ESE 531: Digital Signal Processing

Week 5
Lecture 10: February 14th, 2021
Downsampling/Upsampling and Practical

Interpolation
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Iecture Outline

0 Downsampling
a0 Upsampling

0 Practical Interpolation (time permitting)

Penn ESE 531 Spring 2021 - Khanna



Downsampling
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® Downsampling

0 Definition: Reducing the sampling rate by an
integer number (M>1)

z[n)] —»[ vM ]—» z4[n] = z[nM]

(‘ = 2,(nT) k = z.(n MT)

T/
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Downsampling

a Similar to C/D conversion

= Need to worry about aliasing

= Use anti-aliasing filter to mitigate effects
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Downsampling

a Similar to C/D conversion

= Need to worry about aliasing

= Use anti-aliasing filter to mitigate effects

0 If your discrete time signal is finely sampled (i.e
oversampled) almost like a CT signal

= Downsampling is just like sampling (C/D conversion)
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Downsampling

z[n] —»[ vM ]—» zq[n] = z[nM]

= z.(nT =z.(n MT
(nT) zc(n, T/,)
The DTFT:
1 W 2T
jwy — | 2t
X (e9%) TZXC (g( - k))
k ~—
Q) Q.
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Downsampling

z[n] —{ vM ]—» zq[n] = z[nM]

= z,(nT — 2,(n MT
(nT) ze(n, T/,)
The DTFT:
1 w 2T
Jw — ) -
X(e )_TZXC(](T Tk>)
k N~ \(2/
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Downsampling

The DTFT:
1 W 27
Jjw il 3 Bt
k =
(2 Q)

a0 Want to relate X (e/?) to X(e/*) not X (j£2)

0 Separate sum into two sums—ifine sum and coarse
sum (i.e like counting minutes within hours)
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®: Downsampling
The DTFT:
o 2
X() = 72X (J( T T k))
k < =~
Q  Q,
» 1 o w 2T
Xa(e™) = WZI;X( (MT B MTk))
0 k=rM-+1
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®: Downsampling
: 1 _ 2
)= yp 2% (0 (3 - )
0 k=rM+i
s i=0,1,... M-I
m r=-00.,.,©

b
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Downsampling

Xa(e) = ﬁ;X (y( -

- 1
Xd(ejw) = —
/M
scale
by 1/M
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> Xl

e’ (37— 37 ))

/N

=0 stretch replicate
by M
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®: Example: M=2

1

M -1

1=0

/\

X(GJ(M 27r ))

A% ?\
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®: Example: M=2

M —1

Xd(ejw) _ % Z X (63'(1\“2 3\7}@))
X -
AANNA
_, 4
Xd
- " Scale by M=2
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®: Example: M=2

, M-l
Xa(e?”) = ¥ Z X (67(1\% J\gz))
i=0

ANNA

27 M=2 47

" " Scale by M=2
Shift by (i=1)2n
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Example: M=3

M —1

. ]_ . (W 27T
Xq(e’*) = Vi ; X (eJ(M MZ))
A A A
— m i=0
x =3 O
- 4 Scale by M=3
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Example: M=3

. ]. c /W 27
Xq(e’*) = M - X (eJ(M MZ))

1=0

A A A
o o i=1 i=0
" 27 =3 6T

d
- 4 Scale by M=3

Shift by (i=1)*2m
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Example: M=3

1 M—1
X (W) — X (i3 — 377
) =7 6
y—
X
—’;r 7]r 1=1 1=2 1=0
27 =3 A 6T
Xd>(?é<7g(74
— 4 Scale by M=3
Shift by (i=1)*2m
Shift by (i2)*2
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Example: M=3

