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Generalized Linear Phase Systems
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Iecture Outline

0 General Linear Phase Systems
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Filter Specitications
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Generalized Linear Phase Systems
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Generalized Linear Phase

0 An LTT system has generalized linear phase 1f
frequency response H(e’®) can be expressed as:

H(e®)= A(w)e 7?7

a)‘<7z

0 Where A(w) 1s a real function.
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Generalized Linear Phase

0 An LTT system has generalized linear phase 1f
frequency response H(e’®) can be expressed as:

H(e®)= A(w)e 7?7

a)‘<7z

0 Where A(w) is a real function.

0 What 1s the group delay?
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Causal FIR Systems

y[n]= byx[n] + bx[n—1] +...4+ b, x[n—M], alln
M
H(z) =b, +bz ' +..+b,z Y = OH(I —ckz_l)
k=1
(bn, n=0,1,..M
h[n]=-+

0, otherwise
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Causal FIR Systems

0 Causal FIR systems have generalized linear phase if
they have impulse response length (M+1) and some

symmetry

0 It can be shown if

hin] = hlM —n], 0<n<M,
1= 0, otherwise,
a then

H(e!?) = A (e/®)e /M2,
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Example: Moving Average

0 Moving Average Filter
= Causal: M;=0, M,=M

x[n-M]+...+ x|n]

yln]=

M +1

Impulse
response

Penn ESE 531 Spring 2021 - Khanna



Example: Moving Average

0 Moving Average Filter
= Causal: M;=0, M,=M

x[n-M]+...+ x|n]

yln]=

M +1

Impulse
response

Scaled &Time
Shifted window

Penn ESE 531 Spring 2021 - Khanna
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Example: Moving Average

w[n] “window”

sin ((N +1/ 2)a))

sin(a)/2)

wln]< W(e’”) =

1 jor o~ JoM/2 sin((M/2+1/2)a))
M+1W[n_M/2] Wie™)- M +1 sin(a)/Z)
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Example: Moving Average

H(e)|

Penn ESE 531 Spring 2021 - Khanna
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Causal FIR Systems

0 Causal FIR systems have generalized linear phase if
they have impulse response length (M+1)

0 It can be shown if
| _{hM—n], 0<n=<M,
hin] = { 0, otherwise,
0 Then

H(e!®) = A (el®)e1oM/2

0 Sufficient conditions to guarantee GLP, not
necessary
s (Causal IIR can also have GLP

Penn ESE 531 Spring 2021 - Khanna
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FIR GLP Systems

a Four types of FIR GLP
0 Type I

= Even Symmetry, M even

N Type 11
» Even Symmetry, M odd

= Type III
= Odd Symmetry, M even

N Type 1AY
= Odd Symmetry, M odd

Penn ESE 531 Spring 2021 - Khanna
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: FIR GLP: Type I

Type I Even Symmetry, M even

hinl=hM—-n], n=0,1,.,M

| Center of
< symmetry
|
* , o < &
0 M M=4 n

2

Penn ESE 531 Spring 2021 - Khanna
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: FIR GLP: Type I

Type I Even Symmetry, M even

hinl=hM—-n], n=0,1,.,M ,Cemert

0 M=4

2

M
Then H(e’“)= Zh[n]e”“’” = A(w) e /M2
n=0 Real, Even " integer delay

Penn ESE 531 Spring 2021 - Khanna
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@®: IR GLP: Type I

Type I Even Symmetry, M even

hn]=hM —-n], n=0,1,...M

M
Then H(e’”)=) h[nle”’™" =

n=0

Penn ESE 531 Spring 2021 - Khanna

| Center of
< symmetry
TI1]
o M M=-4 . =n
2
— A(W) e— jC()M /2
Real, Even " integer delay
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FIR GLP: Type I — Example, M=4

Type I Even Symmetry, M even
hinl=hM—-n], n=0,1,.,M

M
Then H(e’”)= Zh[n]e‘f“’” = A(w) e /M2
n=0 Real, Even " integer delay

H(e’®) = h[0]+ A[1]e™® + h[2]e 2 + h[3]e™>® + h[4]e™/*®
=e 2% h[0]e’>” + h1]e”® + h[2]+ h[1]e ' + h{0]e > |

