSP System

_____________________________ ADCAD
¢ Anal sampler — T
x&) Anti-r;f:i(a)ging1 —> Wx[n] a:c(n )> Quantizer
Filter J = tznTJ

..........................................................................

( DAC D/A
Discrete stuff t
»[I (DSP, ’ yin { 1 Ye(t) >

Reconstruction J

storage....)
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Ideal Sampling Model

Tc(t) C/D z[n| = z.(nT)

Discrete and Continuous

define impulsive sampling:

zs(t) .
Continuous
z.(t)
—
zs(t) = -+ + 2c(0)8(t) + 2e(T)3(t = T) + - --
zs(t) =z Y 6(t—nT)
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Frequency Domain Analysis

s(t ey SUG
. 1(1) 111> [ f [

T 2

and (), > 20y

T
ﬁ Xs(J )

1
| | | |
20 -, -Qy N 0 20,

0 v\ Q 30, 0
(- 12p)
X(e’™)
| | ? " | |
w
Q
—T=x
2
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Frequency Domain Analysis

2T S(]Q

A

A [/\\,l/&\ AR \

Q, 20,
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Reconstruction 1n Frequency Domain
onvert

z|n| to |mpulse]—> Ts(t H,.(j Q)]—» z,(t)
train

X,()

Q_‘. > 2QN

/L\ /\
- Q) ~Qy Qy T £ Q X, (jQ))
(QS—QN) 1

(‘T\ Oy = Q.= (2,-Qy) “Q,, an Q
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Example: Cosine Input

a Sample and reconstruct the continuous-time signal

x_(t)=cos(4000 T t) with sampling period T=1/6000 s

(f=06kHz)
1
Xs(Q) = - Xc(J) * S
1 @)
= 5 D X.(@-kQ)) | 9
k=—o0
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Example: Cosine Input

a Sample and reconstruct the continuous-time signal
x.(t)=cos(16000 Tt t) with sampling period T=1/6000
(f=06kHz)
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‘5 Reconstruction in Time Domain  =8c=4%/2
H,.(jQ)
r| Ov= Q= Q-0 1 Qs/2 o
he(t) = Tel***d)
2w J_q, /2
-{, Q. Q
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Qu=0.=0./2

Reconstruction in Time Domain

H,(j )
ol Ov= 0= (-0 1 25 /2 Ot
he(t) = Tel***dQ
-Q, 0, Q 2T —2:/2
Qs/2
_ T 1 L o
o gt —Q./2
T ¢35t _ =35t
ot 2
1 T Q. T m
— gin(=2t) = = sin(—t
{ § — sin( : ) — sm(T)
, t
T | T 2T — Smc(f)

Penn ESE 531 Spring 2020 - Khanna 12



Reconstruction in Time Domain

zo(t) = zs(t) * he(t) = (Zw[n]é(t—nT)> % ()
= Z';n:c[n]hr(t—nT)
A P g
¢ / ;_T,l T t

onvert
x[n] to impulse zs(t)—>H(582) zr(t) /\
train
— N\ VN
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Reconstruction in Time Domain

T, (t) = z5(t) % hp(t) = (Zx[n](S(t—nT)) % hy(t)
= Y z[n]h.(t —nT)
h,(t) e
1 , 4 IS - ~ ~ =N
-~ N\ VN / T
4T3T \/T 0 T\/ 3IT4T o PN :
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Reconstruction in Time Domain

8
3
~/~

o~
SN’

I

8
@
~~

o~
SN’

*

)
S
~~

o~
SN’

|

(Zx[n](S(t - n:r)> % hy(t)

n

= Za)[n]hr(t —nT)

The sum of “sincs”
gives x.(t) > unique
signal that is
bandlimited by
sampling bandwidth
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Aliasing

o If Q>R /2, x.(t) an aliased version of x_(t)

__________
P d ~

o TXG) i 19 < Q.
Xr(58) = { 0 otherwise
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DSP System

Analog 1
Anti-Aliasing

Filter J

)[ sampler 133["7/] = z.(nT)

»| Quantizer
t = nTJ

..........................................................................

( Discrete stuff
> (DSP,

storage....)
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DAC D/A

y[n] { ] we(®

Reconstruction J
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Anti-Aliasing Filter

z.(t)

Analog 1

..........................................................................

sampler Wx[n] = x.(nT)

—>| Anti-Aliasing » Quantizer
Filter Hp(jQ) t = nTJ
and (), < 2€2

. S N .

