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Downsampling/Upsampling and Practical
Interpolation
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Lecture Outline

oelsiese’s

a CT processing of DT signals
0 Downsampling
o Upsampling

0 Practical Interpolation (time permitting)
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Continuous-Time Processing of Discrete-Time

0 Useful to interpret DT systems with no simple
interpretation in discrete time

zn z(t c(t n
(] DIC I ()IHC(jQ)Iy()I oD I yln]
1 T
T T
Is the effective H(el®) LTI?

seseees

Continuous-Time Processing of Discrete-Time

ofn] { oG ]zcw{Hch} yc(t){ op L
T T
T T

TX (e’ ‘Q‘ <n/T

X (jQ)=
0 else
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Continuous-Time Processing of Discrete-Time

x[n <t Yol

z[n] { DIC zc(t) G ) Ye(t) Y yln]
T
T

1
]

jQr
X (j2)- TX (e) \Q\«r/T

0 else
Also bandlimited

T YR = H (X, Q)
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Continuous-Time Processing of Discrete-Time

z[n] { DIC z(t) He(iQ) Ye(t) cb yln]
1 f
T T

Y .(jQ)=H (jX (O

Y -1 3 [i(e-e)

=—00

Q=w/T
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Continuous-Time Processing of Discrete-Time

oelsiese’s

z[n] z.(t ot

[n] /C (t) (j)y() ¥ y[n)
1 f
T 1

Y .(jQ)=H, (j)X (L)

Y(e™) =% i v[i(@-ke)

k=—o

1
=—Y (jQ
T ()

Q=w/T Q=w/T
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Continuous-Time Processing of Discrete-Time

oelsiese’s

g { DIC }—»{“m cho)}—-{m oo U
[} T
T T

Y(e)= %wm

Y.(jQ) = H (j)X (<)
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Q=w/T

Continuous-Time Processing of Discrete-Time

seseees

f
T

a[n] {D/C . (t) He(Q) yelt) ob yln)
f
1

w1
Y(e”)==Y.(jQ
(™) T L(JRQ)

Y (jQ) = H (j)X (/2

Q=w/T

Continuous-Time Processing of Discrete-Time

seseees

ofn] { oG ]zcw{Hch} yc(t){ op L
T T
T T

won 1
Y(e™)=—Y (jQ
(e™) T (JQ)

Y (jQ) = H (jX (/2

i 1
oy L .
V()= H G, X2

Q=w/T
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Q=w/T

jo]<x

10

i 1
oy _ L .

™) = T HL‘(]Q)LHJ/T X, (]Q)‘gm/r
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¢ Example
He(59)
on o Q
T2 2
H(e™™)
=T ™ w
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Example: Non-integer Delay

eelsieeels

0 What is the time domain operation when A is non-

integer? Le A=1/2

Onl<
() = e den | O

dn-n,]<e

— jon,
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oelsiese’s

Example: Non-integer Delay

= A
AT T 2T 3T 4T ST t
o
(]
T T y[n]
[ 2 3 4 5 n
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oelsiese’s

Example: Non-integer Delay

y[n]
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seseees

Example: Non-integer Delay

4
AT T \2T
ok 1 2
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seseees

Example: Non-integer Delay

0 What is the time domain operation when A is non-
integer? Le A=1/2

H(e/) = e IwA

Let: H,(jQ) = e 72T delay of AT in continuous time
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eelsieeels

Example: Non-integer Delay

0 What is the time domain operation when A is non-
integer? Le A=1/2

H(e?¥) = e Iwh

Let: H.(jQ) = e AT delay of AT in continuous time

z[n]

N~—~
C.T recon delay AT sampling
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Example: Non-integer Delay

0 The block diagram is for interpretation/analysis
only

C.T recon delay AT sampling

. (t-kT
xc(t)=2x[k}mc( - )
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oelsiese’s

Example: Non-integer Delay

a The block diagram is for interpretation/analysis
only

aln]

C.T recon delay AT

X (f) = Ex[k}sinc(t_ kT )
k

sampling

y.(@O)=x(t-TA)
T
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Example: Non-integer Delay

0 The block diagram is for interpretation/analysis
only

afn] |

A NYAN.

delay AT

C.T recon sampling

y @0)=x(t-TA)

. (t-kT
xc(t)=2x[k}smc( - )

ynl=y (nT)

