ESE 531: Digital Signal Processing

Lecture 13: February 24, 2022
Frequency Response of L'T1 Systems
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Quantization Noise with Oversampling

: . a:[n] =z[n] +e n]
| oo JEE =
we=r/M xd n

- p e[ zq|n] + eq|n|
- QnM
X (752)

/
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Quantization Noise with Oversampling

0 Energy of x4[n] equals energy of x[n]
= No filtering of signal!

0 Noise variance is reduced by factor of M

Xm
SNRqg = 6.02B + 10.8 — 201log;, ( ) 10log,o M
O-ZB

0 For doubling of M we get 3dB improvement, which

is the same as 1/2 a bit of accuracy

= With oversampling of 16 with 8bit ADC we get the same
quantization notse as 10bit ADCI

Penn ESE 531 Spring 2022 - Khanna



Noise Shaping

Ideal Digital
Lowpass Filter

o ———— —

-—*:—-————
=]
)
)

Noise Shaping Function

f

B s
Frequency

0 Idea: "Somehow'" build an ADC that has most of its
quantization noise at high frequencies

0 Key: Feedback

Penn ESE 531 Spring 2022 - Khanna



Noise Shaping Using Feedback

E(z)
X(2) AN Y(2)
—~Gr Aa) O
/
DAC
Y (z) = E(z)+ A(z)X (z)- A(z)Y(z)
Az)
=F X
) Y

= E(Z)HE (z) + X(Z)HX z)
\_V_J
Noise Signal
Transfer Transfer
Function Function

Penn ESE 531 Spring 2022 -

Khanna



Noise Shaping Using Feedback

Y(z):E(z\ ! +X(z\ A(Z)

/ /
1+ A(z) 1+ A(z)
Noise Sign‘;l
Transfer Transfer
Function Function

a Objective

= Want to make STF unity in the signal frequency band
= Want to make NTF "small" in the signal frequency band

o If the frequency band of interest is around DC (0...f3) we
achieve this by making | A(z) | >>1 at low frequencies

m Means that NTF << 1
m Means that STF = 1

Penn ESE 531 Spring 2022 - Khanna



Discrete Time Integrator

Delay Element

u(k)

T

v(k) :> U(2)
——

HGT

vik)=ulk—1)+v(k-1)

a "Infinite gain" at DC (0=0, z=1)

Penn ESE 531 Spring 2022 - Khanna

= z=e/"T

V(2)

V(z) = z_IU(z)+ Z_IV(Z)



First Order Sigma-Delta Modulator

E(z)
X(2) 1 ;ﬁk’ . YiZ)

= N A\

1
v(z)=EG)—1 4 x(z)

z—1
1+ !
z—1 z—1

= E(z)(] — z_l)+ X(Z)Z_I

0 Output is equal to delayed input plus filtered quantization
noise

Penn ESE 531 Spring 2022 - Khanna



NTF Frequency Domain Analysis

Ideal Digital
Lowpass Filter

I
N
Q
J
N8
VR
~
2
=
VR
e
N
e
Ne—e—
Il
N
a
=
VR
‘8
~N
N—
® |
~
)
S
Noise Shaping Function

H,(f)=2sin(#T)=2

sin(ﬂij
/s

a "First order noise Shaping”

fa fg/2
Frequency

= Quantization noise is attenuated at low frequencies,

amplified at high frequencies

Penn ESE 531 Spring 2022 - Khanna 10



Higher Order Noise Shaping

o Lt order noise transfer function

HE(Z)=(1—Z—1)L

Ideal Digital
Lowpass Filter

Noise Shaping Function, |HE(f)|

Penn ESE 531 Spring 2022 - Khanna

fg/2

Frequency
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Practical DAC
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Practical DAC

D.T - ~ CT .
B sinc pulse B . —n
r[n] = m(t”t:"’T_{generator z,(t) = Z x[n|sinc ( 7 )

n=—oo

0 Scaled train of sinc pulses

0 Difficult to generate sinc = Too long!

Penn ESE 531 Spring 2022 - Khanna



Practical DAC

C.T analog processing

D.T Interp. Filter Recon. Filter
a:[n] = z(t)|t=nT /lo(l)©Ho(/°Q) T /lr(l‘)®Hr(/'Q) xr(t)