LPF )
m[n]—»[ /M J:T;[n] { e Zan| = Z[nM|

nA N

—Tr
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Example: M=3

"”'[”]—’[ WL/PJ\I} }iz[n] { N ]_a”:;[n]:i‘[“M]

nA N

—Tr

M=3
Xd

o [ T
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Upsampling

IR 40
#Penn
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Upsampling

a Definition: Increasing the sampling rate by an
integer number

x[n]=x (nT)
x[n]=x (nT") where T’ = % L integer
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Upsampling

a Definition: Increasing the sampling rate by an
integer number

x[n]=x (nT)
x[n]=x (nT") where T' = % L integer

Obtain z;{n] from x|n| in two steps:

zn/L| n=0, £L, £2L,---
0 otherwise

(1) Generate: x.[n|= {
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Upsampling

(2) Obtain x;|n| from x.[n| by bandlimited interpolation:

x,[n] = z¢[n] * sinc (%)

put T
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Upsampling

0 Much like D/C converter
0 Upsample by A LOT = almost continuous

0 Intuition:
s Recall our D/C model: x[n] =2 x,(t)=2x.(t)
= Approximate “x((t)” by placing zeros between samples

= Convolve with a sinc to obtain “x.(t)”
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Upsampling

z;|n| = xe[n| * sinc(n/L)

T;|n| = Z a:[k]sinc(n _LkL

k=—o0
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: Frequency Domain Interpretation

z;|n| = x|n] * sinc(n/L)

okt P f—

sinc(n/L) DTFT =

SIE
SIE
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: Frequency Domain Interpretation

‘]xJn]

gain=L

oo )

—Jwn

)
Teln|e
S——

NE

X (e?¥) =

n=—aoo

Penn ESE 531 Spring 2021 - Khanna

zi[n]

28



: Frequency Domain Interpretation

—jwn

0 onIy for n=mL
(integer m)

e—jme

P
Q
=
|
3
IIM8 Mg
S E%
“3
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: Frequency Domain Interpretation

—jwn

0 onIy for n=mL
(integer m)

e—jme

P
Q
=
|
3
IIM8 Mg
S E%
“3
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: Frequency Domain Interpretation

—jwn

0 onIy for n=mL
(integer m)

e—jme

= X (9T

<
@,
">
|
3
IIM8 Mg
8 . C%‘R
E .3

=x[m]

Shrink DTFT by a factor of L!
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Example

—]

LPF
gain=L
7w/L

| ain

sampling T

X (e?¥)

X, (e?%)

™

expanding L
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Example w[n]—»[ 1L Jx—[n]{ %E }—» z:[n]

Xc(jﬂ)/\
( QO Q
. sampling T _
X(e??) X;(e??)
=7 7 | = ;
expanding L
X, (e?%)
— T
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Example w[n]—»[ 1L Jx—[n]{ %E ]—» z:[n]

Xc(jﬂ)/\
( QO Q

. sampling T _

X(e??) X;(e??)

/\/m

— T ’ = ;

expanding L
\ )
— X(GJwL) —7:I' m 71{_ >
L
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Example

=

LPF
gain=L z;|[n|
/L

X c(jﬂ)/\
s ix 6
~ sampling T .
X(egw) Xi(ejw)
/\/m

—T m ’ o T
expanding L } L

\\Xe(ej“) :

—Tr
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Example w[n]—»[ 1L Jx—[n]—[ %E ]—» z:[n]

- sampling T
X(e??) X;(e7*)

l/T

—Tr 7r ™ i
| expanding L L

\X (&%) .
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Example w[n]—»[ 1L Jm—[n]{ %E ]—» z:[n]

Xc(j82) /\
O N
~ sampling T'=T/L
Xz' (6‘70’))
-7 T —Tr T
- T
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Example w[n]—»[ 1L Jx—[n]{ %E ]—» z:[n]

Xc(jﬂ)/\
'L 0\
~ sampling T sampling T’=T/L
X(e?¥) X;(e?¥)
/\/ m
—TT T T
| expanding L L

X, (e3) L
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Practical Interpolation

0 Interpolate with simple, practical filters

= Linear interpolation — samples between original samples
fall on a straight line connecting the samples