Penn ESE 531 Spring 2020 - Khanna
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seseees

¢ Example: Non-integer Delay

0 The block diagram is for interpretation/analysis
only

[n]

ANAREY,

delay AT

C.Trecon sampling

yinl=y (nT)=x (nT-T-A)  x.(1)= ;x[k}sinc(t_;T)
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Example: Non-integer Delay

0 The block diagram is for intetpretation/analysis
only

yANANE:

delay AT

C.T recon sampling

ynl=y (nT)=x,(nT -T-A) xc(t)=zx[k}sinc( -

X (1T -T-A)= Ex[k]sinc(w
k

Penn ESE 531 Spring 2020 - Khanna

t—kT)

- )= Zx[k}sinc(n—A—k)

22

Example: Non-integer Delay

eelsieeels

0 Delay system has an impulse response of a sinc with
a continuous time delay

yn]= Ex[k}Sinc(n . k)
x

=x[n]* sinc(n - A)

= h[n]=sinc(n-A)

Penn ESE 531 Spring 2020 - Khanna
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Example: Non-integer Delay

eelsieeels

0 What is the time domain operation when A is non-

integer? Le A=1/2

Onl<
() = e den | O

dn-n,]<e

— jon,

= h[n]=sinc(n-A)
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Example: Non-integer Delay

oelsiese’s

0 My delay system has an impulse response of a sinc
with a continuous time delay

hin] = sinc(n — A)
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Example: Non-integer Delay

oelsiese’s

a My delay system has an impulse response of a sinc
with a continuous time delay

h[n] = sinc(n — A)

oO—6—6—6 o—o P
O—0—0—"0© T T TS
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Example: Non-integer Delay

seseees

0 My delay system has an impulse response of a sinc
with a continuous time delay

hln] = sinc(n — A)
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Example: Non-integer Delay

seseees

0 My delay system has an impulse response of a sinc
with a continuous time delay

h[n] = sinc(n — A)
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Downsampling

& Penn
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® Downsampling

eelsieeels

0 Definition: Reducing the sampling rate by an
integer number (M>1)

z[n] —>-+M
C

z4[n] = z[nM)|

= z.(nT) =z.(nMT)
T
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Downsampling

oelsiese’s

o Similar to C/D conversion
= Need to worry about aliasing

= Use anti-aliasing filter to mitigate effects

Penn ESE 531 Spring 2020 - Khanna
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Downsampling

oelsiese’s

o Similar to C/D conversion
= Need to worry about aliasing

= Use anti-aliasing filter to mitigate effects

a If your discrete time signal is finely sampled (i.e
oversampled) almost like a CT signal

= Downsampling is just like sampling (C/D conversion)

i Downsampling
(cjn] —» z4[n] = z[nM]
= z.(nT) =z,(nMT)
T/
The DTFT:
o 1 , 2
ﬂwﬁfz&Q(%‘%O)
k N
o
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: Downsampling
The DTFT:
o1 _ 2
X)) =5 X (’ ( T k))
k N
o

Xa(e) = ﬁ;X (j (% - %k»

0 Want to relate X,(¢/%) to X(e/%) not X,(j )

0 Separate sum into two sums—fine sum and coarse
sum (i.e like counting minutes within hours)

Penn ESE 531 Spring 2020 - Khanna
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i Downsampling
(I i gl
= z,(nT) & = z.(n MT)
c T(
The DTFT:
; 1 f w 2
X(E) = 72X (] ( T T k))
k N
Q Q
w 1 . w 2T
Xa(@) = 577> Xe (J (m m’“))
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o: D :
¢ Downsampling
The DTFT:
: 1 f w 2m
X)) =73 X <J< T T k’))
* I

; 1 w 27
oy _ L (w2
Xale )’MT;XC (J (MT MTk))
0 k=rM+i
. i=0,1,..., M1
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oelsiese’s