= Z z[n)ho(t — nT)

0 hy(t) is finite length pulse = easy to implement
0 For example: zero-order hold
Aho(t)

1
Hy(592) = Te‘jﬂ%sinc(gﬂ)

T

Penn ESE 531 Spring 2022 - Khanna
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Practical DAC

Zero-Order-Hold interpolation

To(t)

O T 2T 3T 4T 5T

oo

xo(t) = Z z[nlho(t — nT') = ho(t) *x xz4(t)

n=—oo

Penn ESE 531 Spring 2022 - Khanna
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Practical DAC

Zero-Order-Hold interpolation

To(t)

O T 2T 3T 4T 5T

xo(t) = Z z[nlho(t — nT') = ho(t) *x xz4(t)
Taking a FT: )
X)) = Ho(J)X,(jQ)
= H(); Y XG(E@Q- k)
k=—o0

Penn ESE 531 Spring 2022 - Khanna
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Practical DAC

0 Output of the reconstruction filter

C.T analog processing

D.T Interp. Filter
z[n] = z(t)|t=nT ho(t)=Ho(jQ)

Penn ESE 531 Spring 2022 - Khanna

Recon. Filter
]\—»[ holt)<s Hrf/'Q)]_» zr(t)

= Z z[n]ho(t — nT)

17



Practical DAC

X, (59)

Ideally:

Xs(72)Hpp(592)

Penn ESE 531 Spring 2022 - Khanna
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Practical DAC

X, (59)

Practically:

Xs(J2)Ho(582)

Penn ESE 531 Spring 2022 - Khanna
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Practical DAC

X, (59)

Practically: = A/\/\ * M

Xs(7€2)Ho(j82) Hr (j52)

Penn ESE 531 Spring 2022 - Khanna 20



Practical DAC

D Olltpllt Of the fCCOﬂSth.CtiOﬂ ﬁltef C.T analog processing
D.T Interp. Filter Recon. Filter
2ln) = 2(D)]i=n1™] hglt) <> Hol/Q) \—’ ho{t) st ) > =

= Zz[n]hg(t —nT)

X,(GQ) = H.(jQ) - Ho(jQ) - X, <m>

= H,.(jQ)-Te JQZSinc Z X(J(2—KkSQy))
N, e \
recon ~ N y

filter from zherlczj—order Shifted copies from
0

sampling
HT(J{M T)/l\/\ | el W :

Penn ESE 531 Spring 2022 - Khanna
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Practical DAC with Upsampling

w[ﬂ]—»[ 1L }%M

LPF
gain=L
/L

NANANIAN

Practically:
Xs(J2)Ho(jQ2)Hr(j52)

Penn ESE 531 Spring 2022 - Khanna

22



Frequency Response of LLTT Systems

SR 4N
&Penn,
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I.ecture Outline

0 Frequency Response of LTI Systems
= Magnitude Response
= Simple Filters

= Phase Response

= Group Delay
= Example: Zero on Real Axis

= Example: Higher order systems

Penn ESE 531 Spring 2022 — Khanna
Adapted from M. Lustig, EECS Berkeley

24



Frequency Response of LTI System

o LTT Systems are uniquely determined by their impulse
response .

{ol= 3 ] Hn-]=+{K]e [

k=—00

0 We can write the input-output relation also in the z-domain

Y(z)=H(z) X (z)

a0 Or we can define an LTT system with its frequency response

()= nler)x(e”)

o H(e'®) defines magnitude and phase change at each

frequency

Penn ESE 531 Spring 2022 — Khanna
Adapted from M. Lustig, EECS Berkeley



Frequency Response of LTI System

()= mfer)x(e”)

a0 We can define a magnitude response
Y (ejw)

a0 And a phase response

X(ej"’)

i)

LY(ej‘“)=LH(ej‘”)+LX(ejw)

Penn ESE 531 Spring 2022 — Khanna
Adapted from M. Lustig, EECS Berkeley
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Phase Response

0 Limit the range of the phase response

—1 < ARG[H (¢/®)] < 7.

