ESE 531: Digital Signal Processing

Lecture 11: February 17, 2022

Polyphase Decomposition and Multi-rate
Filter Banks
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I.ecture Outline

0 Review: Interchanging Operations

0 Polyphase Decomposition
0 Multi-Rate Filter Banks
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Expander and Compressor

_’[ s J" —’[ M ]" not LTI!
“expander” “‘compressor”
Upsampling Downsampling
-expanding in time -compressing in time
-compressing in frequency -expanding in frequency
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Interchanging Operations - Summary

Filter and expander Expander and expanded filter*

oii{HE{ 1L fruln) = sl 1L J{renfs vin

Compressor and filter  Expanded filter* and compressor

*Expanded filter = expanded impulse response, compressed freq response
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Polyphase Decomposition

0 The polyphase decomposition of a sequence is
obtained by representing it as a superposition of M
subsequences, each consisting of every Mth value of
successively delayed versions of the sequence.

a0 When this decomposition 1s applied to a filter
impulse response, it can lead to efficient
implementation structures for linear filters in several

contexts.
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Polyphase Decomposition

0 We can decompose an impulse response (of our
filter) to:

hin| = Z— hi|n — k|
k=0
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Polyphase Decomposition

0 We can decompose an impulse response (of our
filter) to:

hin| = Z— hi|n — k|
k=0
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Polyphase Decomposition

0 We can decompose an impulse response (of our
filter) to:

hin| = Z— hi|n — k|
k=0

o[7]

1 l —
% | | 7 | % | I | o0——=o0 o——0o— =
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Polyphase Decomposition

hi[n) —»[lM ]—» e ||

ex|n| = hg|nM|

ho[n]
M=2 [
+4LL_TL
hl[n
A o o
o T
o ———©O o ,n>
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Polyphase Decomposition

hi[n) —»[iM ]—» e ||

ex|n| = hx|nM|

ol eoln] 4

M=2 [ |
L, —

hiln . ] e1|n],

) Q
[l =
© ©

25
=4 A4 -

)
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O Polyphase Decomposition

exln] —{ 1™ | bl

recall upsampling = scaling
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Polyphase Decomposition

A —'[TM}—' hi[n]

recall upsampling = scaling

Also, recall: M—1
hin] = )  hi[n — K]
k=0
So, i M-1 )
H(z) = Ep(zM)zF
. = /
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Polyphase Decomposition

H(z) = z_: Ep(zM)z7F
k=0

-

z|[n] > Eo (2M)
—1 9
27y
> B (2M) — y[n|
z_lv N
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Polyphase Implementation ot Decimation

lnf-+{H (2)}>yln—| 1M }> win] = y[nM]

0 Problem:

= Compute all y[n] and then throw away -- wasted
computation!
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Polyphase Implementation ot Decimation

lnf-+{H (2)}>yln—| 1M }> win] = y[nM]

0 Problem:

= Compute all y[n] and then throw away -- wasted
computation!

s For FIR length N = N multiplications/unit time
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Polyphase Implementation of Decimation

slnf+{H (2)}yink{ M | wln] = y[nM]

— yln) (1M} wln)
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Polyphase Implementation of Decimation

slnf+{H (2)}>yink>{ M | wln] = y[nM]
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Polyphase Implementation of Decimation

rr/ A\ ' u. [ ALl

G W W W W

z(n]
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Polyphase Implementation ot Decimation

rr/ A\ ' LA & . 1 [ ALl

[l
=,
S
~
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Polyphase Implementation ot Decimation

rr/ A\ ' LA & . 1 [ ALl

(R

i
3
S
N
S
(—
<
=
S,
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Polyphase Implementation of Decimation

slnf+{H (2)}>yink>{ M | wln] = y[nM]

—1 \ ) —
z Y M/

M Er (2)—(+)— wn]
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Polyphase Implementation of Decimation

slnf+{H (2)}>yink>{ M | wln] = y[nM]

Each filter computation:
-N/M multiplications

:c[n] » >LM)—>E0(Z)\
e

Total computation:
-M filters
->N mults??
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Polyphase Implementation ot Decimation

slnf+{H (2)}>yink>{ M | wln] = y[nM]

Each filter computation:
-N/M multiplications

-1/M rate per sample
z|n =y " (M — Eo(z)\fm/m*(uM) mults/unit time
M) R
z—l | El( ) —> w[n]
Z_l

