ESE 531: Digital Signal Processing

Week 9
Lecture 15: March 14th, 2021
All-Pass Systems
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Iecture Outline

a All Pass Systems
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: Review: Frequency Response of LTI System

rler)=fen)x(e”)

a0 We can define a magnitude response...

Y(ef‘”)

0 a phase response...

i)

X(ej“’)

LY(ej‘”)=LH(ejw)+LX(€jw)
a and group delay
ard[H(e*)] = — = {arg[H(e')]}
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Review: Group Delay Math

H(z)=" e H(e') = e
2) = 20 k;l e/ = by I;Vl
“oTJa-d,z" “Tla-d.e

0 Look at each factor:

arg[l-re’’e™/*]=tan™ rsin(w - 0)
1-rcos(w-0)

r> —rcos(w - 6)
2

grd[1-re’’e™/] =

9 -
‘l—ref e/

Penn ESE 531 Spring 2021 — Khanna
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Stability and Causality

IR 40
Srenn
040
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L'TT System

Zaky[n — k| = Z brx[n — kI
k=0 k=0

Example: Y[n] = z[n] +0.1y[n — 1]

Cbot+ bz 4o+ bz by —[kle(l —cpz™ )

H(z)

ag+a1z71+...+anz N  ag :_‘[Q’:l(l — dpz1)

0 Transter function 1s not unique without ROC

» [f diff. eq represents L'TT and causal system, ROC is
region outside all singularities

= [f diff. eq represents LTI and stable system, ROC
includes unit circle in z-plane
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FExample: ROC from Pole-Zero Plot

ROC 1: right-sided

Unit circle
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L'TT System

Zaky[n — k| = Z brz[n — k
k=0 k=0

If stable and
Example: y[n| = z[n] + 0.1y[n — 1] causal, all poles

inside unit circle

_bo+ biz7l+...+byz™ by ____kle(l —crpz™ )

H(z =
(2) ag+arz7 14+ ... +anz™N  ag ‘_“szl(l_dkz—l)

0 Transter function 1s not unique without ROC

» [f diff. eq represents L'TT and causal system, ROC is
region outside all singularities

= [f diff. eq represents LTI and stable system, ROC
includes unit circle in z-plane
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All-Pass Systems

IR 40
Srenn
040
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All-Pass Filters

0 A system is an all-pass system if
|H(efw)\ =1, all ®

0 Its phase response @(w) may be non-trivial

Penn ESE 531 Spring 2021 - Khanna
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®: First Order All-Pass Filter (« real)

-1 *

—d

H(z)==

_1
l-az
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First Order All-Pass Filter (a real)

-1 *

z —a
H(z) = —
l-az
| e’ —a
H(e™)| 5 |
1-ae™”

e’ (1-ae’)

_ja)

P—ae

l-ae
=1

1-—age™”
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General All-Pass Filter

0 d,=real pole, ¢, =complex poles paired w/
conjugate, e,

M - “"‘ek)(z - ex)

M,
H. A
ap(2) = H 1 —dyz-! IEII —exz D1 —efz7 1)

Penn ESE 531 Spring 2021 - Khanna
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General All-Pass Filter

0 d,=real pole, ¢, =complex poles paired w/
conjugate, e,

M —
r 2 “"‘ek)(z "‘"f’k)

M,
Hyp(z A
ap(2) = kl:ll 1 —dyz~! I!ZII 1 —exz71)(1 —efz71)
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General All-Pass Filter

0 d,=real pole, ¢, =complex poles paired w/
conjugate, e,

— dy (z7t—e)z ™ = ep)

H. A
p(e) = ﬂ 1 - dkz-1 L (1— ez D)(1 — efz71)

Penn ESE 531 Spring 2021 - Khanna
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General All-Pass Filter

0 d,=real pole, ¢, =complex poles paired w/
conjugate, e,

Hoo (2) Q—[AM’ - ﬁ -z =)
ap 1 —dyz~! — ez (1 —efz7 1)

k=1 k=1

Penn ESE 531 Spring 2021 - Khanna 16



General All-Pass Filter

0 d,=real pole, ¢, =complex poles paired w/
conjugate, e,

Hoo(2) = Aﬁ B ﬁ e - )
P 1 —dyz-1 k=1 — ez (1 —efz7 1)
0 Example:
3
d, =2

e, = 0.8¢//

Penn ESE 531 Spring 2021 - Khanna
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General All-Pass Filter

0 d,=real pole, ¢, =complex poles paired w/
conjugate, e,

M’- — MC‘

z - —dg z7h =)z — &)
Hdp(?)xAl—I 3 ~ —3
ol 1 —diz e (1—ez7' YA —efz™")
A
0 Example:
3
d =->
k 4 o y

e, = 0.8¢//

Real zero/pole

Penn ESE 531 Spring 2021 - Khanna
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General All-Pass Filter

0 d,=real pole, ¢, =complex poles paired w/
conjugate, e,

M’- — MC‘

< - T dk (z~ “ek)(z — €k)
Hdp(?)xAl—I = ~ s
oy 1—dez7t L (1 — ez (1 —efz71)
A
0 Example:
3
d =_2>
k 4 o g

e, = 0.8¢//
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General All-Pass Filter