Penn ESE 531 Spring 2022 — Khanna
Adapted from M. Lustig, EECS Berkeley
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Phase Response

0 Limit the range of the phase response

arg[H(e/®)]

—1 < ARG[H (¢/®)] < 7.

ARG|[H(e/)]

J i \/\v \//l
\ )/

_7r._

Penn ESE 531 Spring 2022 — Khanna
Adapted from M. Lustig, EECS Berkeley
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Group Delay

0 General phase response at a given frequency can be
characterized with group delay, which is related to
phase

ard[H(e™)] = —{arg[H(c")]}

a0 More later... \

Unwrapped phase

Penn ESE 531 Spring 2022 — Khanna
Adapted from M. Lustig, EECS Berkeley
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Linear Difference Equations

N

Zakyn— Zbkxn—

k=0

Example: Y[n] = z[n] +0.1y[n — 1]

H(z) - bo+biz 1 +...+byzM _ bo —[iw:l(l —cpz™ 1)
a0 [Tpy (1 — diz1)

ag+a1z7V+...+anz N

Penn ESE 531 Spring 2022 — Khanna
Adapted from M. Lustig, EECS Berkeley 30



Magnitude Response

Magnitude of products is product of magnitudes

H(e”)| = |

Penn ESE 531 Spring 2022 — Khanna
Adapted from M. Lustig, EECS Berkeley

M
bo . lk=o

1 — cre ¢

N
a0 |]i—o

1 — dre—Iw

31



Magnitude Response

Magnitude of products is product of magnitudes

M A
— Jw
H ()| = |b_0 . HI@:O L~ ke
Consider one of the poles:
11 —dre 7% = [e™¥ — dy| = |v1]

Penn ESE 531 Spring 2022 — Khanna
Adapted from M. Lustig, EECS Berkeley




Magnitude Response

Magnitude of products is product of magnitudes

M A
bo k=0 1 — cre 7%

H(e)| = |—
Consider one of the poles:
11 —dre 7% = [e™¥ — dy| = |v1]

A

Penn ESE 531 Spring 2022 — Khanna
Adapted from M. Lustig, EECS Berkeley




Magnitude Response

Magnitude of products is product of magnitudes

H(e”)| = |

M A
bo, Ilj—oll —cre™™

Consider one of the poles:
|1 — dke_jw| =

N o

)La))= P
A
e’?

Penn ESE 531 Spring 2022 — Khanna
Adapted from M. Lustig, EECS Berkeley
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Magnitude Response

Magnitude of products is product of magnitudes

M A
bo, Ilj—oll —cre™™

H(e”)| = |

Consider one of the poles:
|1 — dke_jw| =

N o

9L o
A
e’?
/{I‘“
w >

Penn ESE 531 Spring 2022 — Khanna
Adapted from M. Lustig, EECS Berkeley
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Magnitude Response

Magnitude of products is product of magnitudes

M A
bo k=0 1 — cre 7%

ag e—o |1 — dre—Iw
Consider one of the poles:
11 —dre 7% = [e™¥ — dy| = |v1]
N
o

Penn ESE 531 Spring 2022 — Khanna
Adapted from M. Lustig, EECS Berkeley 36




Magnitude Response

Magnitude of products is product of magnitudes

| b 21— cpe
|H(63w)| _ 120, ]I%:O Cr€ |
ag r—o |l — dre=I%

Consider one of the poles:

11 —dre 7% = [e™¥ — dy| = |v1]
A
w Vl eja)
Doy &
d

Penn ESE 531 Spring 2022 — Khanna
Adapted from M. Lustig, EECS Berkeley




Magnitude Response

Magnitude of products is product of magnitudes

M A
bo k=0 1 — cre 7%

ag e—o |1 — dre—Iw
Consider one of the poles:
11 —dre 7% = [e™¥ — dy| = |v1]
N
o

Penn ESE 531 Spring 2022 — Khanna
Adapted from M. Lustig, EECS Berkeley 38




Magnitude Response

Magnitude of products is product of magnitudes

M A
: — Jw
|H(63w)| _ b_O ]I%:O 1 Cr€ |
Consider one of the poles:
11 —dre 7% = [e™¥ — dy| = |v1]
Aeja,
I
l’ vl
DN\
d