=[2h[0]cos(2w) + 2h[1]cos(w) + A[2]] e 20
A() zeven)

Penn ESE 531 Spring 2021 - Khanna 18



FIR GLP: Type 1

Type I Even Symmetry, M even

hn]l=hM —n],

M
Then H(e’?)= Zh[n]e_ja’” =
n=0

n

=0,L,...M T e

—®

0

|
1¢ ’ I ' ]
. . .
M
2

A(W) e—j(OM/Z
—

Real, Even " integer delay

M2
H(e/®) = e JoM/2 (Za[k] COS a)k)

k=0

al0] = h[M/2],

Penn ESE 531 Spring 2021 - Khanna
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: FIR GLP: Type 1I

TypeIl Even Symmetry, M odd

hinl=hM—-n], n=0,1,.,M
Center of
r"/symmetry
LTI
u n

Penn ESE 531 Spring 2021 - Khanna
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: FIR GLP: Type 1I

TypeIl Even Symmetry, M odd

hinl=hM—-n], n=0,1,.,M

| Center of
Ir""’symm Ty
1 |
HRHEN
0 % M
M
Then H (e’“’):Zh[n]e_”’” = A(w) e /M2
n=0 Real, Even " integer delay

Penn ESE 531 Spring 2021 - Khanna

21



FIR GLP: Type 11

Center of
symmetry

Typell Even Symmetry, M odd

n

-
hn]l=hM —-n], n=0,1,...M . l I U!I IML'—'—

M .
Then H(e/”)= h[nle ™ = A(w) e /M
n=0 Real, Even " integer delay

Penn ESE 531 Spring 2021 - Khanna
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FIR GLP: Type II — Example, M=3

Type Il Even Symmetry, M odd

M
Then H(e/”)= h[nle /™ = A(w) e /M
n=0 Real, Even " integer delay

H(e/”) = h{0]+ h[lle™/® + h[2]e™*® + h[3]e />

H(e’”)=[2h[0]cos(3w/ 2) + 2h[1]cos(w / 2)] e />
A(w)

Penn ESE 531 Spring 2021 - Khanna
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FIR GLP: Type 11

TypeIl Even Symmetry, M odd

Center of

r‘/ symmetry

CLLLITT

Then H(e’®)= Zh[n]e_f“’”: A(w) g /M2
n=0 Real, Even " integer delay

(M+1)/2

H(e/®) = ¢=ioM/2 Z bik) cos [ (k — 1 )]

bkl =2h[(M + 1)/2 —k], k=1,2,...,(M+1)/2.

Penn ESE 531 Spring 2021 - Khanna
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FIR GLP: Type I and 11

| Center of .
< symmetry
11111 A
. ! > @ . ‘ \ﬁr
0 M M =4 r

2
| Center of 1
<+~ symmetry -\
|

TTHIT N
l m I

° l - . QY g
0 % M=5 n 2&9

Penn ESE 531 Spring 2021 - Khanna
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FIR GLP: Type I and 11

M2
H(e!”) = e /M2 | ¥ " a[k] cos wk
Center of k=0
r"/symmetry \ '
|
. —5
M M=4
2 (M+1)/2
H(e!®) = e~ /oM2 8 3™ pikjcos|w (k- })]
k=1
Center of

;4"""' symmetry
[\

\_76

. s

|
|
I
I
l
M M=5 n
2 &’réj

Penn ESE 531 Spring 2021 - Khanna 26



: FIR GLP: Type 111

TypeIlI Odd Symmetry, M even

hinl=—-hM —n], n=0,1,...M

Center of

1 ,4/ symmetry

(note h|M /2]=0)

Penn ESE 531 Spring 2021 - Khanna
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: FIR GLP: Type 111

TypeIlI Odd Symmetry, M even

hnl=—-hM —-n], n=0,1,...M  (note hfM /2]=0)

Center of
1 ,4/ symmeftry

!
| -
- 4|M*2+ﬂ —*—o @
i l
-1

0 n

—_—

M - .
H(eja))zzh[n]e—]a)n — A(W) e—]a)M/2+]7r/2
n=0 Real,Odd

Penn ESE 531 Spring 2021 - Khanna 28



FIR GLP: Type 111

nter of
Type IIl Odd Symmetry, M even 1 r/symmctry
L M=2
hn]=-hM —n], n=0,1,...M  (note h|M /2]=0) 0 }l "
of