= Convolve with triangle instead of sinc

C[1—tl/L, < L.
Minln] = l 0, otherwise,

4/5 hyinln]
e N2 -
4 “wm 215 Vs
11 P
0 n
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Practical Interpolation

0 Interpolate with simple, practical filters

= Linear interpolation — samples between original samples
fall on a straight line connecting the samples

= Convolve with triangle instead of sinc

n
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: Frequency Domain Interpretation

z;|n| = x|n] * sinc(n/L)

okt P f—

sinc(n/L) DTFT =

SIE
SIE
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: Linear Interpolation -- Frequency Domain

x[n]=x[n]*h [n]

93[”]—{ L ]xe[n] '[ a;aprlj)x ]_' zi{n]

L J1=Inl/L, In| =L,
hyinln] = I()’ otherwise,
1
4/5 hllnlnl

L=3$§

s \3.5 5
I
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: Linear Interpolation -- Frequency Domain

x[n]=x[n]*h [n]

w[n]—{ L ]a:e[n] { a;oprlj)x ]_’ zi{n]

, 1 —|n|/L, |n| <L,
Miinln] = IO, otherwise,

. 4/S ol DTFT =

L=3$§

v 3/5
; L : H,(ejo
0 5 L=5 | |
/\/ e
I . LTS

43
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: Linear Interpolation -- Frequency Domain

x[n]=x [n]*h [n]

x[n]—{ L ]xe[n] { a;oprlj)x ]_' zi{n]

1 —|n|/L, |n| <L,
Miinln] = I 0, otherwise,

. 4/S ol DTFT =

L=3$§

’ 3/5
’ “w 2/5
‘ ‘o U5 I .
H‘T’T T ] { I T T\’\H /\/”i(f )
0 n |
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: Linear Interpolation -- Frequency Domain

x[n]=x [n]*h [n]

x[n]—{ L ]a:e[n] { a;_grlj)x ]_' zi{n]

i = {1 1< L

otherwise,
Ideal
|
s gl DTFT = X (o)
’ s o I
’ > . H;(e/?)
% T T T T s e .
- 0 M X, (&)
L=5 ‘ ,
Iin(c}m)
l |
m _4n _m _m m 2w am
5 5 5 5 5 5
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: Linear Interpolation -- Frequency Domain

x[n]=x [n]*h [n]

x[n]—{ L ]xe[n] { a;oprlj)x ]_' zi{n]

1 —|n|/L, |n| <L,
Miinln] = I 0, otherwise,

. 4/S ol DTFT =

L=3$§

’ 3/5
’ “w 2/5
‘ ‘o U5 I .
H‘T’T T ] { I T T\’\H /\/”i(f )
0 n |
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Linear Interpolation -- Frequency Domain

x[n]=x [n]*h [n]

x[n]—{ L ]xe[n] { a;oprlj)x ]_' zi{n]

1 —|n|/L, |n| <L,
Miinln] = I 0, otherwise,

1 e e [ DTFT — Linear Int

5 o8 Xi(e?)

) ] [ r{m y | |
H’T’T T T T\" So—s / I[i(ejw)
0 n |

X(e?)
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Linear Interpolation -- Frequency Domain

x[n]=x[n]*h [n]

x[n]—{ L ]xe[n] { a;oprlj)x ]_’ zi{n]

1 —|n|/L, |n| <L,
Miinln] = IO, otherwise,

1 e e (n] DTFT — Ideal Linear Int

) [ Y L=5 Xi(e?) X(e?)
al T ]
0

‘ \2/5
T TJ’S L H,(eio)
| (LA Pl
L.=5 ‘ ,
/I\l | l/-l\

m2m am
5 5 5
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Big Ideas

0 Downsampling

s Like a C/D converter
a0 Upsampling

s Like a D/C converter

0 Practical Interpolation
= Linear interpolation

= Approximate sinc function with triangle
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Admin

o HW 3 due Sunday
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