Penn ESE 531 Spring 2022 — Khanna
Adapted from M. Lustig, EECS Berkeley
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Magnitude Response

Magnitude of products is product of magnitudes

M A
—_ Jw
H(e)| = | 2] 1okeo 2 Ok
ag N 11 — dpe—iw
k=0 k€
Consider one of the poles:
11 —dre 7% = [e™¥ — dy| = |v1]
A

Penn ESE 531 Spring 2022 — Khanna
Adapted from M. Lustig, EECS Berkeley
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Magnitude Response

Magnitude of products is product of magnitudes

| b 21— cpe
|H(63w)| _ 120, ]I%:O Cr€ |
ag r—o |l — dre=I%

Consider one of the poles:
11 —dre 7% = [e™¥ — dy| = |v1]

Penn ESE 531 Spring 2022 — Khanna
Adapted from M. Lustig, EECS Berkeley




Magnitude Response

Magnitude of products is product of magnitudes

M A
bo k=0 1 — cre 7%

a — —Jw
0 k—0 1 —dge
Consider one of the poles:
11 —dre 7% = |e™Y —di| = |v1]

A

()

7/

. Vl

Penn ESE 531 Spring 2022 — Khanna e’
Adapted from M. Lustig, EECS Berkeley
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Magnitude Response

Magnitude of products is product of magnitudes

M A
bo k=0 1 — cre 7%

H(e)| = |—
Consider one of the poles:
11 —dre 7% = [e™¥ — dy| = |v1]

AN

Penn ESE 531 Spring 2022 — Khanna
Adapted from M. Lustig, EECS Berkeley




Magnitude Response

Magnitude of products is product of magnitudes

M A
: — Jw
|H(63w)| _ b_O ]I%:O 1 —cre |
Consider one of the poles:
11 —dre 7% = [e™¥ — dy| = |v1]
A
n
-

Penn ESE 531 Spring 2022 — Khanna
Adapted from M. Lustig, EECS Berkeley
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Magnitude Response

Magnitude of products is product of magnitudes
M A
— Jw

H{(eIw)| — bo | Ilj=oll —cke
H(e™)| =] 2] i —

Consider one of the poles:

11 —dre 7% = [e™¥ — dy| = |v1]
A
w Vl eja)
Doy &
d

Penn ESE 531 Spring 2022 — Khanna
Adapted from M. Lustig, EECS Berkeley
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Magnitude Response Example

1+ 271
H(z) = 0.05
(2) 1—0.92-1
H(z)| = 0.05.%2!
|v1|
A
>

Penn ESE 531 Spring 2022 — Khanna
Adapted from M. Lustig, EECS Berkeley
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Magnitude Response Example

1+ 271
H(z) = 0.05
(2) 1—0.92-1
H(z)| = 0.05.%2!
|v1|
A
o —>

Penn ESE 531 Spring 2022 — Khanna
Adapted from M. Lustig, EECS Berkeley
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Magnitude Response Example

1+ 21
H = 0.05

(2) 1 — 0921

H(z)| = 0.05.%2!
|v1|

A A
e’”
V2 //
///a% vl X A

Penn ESE 531 Spring 2022 — Khanna
Adapted from M. Lustig, EECS Berkeley
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Magnitude Response Example

1+ 271
H(z) = 0.05
(2) 1—0.92-1
H(z)| = 0.05.%2!
|v1|
A .
e

A
7 1
V2 /v
/7 1
//a‘h > :
|
7T 27T

Penn ESE 531 Spring 2022 — Khanna
Adapted from M. Lustig, EECS Berkeley
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Simple Low Pass Filter

—1

l—a 1+2

HLP(Z) -

2 1 —az™

Penn ESE 531 Spring 2022 — Khanna
Adapted from M. Lustig, EECS Berkeley

1

al <1
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Simple Low Pass Filter

l—a 1+ 271

Hpp(z) = ol <1
Lp(2) 2 1—az1 &
")
A
1
1/2 r\
! |
. le' >
. 1 — sin(w)
Wc is the 3dB cutoff frequency o =
cos(w.)