X.(jQ) » X (j)
1 ‘ ——— UTL__ 042 _____

7 7 Pl g
<€ 0, o, > <€ o
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Anti-Aliasing Filter

Te (t) Analog 1

..........................................................................

sampler Wx[n] = x.(nT)

-3 Anti-Aliasing

»| Quantizer

Filter HLp(jQ) t = nTJ
and (2, < 22
. S N .
X.(jQ) » X (j)
1 ‘ ——— UTL__ 042 _____
< .', A > < .', A .'i\\ A >
_QN QN QN
- > ———— Vi a2 _____
4 r /. g ) i g \i/ \\\
< Q | %2 > < I 1 Q 3 >
-Qy N N
Qg2
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MRI aliasing example
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=

RT anti-aliasing example
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=

RT anti-aliasing example
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Reconstruction in Frequency Domain

z[n] —] 1o tmpl”]_> o (1) —>{ H, (j) > 2 (1

(Q's_ QN) 1
H.(Q) L /

Qy= Q= (- Qy)
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Signal Processing

a Use theory of sampling (C/D) and reconstruction
(D/C) to implement signal processing

0 Two cases:

s Discrete-time processing of continuous-time signals

ze(t)] | oD x[n] H(elo) y[n] D/C yr(t)

t
7

T
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Signal Processing

a Use theory of sampling (C/D) and reconstruction

(D/C) to implement signal processing

0 Two cases:

s Discrete-time processing of continuous-time signals

Ve

0L 5D

t
7

-

x[n]

H(eiv)

y[n]

D/C

T

yr(t)

J

= Continuous-time processing of discrete-time signals

Ve

t
i

&

xIn x.(t c(t
l* 9 e P b

T

y[n]
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. Discrete-Time Processing of Continuous Time

N K] () yin]
(t){ C/D HH(elw) D/C } yr(t)
; i
1\ T T Y,
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. Discrete-Time Processing of Continuous Time

T i Ex[n] ) yIn]
(t){ C/D H H(eiv) D/C} (D),
AR 1
(SR, S T
w 2xk -
X Joy _ — X —
-3 3 (7]

AAAAANA

Q
—-T=x
2
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Discrete-Time Processing of Continuous Time

. X[n] ) vinl: 1%
(t)_)[ C/D HH(ejw) . D/C } . Y (t)>
f A
. T I____-L____IJ

Sum of scaled
shifted sincs

X sin[w(t-=nT)/T]
ma(t-nT)/T
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. Discrete-Time Processing of Continuous Time

(¢ X[n] ) yIn] Nt
m(){ C/D HH(er) D/C } yrlh),
1 f
\_ T T J
joy 1 X (o 27k _ C sin[z(t—nT)/T]
4l )_T;_OOX“ ](T T) y (1) ;_wy[n] 7w(t-nT)/T

o If h{n]/H(@¥) is LTI
m [s the whole system from x_(t)2y_.(t) LTI?
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. Discrete-Time Processing of Continuous Time

N ] ) yin T
(t){ C/D ]—{H(elw) D/C } yrlt),
f i
\§ T T y,

& sin[a(t-nT)/ T
0= X T

n=—0oo

. ] <
XEe)==>» X
(e’) TE )

r T

fo-2

0 If x_(t) is bandlimited by 2 /T=7 /T, then,

LOD o] HE

Q<Q /T

w=QT

¢ 0 else
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‘ Example 1

0 Consider the following system

s

1
T

&

T x[n] . [n] .
(t){ C/D HH(er)Jy—{ D/C } yrlt),
f

T

a0 Where
H(e’”) =1

1 ‘a)‘ <o,

0 a)c<‘a)‘s.7r

a0 What is the effective frequency response of the
system? What happens to a signal bandlimited by

Q.2

Penn ESE 531 Spring 2020 - Khanna
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‘ Example 2

o DT implementation of an ideal CT bandlimited

differentiator
¢ x[n] ] vIn] .
xﬂ* H(el) pic 2
)
T T

0 The ideal CT differentiator is defined by
d
[)=—1I|x.(
Velt)=—Lxe (0]

a0 With corresponding

H.(j$2) = j<

Penn ESE 531 Spring 2020 - Khanna
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Impulse Invariance

0 Want to implement continuous-time system...

Continuous-time
e LTI system  jr——3
X(.(I) hc(’)a Hc(/()’) .yc(t)
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Impulse Invariance

0 Want to implement continuous-time system...

Continuous-time
e LTI system  jr——3
x.(1) h.(1), H.(j€2) ye(?)

