ESE 531: Digital Signal Processing

Lecture 10: February 15, 2022
Non-Integer and Multi-rate Sampling
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I.ecture Outline

a Review: Downsampling/Upsampling
a0 Non-integer Resampling

0 Multi-Rate Processing

= Interchanging Operations
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Downsampling

0 Definition: Reducing the sampling rate by an
integer number

z[n) —{ vM J—» zq4[n| = x[nM]
= x.(nT) (5 = x.(n MT)

T/

M —

Xd ejw — GJ(M Z)
Z )

t=0 stretch replicate
by M
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Example

| , M-l
Xaq(e?) = v, Z X (6](;‘1)4 ?\3}2))

-
=
>

. m =1 =0
21 =2 41
= \M
\/\_?r/ -
Scale by M=2

Shift by (i=1)*2rt/(M=2)
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Example

1 M—1
. . w 271- .
Xa(e/) = = > X (eH=50)
—
X
_7} 7;- =1 1=2 =0
27 =3 4= om
Xd></?é<?g(74
— 4 Scale by M=3

Shift by (i=1)*2r1/(M=3)
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Example

x[n]—»[ 71;/}}& T o ’[ Zaln] = F[nM]

N AR

—Tr

=3
Xd

e el B
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Upsampling

a Definition: Increasing the sampling rate by an
integer number

x[n]=x (nT)
x.[n]=x (nT') where T' = % L integer
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: Frequency Domain Interpretation

. |zelnl [ B o
z|n] [ TL ] g:rn/lLL ) z;|nl
o0
Xe(e7¥) = Z Teln]e 7"
- v
n=—00 %0 only for n=mL
o (integer m)
= Y mfmie ot Ty
e —o0 "
=x[m]

Compress DTFT by a factor of L!
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T[N

Example Cv[ﬂ]—»[ 1L J g L zi[n]

X.(9)
oA N

- sampling T - sampling T'=T/L
X(e?) X;(e7)
AW
— - ;

| expandlng L JL
\.Xe(ejw) y g
—1Tr '
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Interpolation and Decimation

decimator

(

:c[n]-»[

LPF
/M

o

o

N

J

interpolator

(

-

‘”[“]‘*{ L H pirL

J
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Interpolation Filter Example 1

0 This time we use a filter of length 7 with the effect
of linear interpolation

0.8
0.6

o N

-0.2¢1

0.6 0.8
n /T
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Interpolation Filter Example 1

l It l
0 10 20 30 40 50 60 70 80
n
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Interpolation Filter Example 1

—<0.6 *
} l | { [ \ 11‘ [ ‘ (convolve)
5
1t
0.8t
__ 0.6}
= 04} [ ‘
0.2t
2] |
-0.2¢
0 2 4 6 0:6 0:8
n o/
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Interpolation Filter Example 1

£06[
0.4} ‘
0.2}
X m”‘
0 10

Il

\l{ \L
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Linear Interpolation -- Frequency Domain

x[n]=x[n]*h [n]

e B e B0 el

. J1=nl/L, Inl <L,
hinln] = [ 0, otherwise,
Linear Int
: 4/5 hyinln] DTFT : X(er)

L=$

3/5
I‘ 2/5
TT /s
! , T\H

H,f’T’T’]/[

0
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Interpolation Filter Example 2

0 In this example, we interpolate a signal x(n) by a
factor of 4.

0 We use a linear phase Type 1 FIR lowpass filter of

1ength 21.
5
1_
0.8t
06}
[
= 04¢ | |
0.2+
o_...‘llﬂ MH‘
-0.2¢} | . o B
0 5 10 15 20 0.6 0.8
n o/
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Interpolation Filter Example 2

1.2 T

0.8

=06

0.4

il
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Interpolation Filter Example 2

l It l
0 10 20 30 40 50 60 70 80
n
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Interpolation Filter Example 2

} l { [ \ 11‘ [ ‘ (convolve)

0.8}

{| |y

R gt

0.2}

0 5 10 15 20 0.6 0.8
n /T
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Interpolation Filter Example 2

X
il l | l ] WLH‘ (convolve)
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Interpolation Filter Example 2

L Tl § o




Linear Interpolation -- Frequency Domain

x[n]=x[n]*h [n]

e R e 0

_ 1 —|n|/L, |n| <L,
h.m|n1=[0 nl/L, Inl <

otherwise,
Ideal Linear Int
1
L as 3/5 i DTFT = Xi(e?) Xi(e)
’] [ I’\ 2/5 I'-:S l
2 o 15 - :
) : I{i((?-"”)
H'f T T , T T T\H /
0 " L=5 | -
/I-\i { 1/1\
- 4w 2 mo 2w 4
5 5 5 5 5 5
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Interpolation Filter Example 3

0 When interpolating a signal x(n), the interpolation
filter h(n) will in general change the samples of x(n)
in addition to filling in the zeros.