M
H(e’”) = Z Wnle /™ = A(w) e /OM/2+im/2
n=0 Real,Odd

Penn ESE 531 Spring 2021 - Khanna
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. FIR GLP: Type I1I — Example, M=4

TypeIlI Odd Symmetry, M even

hn]=—-hM —n],

H(e’?) = Zh[n]e“’ on
n=0

n=0,1,..,M

(note h[M /2]=0)

—

Real,Odd

= A(w) e JoMI2+jnl2

H(e’) = h[0]+ [1]e™® + h[2]e 7>* + h[3]e ** + h[4]e /*

_'2
=€ J~@

H[0]e”2? + A

= [2A[0’

sin(2w) + 2h[

1]

1]

e’ —h|

sin(w)

Penn ESE 531 Spring 2021 - Khanna
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: FIR GLP: Type 111

Type IIl Odd Symmetry, M even

hnl=—-hM —-n], n=0,1,...M  (note hfM /2]=0)

M . .
H(e]a))zzh[n]e—]a)n — A(W) e—j(t)M/2+j7Z'/2
n=0

—
Real,Odd
M2 1
H(e/®) = je /M2 1 % " clk] sin wk
k=1

c[k] = 2n[(M/2) — k],  k=1,2,....M/2.
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FIR GLP: Type IV

TypeIV Odd Symmetry, M Odd

hnl=—-h|M —n],

n=0,1,...M (M / 2 not an integer)

Center of

e symmetry

IM=1

2

Penn ESE 531 Spring 2021 - Khanna

|
Al

-1

l —— -8~ ® & *
n
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FIR GLP: Type IV

TypeIV Odd Symmetry, M Odd

Wnl=—-hM —-n], n=0,1,.. .M (M /2 not an integer)

Center of

1? L symmetry
J
IM=1

o ,

0 |

l & - & * —& . 2

-1

M
H eja) _ hin e—ja)n — A(w e—]a)M/2+]7z/2
) ,; . R% q " fractional delay
B eal,

Penn ESE 531 Spring 2021 - Khanna 33



FIR GLP: Type IV

Center of

1? e symmetry
Type IV Odd Symmetry, M Odd l o1
Wn]=-h[M —n], n=0,1,...M (M /2 not an integer) _11

. M .
H(e’") = Zh[n]e_’ “r
n=0

Penn ESE 531 Spring 2021 - Khanna

= Aw) e joM/2+jn/2

—— " fractional delay
Real,Odd
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: FIR GLP: Type IV — Example, M=3

TypeIV Odd Symmetry, M Odd

Wnl=—-hM —-n], n=0,1,.. .M (M /2 not an integer)
. M . . .
H(e]a))zzh[n]e—]a)n _ A(W) e—](t)M/2+]7Z’/2
n=0 Y

" fractional delay
Real,Odd

H(e’”)=[2h[0]sin(Bw / 2) + 2A[1]sin(w / 2)] je 7>
A(o)
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FIR GLP: Type IV

TypeIV Odd Symmetry, M Odd

Wnl=—-hM —-n], n=0,1,.. .M (M /2 not an integer)

Center of

1[ le—"" symmetry
J
&

IM=1
+ & —o & . 2 —& *
(1 1 n

-1

M . .
H eja) _ hin e—ja)n — A(w e—]a)M/2+]7r/2
) ,; ! Q " fractional delay

Real,Odd
| | T (M+1)/2 y
H(e/®) = je/*M2 | 3" dlk)sin|w (k- 1)]
k=1

dik] =2h[(M +1)/2 — k], k=1,2,...,(M+1)/2.
Penn ESE 531 Spring 2021 - Khanna 36



FIR GLP: Type III and IV

Center of

1 ,4/ symmetry

!
- & T . - T
0 : l n
l
-1
Center of
1? e symmetry
J
IM=1
s ! *——o - * ° *—
0 | n

44
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FIR GLP: Type III. - [up
H(e/®) = je /*M/2 | % " c[k] sin wk

_k=1 |
Center of
1 «—" symmetry
l
! —
- 9 ? s bt e o o o
| l " T
l
-1
Center of ¢
1? e symmetry
|
IM=1 ¥
. - *—o o —9 o —e
0 n T
b _ _
(M+1)/2
H(el®) = je 142 | 3" diksin|w (k- 1)]
k=1
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. Z.eros of GLP System — Type I and II

a0 FIR GLP System Function

M

H@z) =) hinlz™"
n=(_)

Penn ESE 531 Spring 2021 - Khanna
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Zeros of GLP System — Type I and 11

a0 FIR GLP System Function

M

H(z) =) hinlz™"
n=>_)

M 0
H(z) =) hM—nlz™" = ) hlklz*z™

n=>{ k=M

=z"MH(z D).