Penn ESE 531 Spring 2022 — Khanna
Adapted from M. Lustig, EECS Berkeley
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Simple Low Pass Filter = High Pass

l—a 14+271
2 1—az1

Hpp(z) = lal <1

Penn ESE 531 Spring 2022 — Khanna
Adapted from M. Lustig, EECS Berkeley
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Simple High Pass Filter

l—a 1—271
HHP(Z) -

2 1+ az1

Penn ESE 531 Spring 2022 — Khanna
Adapted from M. Lustig, EECS Berkeley

ol <1
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Simple High Pass Filter

l—a 1 —2z71

Hip(z) = 2 14+ az!

Penn ESE 531 Spring 2022 — Khanna
Adapted from M. Lustig, EECS Berkeley

al <1
A

M,
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Simple High Pass Filter

l—a 1 —2z71

2 1+ az!

HHP(Z) -

1 — sin(w)

wc is the 3dB cutoff frequency o=
cos(we)

Penn ESE 531 Spring 2022 — Khanna

Adapted from M. Lustig, EECS Berkeley 55



Simple Band-Stop (Notch) Filter

l+a 1-28z71+272 o <1
Has(2) = rE
2 1-B(1+a)z71+az 8] < 1
[ . , N
Note: 1— Zﬁz_l 4 Z_2 — (1 _ eroz—l)(l . e—onz—l)
cos(wp) = B
~ J

Penn ESE 531 Spring 2022 — Khanna
Adapted from M. Lustig, EECS Berkeley
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Simple Band-Stop (Notch) Filter

l+a 1—-2Bz714 272 ol <1
Has() - S
2 1-B(1+a)z7t+az 8l <1
- . , R
Note: 1— Zﬂz_l 4 Z_2 — (1 _ eroz—l)(l . e—onz—l)
cos(wp) = B
~ J

Penn ESE 531 S

ing 2022 — Khanna

Adapted from M. Lustig, EECS Berkeley
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Simple Band-Stop (Notch) Filter

1+« 1 —-2Bz"1 4272 ol <1
Hs(2) = =LA
2 1-B(1+a)z7t+az Bl <1
[ . , N
Note: 1— Qﬂz_l 4 2_2 — (1 _ eroz—l)(l . e—onz—l)
cos(wp) = 3
~ y,
A
)
x @ A
) ’ 1 T
/wn
3 >
\\\ | >
(00
X © wo j_lv

Penn ESE 531 Sqring 2022 — Khanna
Adapted from M. Lustig, EECS Berkeley

58



‘ Simple Band-Stop (Notch) Filter

l+a 1—-2Bz71+4 272 la| < 1
Hps(z) = —1 —2
2 1-(1+a)z7l+az 8] <1
Note:
l+a 2428
Hes(F) = 5~ Graazp
A
(™)
X /O A
/ 4 1
/wn
~ > \ /
\\\ I >
X © w, j_'L,

Penn ESE 531 Sqring 2022 — Khanna
Adapted from M. Lustig, EECS Berkeley
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Simple Band-Stop (Notch) Filter

l+a 1—-2Bz71+4 272 la| < 1
Hps(z) = —1 —2
2 1-(1+a)z7l+az 8] <1
Note: As « — 1 poles approach zeros
Cl+a  2+28
Hes(F) = 5~ i oazs
A
H(e")
X /O A
é 1 N
SR \i
\\\ I >
X © @, T

Penn ESE 531 Sqring 2022 — Khanna
Adapted from M. Lustig, EECS Berkeley



Simple Band-Pass Filter

1l — o

] — 22

HBP(Z) — 9

Penn ESE 531 Spring 2022 — Khanna
Adapted from M. Lustig, EECS Berkeley

1-B8(1+a)z71 +az2

al <1

Bl <1
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Simple Band-Pass Filter

1] — 272

]l — o
H BP (2: ) —
2
A
X
o o—>
X
Penn ESE 531 Sgring 2022 — Khanna

Adapted from M. Lustig, EECS Berkeley

1-B8(1+a)z71 +az2

al <1

8] <1
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Simple Band-Pass Filter