0 Can a filter be designed so as to preserve the
original samples x(n)?

Penn ESE 531 Spring 2022 - Khanna
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Interpolation Filter Example 3

0 When interpolating a signal x(n), the interpolation
filter h(n) will in general change the samples of x(n)
in addition to filling in the zeros.

0 Can a filter be designed so as to preserve the
original samples x(n)?

0 To be precise, if y(n) = h(n) * [12] x(n) then can we
design h(n) so that y(2n) = x(n)?
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Interpolation Filter Example 3

0 When interpolating a signal x(n), the interpolation
filter h(n) will in general change the samples of x(n)
in addition to filling in the zeros.

0 Can a filter be designed so as to preserve the
original samples x(n)?
0 To be precise, if y(n) = h(n) * [12] x(n) then can we
design h(n) so that y(2n) = x(n)?
= Or more generally, so that y2n + n,) = x(n) ?
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Interpolation Filter Example 3

a0 When interpolating by a factor of 2, if h(n) is a half-band
filter, then 1t will not change the samples x(n).

a A n,-centered half-band filter h(n) 1s a filter that satisties:

1, forn=n,
h(n) =
0, forn=mn,x2,4,6,...

0 That means, every second value of h(n) is zero, except for
one such value, as shown in the figure.

A HALF-BAND FILTER
1.2 T T T

1}

0.8

0.6

h(n)

04

0.2

0_.I.1.T.. A

-0.2 | | | I ‘ | 1 | ‘ |
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Interpolation Filter Example 3

a0 When interpolating by a factor of 2, if h(n) is a half-band
filter, then 1t will not change the samples x(n).

a A n,-centered half-band filter h(n) 1s a filter that satisties:

1, forn=n,
h(n) =
0, forn=mn,x2,4,6,...

0 That means, every second value of h(n) is zero, except for
one such value, as shown in the figure.

A HALF-BAND FILTER
1.2 T ; T

1}

0.8

0.6

h(n)

04

0.2

0_.I.1.T.. D). CHICH.CHI(.

-0.2 | | | I ‘ | 1 | ‘ |
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Interpolation Filter Example 3

a0 When interpolating by a factor of 2, if h(n) is a half-band
filter, then 1t will not change the samples x(n).

a A n,-centered half-band filter h(n) 1s a filter that satisties:

1, forn=n,
h(n) =
0, forn=mn,x2,4,6,...

0 That means, every second value of h(n) is zero, except for
one such value, as shown in the figure.

A HALF-BAND FILTER
1 2 T T T T T T T T T T T |

1}

h(2n+ n,) = d(n),

0.8

0.6

h(n)

04

0.2

0_.I.1.T.. R

-0.2 | | | I ‘ | 1 | ‘ |
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Interpolation Filter Example 4

0 When interpolating a signal x(n) by a factor L, the original
samples of x(n) are preserved if h(n) is a Nyquist-L filter.

a0 A Nyquist-L filter simply generalizes the notion of the
halfband filter to L. > 2.

Penn ESE 531 Spring 2022 - Khanna
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Interpolation Filter Example 4

0 When interpolating a signal x(n) by a factor L, the original
samples of x(n) are preserved if h(n) is a Nyquist-L filter.

a0 A Nyquist-L filter simply generalizes the notion of the
halfband filter to L. > 2.

a0 A (O-centered) Nyquist-L filter h(n) is one for which

h(Ln) =4d(n).

A NYQUIST-4 FILTER
T
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Interpolation Filter Example 4

0 When interpolating a signal x(n) by a factor L, the original
samples of x(n) are preserved if h(n) is a Nyquist-L filter.

a0 A Nyquist-L filter simply generalizes the notion of the
halfband filter to L. > 2.

a0 A (O-centered) Nyquist-L filter h(n) is one for which

h(Ln) =4d(n).

A NYQUIST-4 FILTER
T

Penn ESE 531 Spring 2022 - Khanna : 31



Non-integer Resampling

Penn



Non-integer Resampling

o T°=TM/L

Penn ESE 531 Spring 2022 - Khanna
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Non-integer Resampling

o T°=TM/L

= Upsample by L, then downsample by M

interpolator

decimator

-

:c[n]-—{ 1L ]—»[

gain=L
7w/ L

LPE )

N

)

-

J

{

LPF
/M

Hoo )
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Non-integer Resampling

o T°=TM/L
= Upsample by L, then downsample by M

interpolator decimator
4 )
LPF | LPF
L|TL|=> L ain=L
" [ I H /L) { m/M H M ]_
\ J
Or,
4 ) 4

iy

Penn ESE 531

L LPF
»[ 1L }—-{ alrrrlun{yr/L,W/M}H M ]’