0 ...in discrete-time

Discrete-time

|

|

i)— C/D p—»| LTlsystem p—> D/C
x.() | x[n] h[n), H(e’®) y|n]

I

|

i

|

Hoq(j) = H (j§2)

Penn ESE 531 Spring 2020 - Khanna
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>
yr(1) =y.(0)
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: Impulse Invariance

0 With H_(j2) bandlimited, choose

H(e')=H ( jQ)‘Qﬁ , ‘w‘ <
T

a With the further requirement that T be chosen such
that

H (jQ)=0, ‘Q‘ZE/T

Penn ESE 531 Spring 2020 - Khanna
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: Impulse Invariance

0 With H_(j2) bandlimited, choose
H(e')=H ( jg)\g o, ‘w‘ <
T

0 With the further requirement that T be chosen such
that

H (jQ)=0, ‘Q‘zn/T

h[n]="Th (nT)
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Impulse Invariance

a Let,

h[n]=h (nT)

Penn ESE 531 Spring 2020 - Khanna
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: Impulse Invariance

a Let,
h[n]=h (nT)
0 If sampling at Nyquist Rate then

- l « w 2k
HEe")==— » H |j|—=-
( ) Tk=2—oo C_J(T T )
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: Impulse Invariance

a Let, ‘HC(JQ)=O, ‘Q‘zn/T‘
h[n]=h (nT)

0 If sampling at Nyquist Rate then

- l « w 2k
HEe")==— » H |j|—=-
( ) Tk=2—oo C_J(T T )

H(ejw)=%HC(j%), lw|<m
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: Impulse Invariance

a Let, ‘HC(JQ)=O, ‘Q‘zn/T‘
h[n]h,(nT)

0 If sampling at Nyquist Rate then

- T « w 2k
S
Tk=2—oo _ T T _

H(ejw)=;HC(j%), lw|<m
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Impulse Invariance

0 Want to implement continuous-time system in
discrete-time

Continuous-time
R LTI system  jr——3

x((t) hc(t), Hc(]‘n') .yc(t)

|

|

| Discrete-time

i)— C/D p——»| LTlsystem p—>{ D/C
x (1) x[n] | h[nl,H(e*) | yln]

I

|

i

|

>
yr(1) =y (1)

— — — — — ol — — —

Hoq(j) = H (j§2)

h[n]="Th (nT)
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Example 3: DT Lowpass Filter

a0 We wish to implement a lowpass filter with cutott

frequency $2 . on continuous time signal in discrete

time with the following system

Continuous-time
—1 LTTsystem 3
x((!) hc(t)» Hc(jﬂ') .yc(t)

Discrete-time
—gl  C/D  p——>»{ LTllsystem f——» D/C

x[n] h[n], H(e™®) y|n]

Hq(j€Y) = H.(j§1)

Penn ESE 531 Spring 2020 - Khanna
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>
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. Continuous-Time Processing of Discrete-Time

0 Usetul to interpret DT systems with no simple

interpretation in discrete time

[

z(n|

.

g

T

x.(t)

Hc(jQ)

Ye(t)

C/D

|

y[n]

J

T

J

Is the effective H(e®) LTI?
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Continuous-Time Processing ot Discrete-Time

( A

xin T.(t clt n
l_} ()Hc(jQ)y() /D yinl

1
g T T J
f JjQT
X (j9)=- TX (e™7) ‘Q‘<Jt/T
0 else
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. Continuous-Time Processing of Discrete-Time

t
T

xin T.(t clt n

N

T

J

X (jR) =+

rTX(efQT) Q<a/T

0 else

Also bandlimited

T Y.(jQ=H (jX (jQ

Penn ESE 531 Spring 2020 - Khanna
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Continuous-Time Processing ot Discrete-Time

( A

xin T.(t clt n
l_} ()Hc(jQ)y() /D ylnl

T T

\ J

Y (j&)=H (jRX (jL)

Y(e) =1 i Yc[j(Q—kQS)]

fe=—c0 Q=w/T
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Continuous-Time Processing ot Discrete-Time

-

\

N

xin T.(t clt n
l_} ()Hc(jQ)y() /D ylnl

T

Y (j&)=H (jRX (jL)

Y(e) =1 i Yc[j(Q—kQS)]

k=—OO

Penn ESE 531 Spring 2020 - Khanna

Q=w/T

1
- Y (iQ
- (J€2)

Q=w/T
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Continuous-Time Processing ot Discrete-Time

( A

xin T.(t clt n
l_} ()Hc(jQ)y() /D yinl

t
g T T J
V() =H (DX, V)=
Q=w/T
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Continuous-Time Processing ot Discrete-Time

( A

xin T.(t clt n
l_} ()Hc(jQ)y() /D ylnl

t
N T T ’
oo 1o
V(R =H (DX,(Q) V=10
Q=w/T
on 1 -
Y(e™)= ?HC (]Q)‘gzm/T X, (]Q)‘QW’/T
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Continuous-Time Processing ot Discrete-Time

( A

xin T.(t clt n
l_} ()Hc(jQ)y() /D yinl

)
. T T ’
S
V(jQ)=H (X, YE)=1r )
Q=w/T
o 1 -
Y(e') = ?HC (JS2) Q=0/T X, (]Q)‘Q#U/T
1 . jo
_ @X( D Je|<a