0 d,=real pole, ¢, =complex poles paired w/
conjugate, e,

M’- — MC‘

< - T dk (z~ “ek)(z — €k)
Hdp(?)xAl—I = ~ s
oy 1—dez7t L (1 — ez (1 —efz71)
A
0 Example:
3
d =_2>
k 4 o g

e, = 0.8¢//
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All Pass Filter Phase Response

_'a) *
1Y _a

. o,
a First order system H(e') =

1-ae™”
e /Y —ype”’

0

Jjo ,—jw

1-re’’e

0 phase

Penn ESE 531 Spring 2021 - Khanna
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All Pass Filter Phase Response

. — jw *
d 1r racr m j e —d
First order syste H(e') = L
l-qge™’
e/ _pe /Y
1—rel?e™/®
-jo . —Jjo
| phase arg € re
1—re’le™/?

Penn ESE 531 Spring 2021 - Khanna
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All Pass Filter Phase Response

. _j %k
—-d
a First order system H(e') =

Jjo

l—ae™’

_ 6
e ’? _re”

0 —
1—rel?e™?

- jw - jo
Q phase arg(e T ore” )

1—re’le/
e’ (1-re’e’”)
= arg —
1-re’’e

= arg(e'j“’)+arg(1—re 1Y —arg(1-re’’e” ")
=—w-arg(l-re’’e™’)—arg(1-re’’e™/®)

=-w-2arg(l- re’e 1)

Penn ESE 531 Spring 2021 - Khanna
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Group Delay Math

grd[H(e™)] =y grd[l-c,e]- Y grd[l-d,e™]
k=1 =

0 Look at each factor:

arg[l-re’’e™/*]=tan™ rsin(w - 0) )
1-rcos(w-0)

r> —rcos(w - 6)
2

grd[1-re’’e™/] =

9 -
‘l—ref e/

Penn ESE 531 Spring 2021 — Khanna
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First Order Example

a0 Magnitude:

|

Penn ESE 531 Spring 2021 - Khanna

m

Radian frequency (w)

2m
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First Order Example

0 Phase:

| |
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Radian frequency ()

" 3

ro!

27

g ” 37
B Radian frequency (@) 2
z2=09

27
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First Order Example

a0 Group Delay:

—
[ ]

Radians
=)

I |
3m m

I N

L
3 (
dB
o EN IS
> =

Radian frequency (w) 2 0 T [ 37

20

15 H
w Z=0.9
o
2 10
& e ) = ()
)

5.._

0 w ’” 3m 2m
2

Radian frequency (w) 2
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All Pass Filter Phase Response

0 Second order system with poles at z=re’”’ re

Z (e—ja)__,.e—-jO)(e—ja)_ rej())
(1 — relfe—Jo)(1 — re—ife—Jjw)

Penn ESE 531 Spring 2021 - Khanna

] = —2@ — 2 arctan [

_JQ

rsin(w — 6)

1 —rcos(w —86)

—2 arctan [

rsin(w + 9)
1—rcos(w+86)|

|
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Second Order Example

0 Poles at z=0.9¢="* (zeros at conjugates)

15 —

8
L
-

™
2 Radian frequency (w) 2

Penn ESE 531 Spring 2021 - Khanna
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All-pass Example

0 d,=real pole, ¢, =complex poles paired w/
conjugate, e,

M, _ M, |
27 —dg (z™ ""’6’1()(2 — €k)
Hdp(?)xAl—I 3 l_[ ~ s
k=] 1 - di 2 k=1 (1 — ez M1 — €,z )
A
0 Example:
3
a’k=—Z A )

e, = 0.8¢//

Penn ESE 531 Spring 2021 - Khanna
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All-pass Example: Magnitude

ro

0

dB

ro
ro I'_;T -

0 o

(SO T

Radian frequency (w)
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All-pass Example: Phase

4
2 -
"
=
~
= 0O
- |
(=4
-2
4 1 !
0 w w 3w 2w
2 2
Radian frequency (w)
(b)
o
A\ 4
32
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All-pass Example: Group Delay

Samples
=)
|

0

0

ad
"

2

t~.a|'__’l‘ -
t

Radian frequency (w)

(c)
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All-Pass Properties

0 Claim: For a stable, causal (» < 1) all-pass system:
= arg[H, (e)]=0
= Unwrapped phase always non-positive and decreasing
= grd[H,,(¢)]>0
= Group delay always positive Pg 309 in text book

= Intuition
= delay is positive = system is causal

= Phase negative = phase lag

Penn ESE 531 Spring 2021 - Khanna
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Big Ideas

0 Review: Frequency Response of LTI Systems
= Magnitude Response, Phase Response, Group Delay

a Review: LTT Stability and Causality

= If all poles inside unit circle

a All Pass Systems

= Used for delay compensation

Penn ESE 531 Spring 2021 — Khanna
Adapted from M. Lustig, EECS Berkeley
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Admin

a0 HW 5
s Due Monday 3/15

o HW 6
s Due Sunday 3/22
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