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Department of Electrical and System Engineering
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ESE531, Spring 2021 Midterm Thursday, March 5

e 4 Problems with point weightings shown. All 4 problems must be completed.
e (Calculators allowed.

e (Closed book = No text allowed. One two-sided 8.5x11 cheat sheet allowed.

Name: Answers

Grade:
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Q2

Q3

Q4

Total | Mean: 79, Stdev: 12
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TABLE 2.3 FOURIER TRANSFORM PAIRS
Sequence Fourier Transform TABLE2.2 FOURIER TRANSFORM THEOREMS
L. 8[n] 1 Sequence Fourier Transform
2. 8[n —ng) e~Jamo x[n] X (ef®)
o0 .
3.1 (=00 < n < o) Z 2wé (0 + 27k) yln] Y(e/®)
ke=— - -
o: 1. ax[n] + by[n] aX (e/¥) + bY (e/?)
4. a'ulnl (lal <1) g 2 x[n—ng] (ng aninteger) e—iona X (ew)
o Jjwon J(w-wq)
5. uln) 1_jw + E w8(w + 27k) 3. ¢/0{n] X ) )
I-e k=m0 4. x[-n) X (e79%)
6. (n+ D"l (lal <) B X*(el®) it x[n] real.
(1 —ae~ @) dx (ij)
"o 5. nx[n] j
7. Mu[n] (rl < 1) 1_ e dw
sinwp 1-2rcoswpe /¥ + rée= 1% . .
. 6. x[n]* y[n) X (e/)Y (/)
sinwen i 1, |o| <wc,
8 — = X(el ):[U we < |w| €7 1" ji i
wn G = 7. x[nlyln] E,f X (e/?)y e/ @)dp
0. xfn] = {1, O<n<M sin[m(M+1)/2]E_ij/2 -
- =10, otherwise sin(w/2) Parseval’s theorem:
oo 00 1 £ .
10. eluon 3 2w w4 2k 8 3 =5 f IX (e9) 2da
k=—00 n=—oo -
00 . . 0 1 g ) )
11. cos(won + ¢) Z [re!?5(w — wq + 2k) + meI8(w + w + 27k)] 9. Z x[n]y*[n] = E./ X (/) ¥*(e/)dw
k=—c0 n=—cc i
TABLE3.1  SOME COMMON z-TRANSFORM PAIRS
Sequence Transform ROC
1. 8[n] 1 Allz
2. uln] e >1 TABLE3.2  SOME z-TRANSFORM PROPERTIES
3. —u[-n—1] 12l <1 Property  Section
Number Reference Sequence Transform ROC
4. 8[n—m] All z except 0 (if m > 0) or oo (if m < 0) xnl X R
5. auln] Toart lel > lal xn) X1 Ry
6. —a"u[-n—1] ﬁ lz| < |a| x[n] X2(2) R,
_:zz_l 3.4.1 axy[n] +bx;[n] aXi(z) +bX2(2) Contains R, N Ry,
7. na"uln] A= a2 [zl > lal 2 342 x[n—-ngl X (2) Ry, except for the possible
. az- addition or deletion of
8. —na"u[-n—1] A—a 2 |z| < la| the origin or co
1 — cos(wo)z ™! 3 343 z5x[n] X (z/20) |z0|Rx
9. cos(won)u[n] R povvcon pyp— |z] > 1
1-2 ‘:::((MO))Z 41 +z 4 3.44 nx[n] -z d;iz) Ry
: o)z
10. sin(won)u[n] 1= Zcost@o)z +22 lz] > 1 5 345 x*[n] X*(z%) R,
1 — rcos(wp)z~! 1 o x .
. - 6 Re ~[X X Cont Ry
11. 7" cos(won)u[n] T 2r costanz—! 1 222 |z| > r {x[n]} 2[ (@) +X*(z"] ntains
. 1 1
12. " sin(won)uln] % |z| > r 7 ZIm{x[n]} T[X(z) — X*(z*)] Contains R,
13 {a", 0<n<N-1, 1-a"z7¥ 2> 0 8 346 x*[—n] X*(1/z% 1/Rx
* 10, otherwise 1-az! : 9 3.4.7 x1[n] % x3[n] X1(2)X2(2) Contains Ry, N Rx,
Trigonometric Identity:
el® = cos(O) + jsin(0)
Geometric Series:
ZN n _ 1—pN+l1
n=0T = 1—r
0 n _ _1
Do =l <1
DTFT Equations:
Jw) o8] —jwk
X(e) = 2ope o xlk]e