H(e’”)

Penn ESE 531 Spring 2020 - Khanna
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Example

'\

Penn ESE 531 Spring 2020 - Khanna
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Example: Non-integer Delay

0 What is the time domain operation w
integer? I.e A=1/2

hen A is non-

H(ejw) _ e—ij

of[n

o[n—-n,]

Penn ESE 531 Spring 2020 - Khanna
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Example: Non-integer Delay

o P
= v LTT]
T 0
AT T 2T 3T 4T ST t
o
o o
y|n|

ISREAN

1

o
o
4
N

Penn ESE 531 Spring 2020 - Khanna
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Example: Non-integer Delay

‘ __y[n]

AT T 2T 3T 4T 5T t

Penn ESE 531 Spring 2020 - Khanna
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Example: Non-integer Delay

‘ ~_y[n]

X.(1)
? .
AT T \2T \3T \4T \ 5T t
e e e
o 0
T T y[n]
o 1 2 3 4 5 n___
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Example: Non-integer Delay

a0 What 1s the time domain operation when A is non-
integer? I.e A=1/2

H(ejw) _ e—ij

Let: H.(jQ) = e /AT delay of AT in continuous time
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Example: Non-integer Delay

a0 What 1s the time domain operation when A is non-
integer? I.e A=1/2

H(ejw) _ e—ij

Let: H.(jQ) = e /AT delay of AT in continuous time

4 N\

z[n] ) (1) Ye(t) oD y[n]
NEAANEYANESY/

N_— ~—
C.T recon delay AT sampling
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Example: Non-integer Delay

0 The block diagram is for interpretation/analysis
only

C.T recon delay AT sampling

t—kT)

Penn ESE 531 Spring 2020 - Khanna
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Example: Non-integer Delay

0 The block diagram is for interpretation/analysis
only

C.T recon delay AT sampling

xc(t)=zx[k]sinc(t_kT) y.(t)=x(t-TA)

Penn ESE 531 Spring 2020 - Khanna
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Example: Non-integer Delay

0 The block diagram is for interpretation/analysis
only

C.T recon delay AT sampling

_ . t—kT _ _TA
x (1) ;x[k]smc( . ) y.(0)=x(t )

yin]=y (nT)
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Example: Non-integer Delay

0 The block diagram is for interpretation/analysis
only

C.T recon delay AT Samp"ng

yinl=y (nT)=x (nT -T-A) x (1) = E s1nc(t kT

Penn ESE 531 Spring 2020 - Khanna
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Example: Non-integer Delay

0 The block diagram is for interpretation/analysis
only

4 N

oy (50 e 0 e 0 5

NGNS VANE B,

C. T recon delay AT Samphng

yinl=y (nT)=x (nT -T-A) x (£) = E smc(t kT)

x (nT-T-A)= Ex[k]sinc(
k

Penn ESE 531 Spring 2020 - Khanna

nl -T-AN-kT
T

k

= Ex[k]sinc (n - A - k)
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Example: Non-integer Delay

0 Delay system has an impulse response of a sinc with
a continuous time delay

yln]= Ex[k]sinc(n -A- k)
k

x[n]* sinc(n — A)

= h[n]=sinc(n - A)

Penn ESE 531 Spring 2020 - Khanna
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Example: Non-integer Delay

0 What is the time domain operation w
integer? I.e A=1/2

hen A is non-

H(ej‘*’) — g JwA

of[n

o[n—-n,]

= h[n]=sinc(n - A)

Penn ESE 531 Spring 2020 - Khanna
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Example: Non-integer Delay

0 My delay system has an impulse response of a sinc
with a continuous time delay

h|n| = sinc(n — A)

Penn ESE 531 Spring 2020 - Khanna
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Example: Non-integer Delay

0 My delay system has an impulse response of a sinc
with a continuous time delay

h|n| = sinc(n — A)

0—0—"0—°9© ©—0—10—°9© >

Penn ESE 531 Spring 2020 - Khanna
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Example: Non-integer Delay

0 My delay system has an impulse response of a sinc
with a continuous time delay

h|n| = sinc(n — A)

Penn ESE 531 Spring 2020 - Khanna
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Example: Non-integer Delay

0 My delay system has an impulse response of a sinc
with a continuous time delay

h|n| = sinc(n — A)

Penn ESE 531 Spring 2020 - Khanna
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Big Ideas

0 Sampling and reconstruction

= Rely on bandlimitedness for unique reconstruction

a CT processing of DT
= Bffectively LTI if no aliasing

a0 DT processing of CT
= Always L'TT

= Usetul for interpretation

0 Changing the sampling rates next time
= Upsampling, downsampling

Penn ESE 531 Spring 2020 - Khanna
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Admin

o HW 3 due Sunday
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