Hyp(2) 1 —a 1 — 272 ol < 1
2 ) =
Br 2 1-Bl+a)zl+az"2 |B<1
A
H(e")
X A
1
o o—>
>
X a)O .7'IL' w
Penn ESE 531 Spring 2022 — Khanna COS(LU()) =f

Adapted from M. Lustig, EECS Berkeley
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Simple Band-Pass Filter

Hyp(2) 1 -« 1 — 272 of < 1
BP\%) =
2 1-B(1+4+a)z7l4+az"2 |B<1
A
(")
X A
1 7 3\ Larger o reduces pass band
o o I 1
O o> I \
/ \
/ N
= = >
| a
X a)O o
Penn ESE 531 Sgring 2022 — Khanna COS(Ldo) =f

Adapted from M. Lustig, EECS Berkeley 64



Phase Response

0 Limit the range of the phase response

arg[H(e/®)]

—1 < ARG[H (¢/®)] < 7.

ARG|[H(e/)]

17 ) \ —

J i \/\v \//l
[/

Penn ESE 531 Spring 2022 — Khanna
Adapted from M. Lustig, EECS Berkeley
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’ Phase Response Example

H(e%) = e?¥™ 4 h[n] = d[n — ng]

Penn ESE 531 Spring 2022 — Khanna
Adapted from M. Lustig, EECS Berkeley
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Phase Response Example

H(e%) = e?“m™ 4 h[n] = d[n — ng]

H(e’)| =1

arg [H (ejw )] = —Wwny ARG is the wrapped phase

arg is the unwrapped phase

Penn ESE 531 Spring 2022 — Khanna
Adapted from M. Lustig, EECS Berkeley
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Phase Response Example

H(e%) = e?“m™ 4 h[n] = d[n — ng]

H(e9)| =1
arg[H (e’%)] = —wng ~ ARGisthe wrapped phase
ARG

A

IANON .
RN

Penn ESE 531 Spring 2022 — Khanna
Adapted from M. Lustig, EECS Berkeley
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Group Delay

0 General phase response at a given frequency can be
characterized with group delay, which is related to
phase

ard[H(e™)] = —{arg[H(c")]}

Penn ESE 531 Spring 2022 — Khanna _ I /7
Adapted from M. Lustig, EECS Berkeley S Ope 69



Phase Response Example

H(e%) = e?“m™ 4 h[n] = d[n — ng]

H(e9)| =1
arg[H (e’%)] = —wng ~ ARGisthe wrapped phase
ARG

A

IANON .
RN

Penn ESE 531 Spring 2022 — Khanna For linear phase system, group delay is ng
Adapted from M. Lustig, EECS Berkeley

grd[H (e?¥)] = —%{arg[H(ij)]}

70



Group Delay

0 General phase response at a given frequency can be
characterized with group delay, which is related to
phase

ard[H(e™)] = —{arg[H(c")]}

Penn ESE 531 Spring 2022 — Khanna _ I /7
Adapted from M. Lustig, EECS Berkeley S Ope 71



Group Delay

grd[H (7)) =

Penn ESE 531 Spring 2022 — Khanna
Adapted from M. Lustig, EECS Berkeley

d

dw

{arg[H(e’)]}
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Group Delay

ard[H(e™)] =~ {arg[H (™))}

| &\f M arglH(c*)
w w2 1 A

—_— L A 1
0 50 100 150 200 250

0 50 100 15

Penn ESE 531 Spring 2022 — Khanna
Adapted from M. Lustig, EECS Berkeley



Group Delay Math

Penn ESE 531 Spring 2022 — Khanna
Adapted from M. Lustig, EECS Berkeley

i H(l — cke'j"’)

H(ejw)= 0 k=l

N

“ 1_[(1 ~d,e”")

k=1

74



Group Delay Math

H(z)=~ e H(e") N
2) = 20 k=l 0/ = by kl
“TTa-d,:z" H(l d e ")

arg of products is sum of args

M N

arg[ H(e’”)] =) arg[l-c,e”"]- Earg [1-d e"]
k=1 k=1

grd[H(e™)] ="y grd[l-c,e”]- Y grd[1-d e™]
k=1 k=1

Penn ESE 531 Spring 2022 — Khanna
Adapted from M. Lustig, EECS Berkeley



Group Delay Math

0 Look at each factor:

[1- rejee'jw]