z[n]

2

217r ffﬂ X (e7¥) el dw
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Z-Transform Equations:

X()= T ool
x[n] = 5 gX(z)z”_ldz

21y

Upsampling/Downsampling;:
Upsampling by L (TL): X,, = X (e/“F)
Downsampling by M (IM): Xgown = ﬁ Zij\ial X(ej(ﬁjﬁ”))

Interchange Identities:

sc[n]—» y[n]
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1. (30 points) You are hired by a signal processing firm and you are hoping to impress
them with the skills that you have acquired in this course. The firm asks you to design
a discrete-time LTT system that has the property that if the input is given by

the output is given by

(a) Determine the transfer function, H(z), and write the difference equation describ-
ing the LTI system.

(b) Draw the pole-zero diagram including the ROC indicated.
(¢) Determine the impulse response, h[n], of the LTI system.

(d) TIs the system stable? Is the system causal? Explain your reasoning for both.

(a)

Y 9.y
X(2)
Y(2) = 122X(z) —4X(z)

Take the inverse z-transform of both sides

y[n] = 12z[n + 1] — 4z[n|



///

_

(¢) The impulse can be derived directly from the transfer function H(z) = 12z —4 —
h|—1] = 12 and h[0] = —4. Therefore

hin| = —40[n] + 126[n + 1]

(d) The system is stable because the ROC of the transfer function includes the unit
circle and the impulse response is absolutely infinitely summable since it’s FIR.
It is not causal because the current output depends on future inputs
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2. (25 points) A numerical operation is defined as
1
yin) = afn] — Safn — 1]

where x[n] is the input and y[n] is the output of the system.

(a) Show that this system is linear and time invariant.

(b) Find the impulse response, h[n|, of the system.

(c) Find the frequency response, H(e’*), of the system.
)

(d) Find the impulse response of a system that could be cascaded with the system to
recover the input; i.e., find h;[n], in the block diagram below.

yin]
x[n] h(n] h,[n] x[n]

(a) For linearity create a signal «'[n] = ax;[n] + Bx2[n] where y;[n] and yo[n] are the
outputs of z1[n| and x5[n] respectively.

ORI O )

= ax1[n] + Bxan] — %(aml[n — 1]+ Baan — 1))

— afzifn] — %xl[n — 1)) + Blaaln] - %@[n _))

= ayi[n] + Bys[n)v
For time invariance create a signal z'[n] = x[n — ¢| and show that y/[n| = y[n — q|

yl = @]~ ya'ln 1)

1
= tln—q - geln—q—1]
= yln—qv
(b) The impulse response is simple the output when the input is d[n]. Therefore

hin] = 8[n] — %(5[n )

(c¢) Using the fourier transform pairs and properties tables

H(€]w> =1- 567‘7‘0
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(d) We must find h;[n] such that h;[n]| * hin] = d[n]. Taking the fourier transform of

both sides
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3. (25 points) A continuous time signal z(¢) is sampled with sample period T' = 2%, to
produce a discrete time signal z[n]. The signal x(t) is bandlimited, so that X (]Q) =0
for all |©2] > Q. This process is described in the following figure as is the continuous-

time Fourier transform of the signal z(¢). Assume the sampling frequency Qg = Q.

