ESE 531: Digital Signal Processing

Week 9
Lecture 16: March 14th, 2021

Min Phase Decomposition
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Iecture Outline

0 Minimum Phase Systems
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Minimum-Phase Systems

a Definition: A stable and causal system H(z) (i.e.
poles inside unit circle) whose inverse 1/H(z) is also
stable and causal (i.e. zeros inside unit circle)
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Minimum-Phase Systems

a Definition: A stable and causal system H(z) (i.e.
poles inside unit circle) whose inverse 1/H(z) is also
stable and causal (i.e. zeros inside unit circle)

s All poles and zeros inside unit circle

A A

H(z) 1/H(z)

®
®
v
X
X
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All-Pass Min-Phase Decomposition

0 Any stable, causal system can be decomposed to:

H(z)=H_. (2) Hap (2)

a0 Approach:
= (1) First construct H,, with all zeros outside unit circle

O (2) Compute
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Min-Phase Decomposition Example

-1 A
H(z)= I- fz H(2)
1--z"
2
¥ o>
1/2 3
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Min-Phase Decomposition Example

_1 A
H(z)= =32 H(2)
|
1—52
X o
1/2 3
z7l—a*
0 Set Hap(Z) — =
A
Hap(2)
¢ o
1/3 3
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Min-Phase Decomposition Example

-1
H(z) = 1-3z
| -
1-—z
2
4 1
Z —
0 Set H (z)= 3
ap 1 B
l-—z
3
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H(z)
- -
1/2 3
Hap(2)
x =
1/3 3




Min-Phase Decomposition Example

H(z)= H(z)
|
l-—z
2 X o
1/2 3
4 1
Z —
0 Set H (z)= 3
v 1—12_1
3 Hap(z)
( z! 1 | i(/3 2
-1 - —
min(Z)= 1_:132 1 3
l-—z'1--z"
2 3 )
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Min-Phase Decomposition Example

[ 1\_1 A
(2) = 1-3z7"| 3 H(z)
min 1 B 1 B
l-—z"|1-=z 3¢ o—>
A
Hap(2)
¥ o—>
1/3 3
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Min-Phase Decomposition Example

-1 A
H(z) = 1-3z H(z)
|
1—52
A —>
1/2 3
4 1
Z —
0 Set H (z)= 3
v 1—12_1 1
3 Hap(z)
1 -1 > o—>
1—52 1/3 3
H  (z)=-3
min 1 1
l-—z
2
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Min-Phase Decomposition Example

-1 A
H(z) = 1-3z H(z)
|
1—52
A —>
1/2 3
4 1
Z —
0 Set H (z)= 3
v 1—12_1 1
3 Hap(z)
1/2
| - ——>
1—52 1/3 3
H  (z)=-3
min 1 1
l-—z
2
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Min-Phase Decomposition Purpose

0 Have some distortion that we want to compensate

Compensating
system
H.(2)

for:
|
: Distorting
e system
sl 1| Ha()
I
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Min-Phase Decomposition Purpose

0 Have some distortion that we want to compensate

T }

: Distorting Compensating| |
e system e sysiem —{—-—»
s[n] : H,(2) sq[n] H (z2) ALY

| |

S S 00 S i s et S S 0 N

0 It Hy(z) 1s min phase, easy:
s H.(2)=1/Hy(z) € also stable and causal
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Min-Phase Decomposition Purpose

0 Have some distortion that we want to compensate

o }

: Distorting Compensating| |
mm— system S sysiem —{——»
sa] | Hy(z)  |saln] H(z) o (7]

e e e J

0 It Hy(z) 1s min phase, easy:
s H.(2)=1/Hy(z) € also stable and causal

0 Else, decompose Hy(2)=H 1n(2) Hy,p(2)
» H(2)=1/Hgpmin(2) ?Ha()Ho(2)=Hq(2)

= Compensate for magnitude distortion
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Minimum Phase to Max Phase

Aﬂm

Min phase U4 o

o

A 7
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Minimum Phase to Max Phase

(o) AN
Min phase 4% e
X All Pass ®
- >
Re
®
(o) ®
(o]
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Minimum Phase to Max Phase

Aim

Unit ci:Qi

DV
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Minimum Phase

Aﬂm

Min phase U4 o

o

A 7
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Minimum Phase

A7
Min phase U4 o
o
* >
Re
o
o
O AZm
Unit ciedlg
o
+ >
Re
o
o
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A?m
Unit ci:%
>
Re
A?m
Unit c6c\ki o
X
- >
Re
X
(o) (o]
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Minimum Phase

A7
Min phase U4 o
o
* >
Re
o
o
O AZm
Unit ciedlg
o
+ >
Re
o
o
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A?m
Unit ci:%
>
Re
A?m
Unit %QS o
- >
Re
o (o]
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Minimum Phase Lag Property

a All pass properties
n arg[Hap(ej‘”)]SO
= grd[H,,(¢)]>0
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Minimum Phase Lag Property

a All pass properties
n arg[Hap(ej‘”)]SO
= grd[H,,(¢)]>0

3 1g[H ()] Zarg[H o (e) *H,, )]

=arg[H, ()] + arg[H,,(€")]
:afg [Hmin<€jw>] T =0
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Minimum Group Delay Property

a All pass properties
n arg[Hap(ej‘”)]SO
= grd[H,,(¢)]>0

0 grd[H,, (@)1 =grd [H i (¢1)*H, ()]

=grd[H,, ()] + grd[H, ,(e)]
=grd[H,,(€)] + =0
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Minimum Phase

A7
Min phase U4 o
o
* >
Re
o
o
O AZm
Unit ciedlg
o
+ >
Re
o
o
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Minimum Energy-Delay Property

Min phase Max phase
$3.39 haln) s 320 hy[n]
2.89 -
2.19 2.19 '
1.56 156
I 10'81 0.81 [
K X ' 7 4 ! ® . I . .
2 44 o0 1 2 3 4 5 6 n 1 T
(a) ®)
¢3.50 he[n] ' ¢3.50 hyln]

2.51 2.58 2.58 2.51
1.26
[1.26 ’ [ Il,()() II.OO I
. T b 4 b4

n

tl\)

|

—
=
—
3%
W
&
N 4
e
n
=Y ]
S

Total energy: E = 3%_,|h[n]|?
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Minimum Energy-Delay Property

Min phase

®3.39
2.89

Max phase

haln)

2.51 2.58
’ [ I 1.00

hb [n ]

2 . .
n -2 -1 0 1 2 3 4 6 n
(b)
he[n] ' ¢3.50 haln]
2.58 2.51
1‘ l |
e 2 -1 0 1 2 3 4 & n
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Partial energy: E[n] = Ym—olh[m]|?
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Minimum Energy-Delay Property

30 [~ 1
Min phase
2l
=2 ——— E,[n] (minimum phase)
m .
= °°°°°°° E [n] (maximum phase)
B ’ —-= E ]
N . —== Eyin)
/77" Max phase
- | | | | |
0 1 2 3 4 5 n

Partial energy: E[n] = Ym—olh[m]|?
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Big Ideas

0 Minimum Phase Systems
= Can compensate for magnitude distortion

= Minimum energy-delay property
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Admin

a0 HW 5
s Due Monday 3/15

o HW 6
s Due Sunday 3/22
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