Total computation:
-M filters
->N/M mults/unit time
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Polyphase Implementation of Decimator

interpolator § decimator
LPF
ol H{ BB )
M) R /
z[n] IM —{Ep(2)
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Polyphase Implementation of Interpolation

) interpolator § decimator
LPF LPF
ol BT )
z|n] o By (2)
e <
. —bEl(Z)—’[ 1L —_— w[n]
Z v g :

21 :
EL—1(Z)]—P[ 1L
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Multi-Rate Filter Banks

0 Use filter banks to operate on a signal differently in
different frequency bands

= To save computation, reduce the rate after filtering
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Multi-Rate Filter Banks

0 Use filter banks to operate on a signal differently in
different frequency bands

= To save computation, reduce the rate after filtering

0 hy[n] 1s low-pass, hy[n] 1s high-pass
s Often hy[n]=e™h[n] € shift freq resp by ©

z[n| —>{ holn] — |2 > 2} | 2ln]
N | s | = f—\“f’/'@

/
-
-
.
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Multi-Rate Filter Banks

a Assume hy, h; are ideal low/high pass with wc=nr/2

—
x[n]\»l ho[n] > 12—
"I hi[n] —> l2 >

—
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Multi-Rate Filter Banks

a Assume hy, h; are ideal low/high pass with wc=nr/2

~_analysis
T [n] ho[n] )? > - /\A/\ﬂ' .

\ C —
N hufn) _>E ,

Penn ESE 531 Spring 2022 - Khanna

29



Multi-Rate Filter Banks

a Assume hy, h; are ideal low/high pass with wc=nr/2

)
:c[n]\»' ho[n] —>{ |2
"I hi[n] —{ ]2

N/
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Multi-Rate Filter Banks

a Assume hy, h; are ideal low/high pass with wc=nr/2

CU[TL] } l ho[n] > lz > <_{ ho[n]) :: lz} >
N\ ﬁ \{ h[n] —| 2 -

"I hi[n] }—> l2 > —

— )

~ - ——>{ ho[n] N lZ\ >

SNy en
. NG

X (e7¥)

B flipped™
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Multi-Rate Filter Banks

a Assume hy, h; are ideal low/high pass with wc=nr/2

x[n]\»[ ho[n] ,E > <—{ ho[n]; ¢z; A

\@_;? ) o AN,

\ ) m () - AA,

| \ED EDT

X (e7¥)
fipped? Have to be
- careful with
order!
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Multi-Rate Filter Banks

a Assume hy, h; are ideal low/high pass with wc=nr/2

)
:c[n]\»' ho[n] —>{ |2
"I hi[n] —{ ]2

N/
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Multi-Rate Filter Banks

a0 Assume gy, g; are ideal low/high pass with wc==/2

e N

—>{ 2} > 2oln] @

— y[n]

—> 2T | g1[n]
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Multi-Rate Filter Banks

a0 Assume gy, g; are ideal low/high pass with wc==/2

e N

—>{ 2} > 2oln] @

— y[n]

—> ZT | g1[n]
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Multi-Rate Filter Banks

a0 Assume gy, g; are ideal low/high pass with wc==/2

Penn ESE 531 Spring 2022 - Khanna

-

>

>

\

giln] >l g
gi[n]
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Multi-Rate Filter Banks

a0 Assume gy, g; are ideal low/high pass with wc==/2

e N

— y[n]
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Multi-Rate Filter Banks

a0 Assume gy, g; are ideal low/high pass with wc==/2

e N

— y[n]
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Multi-Rate Filter Banks

a hy, hy are NO'T" ideal low/high pass

z|n] ho[n] —>{ |2

D
"I hi[n] —»?
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Non Ideal Filters

a hy, hy are NO'T" ideal low/high pass

~ _analysis
z[n] —>{ balnl }—{ 2} —%‘%\v

\ {: —
N hun] @E .