~
N\

-
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Example

o T°=3/2T - L=2, M=3

e Xc(jQ)/l

:v[n]% [ B /L /M)

y |

O Q

X (e3) sampling T Subsampling M=3
s x — T
exp!gding L=2 LP filtering )
Xe(ej‘*’) X’I, — HdXe
o P —T Uy
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Example

o T°=3/2T - L=2, M=3

- Xc(jﬂ)/l

-

:v[n]% [ B /L /M)

\

Oy Q

ing T .
X( ejw) Samp ':Tg Subsampling M=3
/\ 2/(3T)
: . e
—1TT iy —Tr m
expLQding L=2 LP filtering )
)W ~ 2T
Xe(e’) . X; = Hg X, (\
/\/\/\ N~ : i
P o —T ™
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Non-integer Sampling

o T°=TM/L

= Downsample by M, then upsample by L7

interpolator

decimator

a:[n]--»[ 1L ]—-[

o |

w/L

\

(i }

J

-
-
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-

gain L LPF
min{z/L

o H_ }
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Example

0 What if we want to resample by 1.017T?

Penn ESE 531 Spring 2022 - Khanna
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Example

0 What if we want to resample by 1.017T?
= Upsample by L=100
= Filter n/101
= Downsample by M=101

Penn ESE 531 Spring 2022 - Khanna
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Example

0 What if we want to resample by 1.017T?
= Upsample by L=100
s Filter /101 ($$399)
= Downsample by M=101

0 Fortunately there are ways around it!

= Called multi-rate signal processing

= Uses compressors, expanders and filtering

Penn ESE 531 Spring 2022 - Khanna
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Interchanging Operations

(k-

“expander”

Upsampling
-expanding in time
-compressing in frequency

Penn ESE 531 Spring 2022 - Khanna

LTI?

*[ M J" not LTI

“compressor”

Downsampling
-compressing in time
-expanding in frequency
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Interchanging Operations - Expander

(k-

“expander”

Upsampling
-expanding in time
-compressing in frequency

()

Penn ESE 531 Spring 2022 - Khanna
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Interchanging Operations - Expander

(k-

“expander”

Upsampling
-expanding in time
-compressing in frequency

NS N

| \ _H(eij)X(ej‘*’L
H(e’*) X (e!*)

Penn ESE 531 Spring 2022 - Khanna
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X(erL)

egw X(eij)
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Interchanging Operations - Expander

(k-

“expander”

Upsampling
-expanding in time
-compressing in frequency

D) s

| \ _H(eij)X(ej‘”L
H(e’)X ()
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® Interchanging Operations - Expander

(k-

“expander”

Upsampling
-expanding in time
-compressing in frequency

GO = (gt

\ H(eij)X(eij eij (eij)
H (7)) X (e7) X (69‘”[’)
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Interchanging Operations - Compressor

"[ M J" not LTI!

“compressor’

Downsampling
-compressing in time
-expanding in frequency

v [n
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®: Interchanging Operations - Compressor

v [n

Penn ESE 531 Spring 2022 - Khanna
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: Interchanging Operations - Compressor

M
1=0
1 M-—1
_ 2\ (ey«u—zm')) X (ey(ﬁ—%))
M 1=0 ™ ’
H(ev)
1 M1 |
_ 2 \"yg (eaM(ﬁ—%) X (exﬁ—%))
M 1=0

Penn ESE 531 Spring 2022 - Khanna 49



®: Interchanging Operations - Compressor

v [n

Penn ESE 531 Spring 2022 - Khanna
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Interchanging Operations - Compressor

v [n

Y(ej‘*’) — H (ejM(ﬁ—%)) X (ej(ﬁ—%))

Penn ESE 531 Spring 2022 - Khanna
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Interchanging Operations - Summary

Filter and expander Expander and expanded filter*

(il b)) i
(Bl ol (pa) i

Compressor and filter  Expanded filter* and compressor

*Expanded filter = expanded impulse response, compressed freq response
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Multi-Rate Signal Processing

0 What if we want to resample by 1.017T?
= Expand by L=100

s Filter 7/101 ($3$$9)
= Compress by M=101

elnj—{H (2)-{ 1L |y
x [n]—r[ M }—»[H(zj—»y [n]

e ) R e
slnbsfrop{ 1M | yln]
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Big Ideas

0 Non-integer Resampling

0 Multi-Rate Processing

= Interchanging Operations

eln-{H ({1} ln]
x [n]—»[ M J—»[H(zﬂ—»y [n]
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zln—{ 1L Jo{mif yinl
T [n]—»&l(zM ﬂ—{ M J—> y[n]
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Admin

o HW 4 due Sunday

0 Tania Friday office hours shifted to Saturday

®m Same time

s Same Link on Piazza
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