IX(jQ)I

x(t) x[n]
—+72
| I | I T
-Q

E Y o, o o
4 2 4 T 7 4

(a) Sketch the resulting discrete-time Fourier transform X (e/¥) for —7 < w < 7.

Make sure to label your axes and all relevant frequencies with fractional multiples

of 7.
| X(e’)|
A
1T
et
1 —> W
3 T T kY4
_ 2 g F T a 3
2JT 2 2 2 2 2]1:

(b) Does this sampling rate Qg = Q5 meet the Nyquist sampling theorem criterion
that guarantees no aliasing? Explain your reasoning.
No. Nyquist says we must sample at greater than twice the max frequency, i.e.
Qg > 2Qy. This is sampling at half the Nyquist rate
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(c) Given z[n], is it possible to perfectly recover x(t)? If so, design a system with only
DT processing and a single D/C block (specify the period, T, for reconstruction)
that does this. Carefully sketch the system and describe all operations that must
occur in your system. You can utilize any ideal filters by sketching them, but
label all axis points to fully specify them. If it is not possible to perfectly recover
x(t) from z[n], carefully explain why this is the case.

One possible system is below:

x[n] x(t)
_,Tz , HH HZH pc  ——>
AT T
2
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4. (20 points) Figure 1 below shows a system in which two continuous-time signals are
multiplied and a discrete-time signal is then obtained from the product by sampling
the product at the Nyquist rate; i.e., y;[n] is samples of y.(t) taken at the Nyquist rate.
The signal z(t) is bandlimited to 25 kHz (X;(j2) = 0 for |Q| > 57 x 10?), and x5(¢)
is bandlimited to 2.5 kHz (X3(jQ) = 0 for |Q| > 0.57 x 10%).

x1(1)

ye(1)

C/D

yl[n] = yc(nT)‘

xy(1) T

T = Nyquist rate

Figure 1

(a) Find the Nyquist sampling period T.

Since y.(t) = x1(t)za(t), Ye(jQ2) = %(Xl(jQ) * Xo(j92)), and so Y.(5€2) = 0 for
2] > 117 x 10*. (i.e. The bandwidth of the convolution of the two signals is
twice the sum of the bandwidths of the individual signals). Hence the Nyquist

rate is 7' = 1/55000s or fs = 55kH z.

10
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In some situations (digital transmission, for example), the continuous-time signals
have already been sampled at their individual Nyquist rates, and the multiplica-
tion is to be carried out in the discrete-time domain, perhaps with some additional
processing before and after multiplication, as indicated in Figure 2 below. Each
of the systems A and B either is an identity or can be implemented using one or
more of the modules shown in Figure 3.

xl(t) .\'l[ll] u:l[n]
—>| C/D > A
T, =2 X10 3sec
"‘2(’) X2 [Il] WH ["]
—>| C/D > B
T, =2 X10*sec
Figure 2
s[n _ B
Module I L, TL L > g[n] = {.s[n/L] n=0,L,2L,..
0 otherwise
s[n]
Module II e lM —> g[n] =s[nM]
s[n] 1| H(e™)
Module III ~ ——> | | —> g[n]
-, w,
Figure 3

(b) For each of the systems A and B, either specify that the system is an identity
system or specify an appropriate interconnection of one or more of the modules
shown in Figure 3. Also, specify all relevant parameters L, M, and w.. The
systems A and B should be constructed such that y,[n| is proportional to y;[n],
i.e., yo[n] = kyi[n] = ky.(nT) = kx;(nT) X xo(nT), and these samples are at the
Nyquist rate (y»[n] does not represent oversampling or undersampling of y.(t)).

11
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We need to choose systems A and B such that wy[n] = az,(nT) and wyln| = bzo(nT).
For system A must resample such that

M T 1/55000 10 M
I T 2x105 11 L

x4[n] wi[n]

— 1 I II

L=11 w=Tr/1 M=10

For system B must resample such that

M T 1/55000 1 M
L T, 2x104 11 L

X,[n] w,[n]

I m —

L=11 W=t/

12