If z, is a zero then z, ™ is also a zero.
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. Z.eros of GLP System — Type I and II

a0 FIR GLP System Function

M

H(z) = Zh[n]z_"
n=,_)

a If h[n] 1s real,

Penn ESE 531 Spring 2021 - Khanna
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Zeros of GLP System — Type I and 11

a0 FIR GLP System Function

M

H(z) = Z hinlz™"
n=_)

If z, is a zero then z,”' is also a zero.

a If h[n] 1s real,

. X .
Ifz, 1s a zero then z, ™ 1s also a zero.

Penn ESE 531 Spring 2021 - Khanna
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Z.eros of GLP System — Type I and II

a0 FIR GLP System Function

M

H(z) = Z hinlz ™"
n=,_

Real system — zeros occur in conjugate-reciprocal groups of 4

(1-— rejgz“l)(l, - re—jez_l)(l - r“lejaz—l)(l - r'le_j‘)z“l)
— — — —
Ly (Z0)* (z1)* Z
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Z.eros of GLP System — Type I and II

a0 FIR GLP System Function

M

H(z) = Z hinlz ™"
n=,_

Real system — zeros occur in conjugate-reciprocal groups of 4
(1-— rejgz“l)(l, - re—jez_l)(l — r“lejaz—l)(l - r'le_j‘)z“l)
a If zero is on unit circle (r=1)
(1— ejgz"l)(l — e_j()zﬁl).
a If zero 1s real and not on unit circle (6=0)
(1+ rz_l)(l +r1;7h,

Penn ESE 531 Spring 2021 - Khanna

44



Zeros of GLP System — Type I

Type I

circle
N

Penn ESE 531 Spring 2021 - Khanna
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Zeros of GLP System — Type I

Type 1
Unit z-plane
circle -
B ;Re
0\

Penn ESE 531 Spring 2021 - Khanna
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Z.eros of GLP System — Type 11

Type 11

Unit Tm
circle
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Z.eros of GLP System — Type 11

Type 11

Penn ESE 531 Spring 2021 - Khanna
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Z.eros of GLP System — Type 11

a0 FIR GLP System Function

M 0
H(z) =) hM —nlz™" = )  hlklz*z™"

o | k=M
z=MH(™.

Considerz =-1:

Penn ESE 531 Spring 2021 - Khanna
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Z.eros of GLP System — Type 11

a0 FIR GLP System Function

M 0
H(z) =) hM —nlz™" = ) hiklz*z™"
k=M

n=>{()

=z"Mpiz .

Considerz=-1: H(-1)=(-1)""H(-])

= for M odd, z=—-1 must be a zero (Type II)

Penn ESE 531 Spring 2021 - Khanna
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Z.eros of GLP System — Type 11

Type 11

Unit im
circle

Penn ESE 531 Spring 2021 - Khanna 51



: FIR GLP: Type I and 11

| Center of , H / € ".0)
| r’/symmetry \
L, 5
0 M M=4 n

2
| Center of ‘
<+~ symmetry -\
I

T e
l mr ol

° l -——o ©o
0 M M=5

2

) " emsj

Penn ESE 531 Spring 2021 - Khanna
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. Z.eros of GLP System — Type III and IV

a0 FIR GLP System Function

M

H(z) = Zh[n]z_"
n=,_)

Penn ESE 531 Spring 2021 - Khanna
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Z.eros of GLP System — Type III and IV

a0 FIR GLP System Function

M
H(z) = Zh[n]z_”
n=_)

Hz =—-zMHE.

Penn ESE 531 Spring 2021 - Khanna
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Z.eros of GLP System — Type III and IV

a0 FIR GLP System Function

M

H(z) =) hinlz™"
n=_)

If z, is a zero then z,”' is also a zero.