Penn ESE 531 Spring 2022 — Khanna
Adapted from M. Lustig, EECS Berkeley
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Group Delay Math

0 Look at each factor:

rsin(w — 0)

arg[1—re’’e™/”]=tan™
8l ] (l—rcos(a)—H)

r* —rcos(w —0)
2

grd[1—re’’e /] =
‘1 —re’’e™

Penn ESE 531 Spring 2022 — Khanna
Adapted from M. Lustig, EECS Berkeley

|
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Example: Zero on Real Axis

0 Geometric Interpretation for (0=0)

arg[1—re /"]

Penn ESE 531 Spring 2022 — Khanna
Adapted from M. Lustig, EECS Berkeley
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Example: Zero on Real Axis

0 Geometric Interpretation for (0=0)

arg[1—re /"] =arg[(e’” —r)e™'”]=arg[e’” — r]-arg[e’”]
\ ~ O\ ~ J/
@ W
A
o—->
I

Penn ESE 531 Spring 2022 — Khanna
Adapted from M. Lustig, EECS Berkeley
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Example: Zero on Real Axis

0 Geometric Interpretation for (0=0)
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Example: Zero on Real Axis

0 Geometric Interpretation for (0=0)
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Example: Zero on Real Axis
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Example: Zero on Real Axis
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Example: Zero on Real Axis

0 Geometric Interpretation for (0=0)
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Example: Zero on Real Axis

0 Geometric Interpretation for (0=0)

arg[1—re /"] =arg[(e’” —r)e™'”]=arg[e’” — r]-arg[e’”]
\ ~ /L ~ J/
@ W
A
A arg
@—-w

S o
| JU

Penn ESE 531 Spring 2022 — Khanna
Adapted from M. Lustig, EECS Berkeley
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Group Delay Math

ord[ H(e’”)] = E grd[1-c,e™/"]- 2 grd[1-d e
k=1 =

0 ook at each factor: e =+ O?

arg[1-re’’e™/?]=tan™ rsin( - 6)
1-rcos(w—0)

r> —rcos(w - 6)
2

erd[1-re’’e™ "] =

9 -
‘l—ref e /?
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Example: Zero on Real Axis

0 For 6=0 0=0
arg grd
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Example: Zero on Real Axis

a For 6£0 0=0
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Example: Zero on Real Axis

0 Magnitude Response
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Example: Zero on Real Axis

0 Magnitude Response
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Example: Zero on Real Axis

a For 6=n, how does zero location effect magnitude,

phase and group delay? ——m-r=05

o e e = ()7

b
o

Radian frequency (@)
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Example: Zero on Real Axis

0 For 6=n, how does zero location effect magnitude,
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Example: Zero on Real Axis
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284 Order TIR with Complex Poles

1
(1 —re/fz=1(A — re=i9z~1) r=09, 6=r/4

H(z) =

magnitude

dB
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284 Order TIR with Complex Poles

1
(1 — rel®z=1y(1 — re—ifz—1) r=0.9, 6=n/4
phase
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3td Order ITR Example

0.05634(1 + z~1)(1 — 1.0166z~! + Im z-plane

H(z) == Unit circle
(1 —0.683z~1)(1 — 1.4461z1 + 0. 7957z“2) f
X
" | Re
K x
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3td Order ITR Example
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3td Order ITR Example

0.05634(1 + z~1)(1 — 1.0166z~1 + z72)

H(z) = ‘
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3td Order ITR Example

Hi = 0056341 + 2711 — 1.0166z1 + 272) Unit circle Im  zplane
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3td Order ITR Example

0.05634(1 + z~1)(1 — 1.0166z~1 + z72)
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Big Ideas

0 Frequency Response of L'TT Systems
» Magnitude Response
= Simple Filters

= Phase Response

= Group Delay
= Example: Zero on Real Axis

= Example: Higher order systems
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