Downsampling

Xq(e) = ﬁZXc (j (% - %k»
M

oelsiese’s

Example: M=2

k
-1 oo
1 1 ) 2 2T
= T X Xc<J(MT‘m ‘?T»
=0 T=—00
P J( i)
i) O
| M1
: (w27
Xa(e) = ¢ X (G 3EY)
777 =0 stretch  replicate
scale by M
by 1/M
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® ¢ BExample: M=2
1 M-1
i w 27
Xq(e?) = E : X(eJ(M Mi))
=0
%\
A* AW /\
M=2 4T
= /;4
- ! 4 Scale by M=2
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¢ Example: M=3
1 M-1
: (w27,
Xd(ejw) = M E X (€J(M MZ))
=0
%\
- [ 7 i=0
M=3 67T
i A
- ‘ & Scale by M=3
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1 M-—1
(W __ 2T
Xq(e) = — X (eJ(M Ml))
M “4
=0
X
—T ‘ ™
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. Example: M=2
1 M-1
. w 2w
Xafe) = L3 x (6-50)
M 4
=0
%\
A e i=1 i=0
27 M=2 47T
= /?4/74
o | " Scale by M=2
Shift by (i=1)"2r
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Example: M=3

1 M-1 )
Xy(e?) = I 3 x (ej(%—%’{i))
=0
A A
-~ | o« i=1 i=0
| p—a

Scale by M=3
Shift by (i=1)*2m.
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Example: M=3

oelsiese’s

M-1

. 1 0w iy
Xy(e7%) = i Z X (ej(ﬁ—zﬁl))
i=0
A A A
- | 7 i=1 i=2 i=0

Scale by M=3
Shift by (i=1)*2n
Shif e
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Example: M=3
2ln (LPF ) (
n /M J 7 L M ] Fqln] = F[nM]

N AN

seseees

M=3
Xq
r,_—’*-\\\7_,——*-\\\*___——~\\\_ﬁ
= 7
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¢ Upsampling

0 Definition: Increasing the sampling rate by an
integer number

x[n]=x_ (nT)

T .
x[n]=x (nT') where T’ = T L integer
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Example: M=3

z[n]—»[ it ]m’[ ™M ]_j;[n}ﬂ[nMJ
AR R
_x \ T

oelsiese’s

M=3
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Upsampling

&Penn.
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Upsampling

eelsieeels

0 Definition: Increasing the sampling rate by an
integer number

x[n]=x (nT)

T .
x[n]=x_(nT") where T’ = T L integer
Obtain z;(n] from z|n] in two steps:

z[n/L] n=0, £L, +2L,---
0

(1) Generate: z.[n]= { otherwise

RARK .

Penn ESE 531 Spring 2020 - Khanna 7




oelsiese’s

Upsampling

(2) Obtain x;[n] from z.[n] by bandlimited interpolation:

Penn ESE 531 Spring 2020 - Khanna

oelsiese’s

Upsampling

0 Much like D/C converter
0 Upsample by A LOT > almost continuous

o Intuition:
= Recall our D/C model: x[n] =2 x,(t)>x(t)
= Approximate “x(t)” by placing zeros between samples

= Convolve with a sinc to obtain “x(t)”
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seseees

Upsampling

o0

Te[n] = Y x[k]d[n — kL]
k=—o0

x;[n] = xe[n] * sinc(n/L)

zi[n] = Z m[k]sinc(#)

Penn ESE 531 Spring 2020 - Khanna
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Frequency Domain Interpretation

z;[n] = ze[n] * sinc(n/L)

z[n]— 1L ze[r) gain=L.
/L
I::I ’
sinc(n/L) DTFT = - p
I L
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Frequency Domain Interpretation

eelsieeels

X (e¥) = Z Te[n] e Ie"

n=—00 0 only forn=mL
(integer m)
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Frequency Domain Interpretation

all—s 1L g”—w-[_gg_]—»z[n]

Xe(e¥) = Z Te[n] e Iwm

n=—00 %0 only for n=mL

eelsieeels

(integer m)
oo
—jwmL
= E xe[mL]e™
m=—00
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Frequency Domain Interpretation

[e.o]

X (e?¥) = Z To[n] eIwn

n=—00 %0 only for n=mL

oelsiese’s

(integer m)
o0
= E T[mL) e IwmL
m=—00
=z[m]
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oelsiese’s

Frequency Domain Interpretation

[—] a[n] (T TPF ,
z[n]—» 1L —-[_;Eiij—o zz[n]

X (e?*) = Z To[n] e7Iem

N——
n=—00 %0 only for n=mL

(integer m)
= Y z[mLle M _ (e
e g

Shrink DTFT by a factor of L!
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Example

sampling T
“)

;. + - ; ;
expanding L
Xe(e)
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Example z[n]—- ol

Xe(49)