Penn ESE 531 Spring 2021 - Khanna
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Z.eros of GLP System — Type III and IV

a0 FIR GLP System Function

M

H(z) = Z hinlz ™"
n=,_

Real system — zeros occur in conjugate-reciprocal groups of 4
(1-— rejgz“l)(l, - re—jez_l)(l — r“lejaz—l)(l - r'le_j‘)z“l)
a If zero is on unit circle (r=1)
(1— ejgz"l)(l — e_j()zﬁl).
a If zero 1s real and not on unit circle (6=0)
(1+ rz_l)(l +r1;7h,

Penn ESE 531 Spring 2021 - Khanna
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Zeros of GLP System — Type 111

Unit 0O Im

circle
AR
O
Re
kﬂ)

O

Penn ESE 531 Spring 2021 - Khanna
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Z.eros of GLP System — Type 111

Penn ESE 531 Spring 2021 - Khanna

58



Zeros of GLP System — Type IV

Unit '
circle | z-plane
a .

Penn ESE 531 Spring 2021 - Khanna
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Zeros of GLP System — Type IV

Unit
circle

Penn ESE 531 Spring 2021 - Khanna
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Z.eros of GLP System — Type III and IV

a0 FIR GLP System Function

Hz =-zMHE.

H(1)=-H(1) = z=1mustbe a zero (Type 11l and IV)

Penn ESE 531 Spring 2021 - Khanna
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Z.eros of GLP System — Type III and IV

a0 FIR GLP System Function

Hiz =—-zMHE.

H(1)=-H(1) = z=1mustbe a zero (Type 111 and 1V)
H(-1) =- (-1)"H(-1)

— for M even, z =—1 must be a zero (Type III)

Penn ESE 531 Spring 2021 - Khanna
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Zeros of GLLP System —

Type III and IV

Type III

Unit o Im
circle

rg

Penn ESE 531 Spring 2021 - Khanna
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circle l z-plane

AP

03



FIR GLP: Type III and IV

Center of

1 ,4/ symmetry

!
- & T . - T
0 : l n
l
-1
Center of
1? e symmetry
J
IM=1
s ! *——o - * ° *—
0 | n

44

Penn ESE 531 Spring 2021 - Khanna




GLP and Min Phase Systems

0 Any FIR linear-phase system can be decomposed
into:

H(z) = Hyin(2) Huc(2) Hmax (2)

0 A min phase system, system containing only zeros
on unit circle, and max phase system

Penn ESE 531 Spring 2021 - Khanna

65



GLP and Min Phase Systems

0 Any FIR linear-phase system can be decomposed
into:

H(z) =

o
0 A min phase s /
. N -

on unit circle, :

0
¢

]
(
O

[

Penn ESE 531 Spring 2021 - Khanna 06



Filter Specitications

|H(e/®)|
1+4,
_ -7 \\
1-5), I\ |
I\ |
| \\ |
Passband : Transition : Stopband
| N
| N
| N
8 | M
B I
| [\\___/"‘\___/’_-1
0 Wy W
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Tradeoft — Ripple vs. Transition Width

6

M=1

4

Boxcar
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Tapered Windows

Penn ESE 531 Spring 2021 — Khanna
Adapted from M. Lustig, EECS Berkeley

Name(s) Definition MATLAB Command Graph (M =8)
hann(M+1), M= 8
1
1 0.8
nn
—| 1+ cos| —— <M/2
Hann win]= {2 { N u)2 H I <M/ hann (M+1) g8
0 n|>M/2 04
0.2 if
0
5
n
hanning(M+1), M= 8
1
| - 0.8
™ |
—| 1+ cos <M/2
Hanning | wln]={2 [ (M/Z + 1}_’ I < M4/ hanning (M+1) §°°
0 In|>M/2 04
0.2
0
5 0
n
hamming(M+1), M= 8
1
0.8
™
0.54 + 0.46 cos| —— <M/2
Hamming w[n]= {M/ZJ |n| / hamming (M+1) 5 08
0 In|>M/2 04
0.2
o
5 0
n

09



Big Ideas

0 Generalized Linear Phase Systems
= Useful for design of causal FIR filters
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Admin

a HW 6
s Due Monday 3/22

a Projectl out now
s Due Monday 4/5
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