X (&%)
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Non Ideal Filters

a hy, hy are NO'T" ideal low/high pass

z(n|
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Non Ideal Filters

a hy, hy are NO'T" ideal low/high pass

~ _analysis
z[n] —>{ balnl }—{ 2} —M

G0 Ay

X(e*) X (e7*)

Y SN N
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Non Ideal Filters

a hy, hy are NO'T" ideal low/high pass

~ _analysis
z|n] ho[n] ;? > _M

o0 _play

X(e*) X (e7*)

W~ N
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Non Ideal Filters

z|n] <—>| ho[n] —>E

hi[n]

m
X (&%) AAT
PN
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Non Ideal Filters

~ _analysis p S '
:ynﬂuﬁmi___gpﬂ
g;[fn,] ——>l ho[n] —>{ |2 >@—:> go[n] —>®_,
\ N/ S ff R NS—
M) tu A CE—— /
\| hi[n] }—>| |2 > 24 H—>{ gi[n]

X (&%)

DN
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Non Ideal Filters

~ _analysis
xfnl{: :EEE@:__*{:Egj Stuff
"I hi[n] —»E

AN
X (e?¥)
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®: Perfect Reconstruction non-Ideal Filters

e / s .
) o N G yln]
x[n] —> holn] —{ |2 > 24 > goln] s
AN Stuff -
M) ave r—\/
\| hi[n] —{ |2 > 21 —>{ giln]

2
1 . . . .
+5 [Go(egw) Ho(e9@=™) & G4 (/%) Hl(ea(w—w)] X (eF@=m)

T aliasing
need to cancel!
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Perfect Reconstruction non-Ideal Filters

—>l ho[n] £/
N ufn] E

Y (e7%)
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Stuff

T

>

-

5 [Go(@)Ho(@*) + Ga () Hi ()] X ()

need to cancel!

1 . _ . | |
+§ [Go(eﬂw)Ho(eJ(w_vr)) + G (er)Hl(ea(w—w))} X (eF@=m)

\

aliasing
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: Quadrature Mirror Filters

Vs ) o :
) — | yln]
z|n| ——>l ho[n] —>{ |2 » 21 > goln] —>( >
N | st == ==
\| hi[n] }—>| |2 > 2} (| gi[n]
Quadrature mirror filters
Hl(ej“’) _ Ho(ej(“’_”))
Go(ejw) = 2H0(6jw)
Gl(ej“’) — —2H1(6jw)
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Perfect Reconstruction non-Ideal Filters

V() = [Go(e)Ho(e™) + (™) Hy ()] X(e)

1 . | . . .
+5 (Go(€7) Ho (9 ™™) + G1(¢1) Hy (/=) | X (7))

f \

Hy(e?%) = Hy(ed@™™) aliasing
Go(e9) = 2Hy(e?¥) need to cancel!
Gl(ejw) = —2H1(ej‘*’)
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® Haar Filter Example

Penn ESE 531 Spring 2022 - Khanna

51



Polyphase Filter Bank

analysis
)
L o (O
—
)
hi[n] —> l2 > qn]
—

Z_l

T
\\
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pln]

E

analysis
— —
l2 ——| coo[n]
" —
l2 | co1[n]
— —
— —
,L2 3| eio[n]
— —
) SR

\
=3
S,

c11[n]
—
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Polyphase Decomposition

hi[n) —»[iM ]—» e ||

ex|n| = hx|nM|

eofn]y
" — (11
LT o

ey wy T [ ]
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Polyphase Filter Bank

x[n]@ > |2 — Pl
hi[n] —> l2 5 q[n]
Y
z|n|—7>
z_lL
€00 ho[Qn] \
€01 h0[2n+1] \
€10 eoo |1 51
€11 —601[’fb]

analysis
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E

analysis

SR —

l2 ——| coo[n]
—— —

l2 | co1[n]
— —
MY M)

,L2 3| eio[n]
—— ——
) S

12 —| euln]
—

——

pln]

q[n]

E
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Polyphase Filter Bank

analysis
z[n|— | 12 —| ewh]— —> Pln]
—1 ——/ —
“ L,’ | gln]
l2 ——| coi[n]}—> >+ ) —>
N/ — —
€00 = hQ[QTL]
eo1 = ho [27?, -+ 1]
€10 = €00 [n]
€11 = —601[n]
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Big Ideas

0 Interchanging Operations

0 Polyphase Decomposition sl—{H {1} vl

0 Multi-Rate Filter Banks

z[n] > (M
—14¢ —/
z f
1 g lM
2 Y

sl 1L (it} vinl
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Admin

a0 HW 4 due Sunday

0 Tania Friday office hours shifted to Saturday

m Same time

s Same Link on Piazza
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