A\
"’—— [ on Q
~ sampling T .
X(e) Xi(e’)
T
n 4
—m ‘ m - ™
expanding L
Xe(e™)
- m
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Example

eelsieeels

sampling T

T

— I [
expanding L

\ )

— X(eij) —r
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Example “”[”]—’

eelsieeels

X9 |
( [ oy Q
~_sampling T .
X(e%) Xi(e?*)
uT ‘
— I E - | T
expanding L |

r_
|
=
™~

\Xe(ej”) n

|

E
]
3
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Example

z;[n]

sampling T
X(e'”

uT

-

™ 4
expandinglL, L
\ S

oelsiese’s

()

X49) |

roA N

~sampling T . sampling T’=T/L
X(e?) Xi(e’)

uT

Example

™
expanding L |

\Xe(ej“’) " L
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SN
— T T
T
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¢ Practical Interpolation
o Interpolate with simple, practical filters
= Linear interpolation — samples between original samples
fall on a straight line connecting the samples
= Convolve with triangle instead of sinc
) _ Inl/L, |n| =L,
Minln] = lO otherwise,
hiigln]
1lfie.”
gal ITs.
n
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Practical Interpolation

o Interpolate with simple, practical filters
= Linear interpolation — samples between original samples
fall on a straight line connecting the samples

= Convolve with triangle instead of sinc

I hnln ~ K] xdk]
1 ] e t
0 L 2L 3L n AL SL k
T e
n
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Frequency Domain Interpretation

eelsieeels

x;[n] = ze[n] * sinc(n/L)

ii
L

sinc(n/L) DTFT =

T
L
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Linear Interpolation -- Frequency Domain

eelsieeels

x[n]=x [n]*h, [n]

z[n]—»[ 1L ]z—[n]'[ aparox ]—' zifn]

1=|nl/L, |n| <L,
otherwise,

hyigln] = {

gl
L=s

,mmw
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oelsiese’s

Linear Interpolation -- Frequency Domain

x[n]=x [n]*h, [n]

w[n]—»[ n ]I—[”]-[ approx ]—. &ifn]

L—|nl/L, Inl = L,
0, otherwise,

hyinln] = I

a5 Hialn)
RNEL
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Linear Interpolation -- Frequency Domain

x[n]=x [n]*h, [n]

R )

_[1=Ml/L, =L,
Minln] = {0, otherwise,

DTFT =

L Hi(elo)
L=5 X(e)
in(e/)
“n _am w _m @ 2 an
5 B 50s 5
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Linear Interpolation -- Frequency Domain

x[n]=x,[n]*h, [n]

x[n]—»[ 1L ]w—["]-[ apL;FOX ]—» zi[n]

_t=nl/L, In =L,
Minln] = IO, otherwise,
| DTFT Ideal
s ol =
5 X(e)
Les i
TJ TT?W ' ;
p L - Hi(eiw)
Eal I'r. L
o ,. X ()
L=5 ‘
L L
R .4 Jm m m 4n
5 B 505 H
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Linear Interpolation -- Frequency Domain

x[n]=x[n]*h, [n]

z[n]—»[ 1L ]we_[n]{ a;l)_;!z)x ]—» z;[n)

o [l=hl/L. WS L,
Hiinln] = [0, otherwise,
e e DTFT = Linear i
P s Xi(e®)
d w25 Las
AT TS N\
° " X(e)
L=5
/Kulele)
L
“r _dm 2w n 2m an
5 5 75 505 g
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Linear Interpolation -- Frequency Domain

eelsieeels

x[n]=x[n]*h, [n]

z[n]—»[ 1L ]m—["]-[ oo ]—' @ifn]

1—Inl/L, Inl <L,
0,

hyinln] = I

otherwise,
Ideal  Linear Int
. ol =
JU— DTFT e i
‘[ T as o b7S ,
e TR - Hi(eiw)
AT
0 "
L=5
/ Higer)
™~ | LT
- 4 Lo z 2 4=
H 5 75 503 s
Penn ESE 531 Spring 2020 - Khanna 71

Big Ideas

eelsieeels

a CT processing of DT signals
= Allows for interpretation of DT systems
a Downsampling
= Like a C/D converter
a Upsampling
s Like a D/C converter
o Practical Interpolation
= Linear interpolation

= Approximate sinc function with triangle
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Admin

oelsiese’s

o HW 4 due Sunday
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