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Discrete Fourier Transform
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Optimal Filter Design

Discrete Fourier Series

Q
Q
a Discrete Fourier Transform (DFT)
0 DFT Properties

Q

Circular Convolution
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Optimality — Least Squares

A Hd(ejw)

W W T
0 Least Squares:

minimize / |H(e’¥) — Hy(e?*)|*dw
weEcare

0 Variation: Weighted Least Squares:

s
minimize W(w)|H (%) — Hyg(e’*)|*dw
—T
Penn ESE 531 Spring 2022 — Khanna
Adapted from M. Lustig, EECS Berkeley



Design Through Optimization

0 Idea: Sample/discretize the frequency response
H(e’) = H(eI“*)

0 Sample points are fixed — w, = k%

< w < <wp <

0 M+1 1s the filter order
a P>>M + 1 (rule of thumb P=15M)

0 Yields a (good) approximation of the original
problem

Penn ESE 531 Spring 2022 — Khanna
Adapted from M. Lustig, EECS Berkeley



Example: Least Squares

0 Target: Design M+1= 2N+1 filter

0 First design non-causal [ (e?¥)and hence h[n]
0 Then, shift to make causal

hin] = hin — M/2]

H(e)=e™ f](ejw)

Penn ESE 531 Spring 2022 — Khanna
Adapted from M. Lustig, EECS Berkeley



Example: Least Squares

h — [ﬁ[—N], h[—N +1],--- ,E[N]]T

b= [Hd(ejwl), s

A =

i e_jwl(_N)

e_jwf; (_N)

9 Hd(ejwp)

]T
e—Jwi(+N)

e_ij (+N)

argming |Ah — b \Z

Penn ESE 531 Spring 2022 — Khanna
Adapted from M. Lustig, EECS Berkeley




Least-Squares

argmin; ||Ah — bH22

Solution:

h=(A*A)"tA*D

0 Result will generally be non-symmetric and complex
valued.

0 However, if ﬁ(ejw) is real, j[p) should have
symmetry!

Penn ESE 531 Spring 2022 — Khanna
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Design ot Linear-Phase L..P Filter

QO Suppose:
s H (e7%) is real-symmetric
= Mis even (M+1 length)
a Then:
= j[n] 1s teal-symmetric around midpoint

a So:

(™) = 0]+ h[1]e3 + h[—1]e*i
+h[2e 2 4 p[—2]etI%v. ..

= h[0] 4+ 2 cos(w)h[1] + 2 cos(2w)h[2] + - --

Penn ESE 531 Spring 2022 — Khanna
Adapted from M. Lustig, EECS Berkeley



Least-Squares Linear Phase Filter

A Hd(ejw)

Penn ESE 531 Spring 2022 — Khanna Capital P
Adapted from M. Lustig, EECS Berkeley



Least-Squares Linear Phase Filter

Given M, wp, ws find the best LS filter:

b = [ GO

= [0, -+ B |7 = (A°4) A%

%

n >0
n <0

h[n] = hin — M/2]

Penn ESE 531 Spring 2022 — Khanna
Adapted from M. Lustig, EECS Berkeley
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Extension:

a LS has no preference for pass band or stop band

0 Use weighting of LS to change ratio

want to solve the discrete version of:

minimize W (w)|H (&%) — Hy(e?*)|*dw

where W(w) is dp in the pass band and &s in stop band

Similarly: W(w) is 1 in the pass band and &p/ds in stop band

Penn ESE 531 Spring 2022 — Khanna
Adapted from M. Lustig, EECS Berkeley 11



Weighted Least-Squares

argmin;, (Ahy — b)*W?(Ahy —b)

Solution:
hy = (A*W2A)"1W2A4%b
. ) -
1
W = 6
)
0 £

Penn ESE 531 Spring 2022 — Khanna
Adapted from M. Lustig, EECS Berkeley 12



Optimality — min-max

a Chebychev Design (min-max)
minimize,ccare max |H(e?*) — Hy(e??)|

= Parks-McClellan algorithm - equiripple
= Also known as Remez exchange algorithms (signal.remez)

= Can also use convex optimization

Penn ESE 531 Spring 2022 — Khanna
Adapted from M. Lustig, EECS Berkeley
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. Parks-McClellan

0 Allows for multiple pass- and stop-bands.

a Is an equi-ripple design in the pass- and stop-bands,
but allows independent weighting of the ripple in

each band.
a Allows specification of the band edges.

Penn ESE 531 Spring 2022 - Khanna
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Parks-McClellan: L.P Filter

1+,

1-01

equi-ripple transition
pass-band stop-band
/ equi-ripple
_________________ P — — — "
> w
D D y 2

0 For the low-pass filter shown above the specifications are

1—-6; < H(ev) < 1+4
—§, < H(eY¥) < &

Penn ESE 531 Spring 2022 - Khanna

in the pass-band 0 < w < w,
in the stop-band w, < w < .
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Min-Max Filter Design

0 Constraints:

= min-max pass-band ripple

1 =6, < [H(E)| <1+,

= min-max stop-band ripple

|H(ejw)‘ < 0s,

Penn ESE 531 Spring 2022 — Khanna
Adapted from M. Lustig, EECS Berkeley
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Min-Max Ripple Design

0 Given w,, wg, M, find 8, hy

1+(ZS
] —

minimize ) \ 6-\

Subject to : S
1 -6 < H(e*) <1+ 0 < wr < wp
—63[?(69"%) <$§ we <wg <7
60 >0

0 Formulation is a linear program with solution 8, h n

a A well studied class of problems with good solvers

Penn ESE 531 Spring 2022 — Khanna
Adapted from M. Lustig, EECS Berkeley 17



Min-Max Ripple via LP

minimize 0
subject to :
1—6=<Ayhy <1496
< Aghy <6
0o >0

|:1 2cos(wy) - QCOS(‘-\Z/le)}

1 2cos(wp) -+ 2cos(Hwy)

1 2cos(ws) -+ 2cos(Hws) .
A = : capital P
1 2cos(wp) -+ 2cos(Hwp)
Penn ESE 531 Spring 2022 — Khanna
Adapted from M. Lustig, EECS Berkeley
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MATILAB Parks-McClellan Function

ob = firpm(M,F,A,W)
= b is the array of filter coefficients (impulse response)
= Mis the filter order (M+1 is the length of the filter),
= F is a vector of band edge frequencies in ascending order
= A s a set of filter gains at the band edges

= W is an optional set of relative weights to be applied to
each of the bands

Penn ESE 531 Spring 2022 - Khanna
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MATILAB Parks-McClellan Function

A Hye!®)
1 pass
pass
0.7
stop stop stop
>®
0 W1 (O)) w3 W4 W5 g W7 Wg T
transition transition transition transition

F=1[0 w wy wyg wy ws wg wy wg 1]
A=[001 1 0 O 07 077 0 0]
W=1[10 1 10 1 10]

Penn ESE 531 Spring 2022 - Khanna
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MATLAB Example

a0 Design a 33 length PM band-pass filter and weight the stop-
band ripple 10x more than the pass-band ripple

\ H,(e/®)

-

ass
10|-—————mmmmm e 2

stop stop

>m

0 0.27 04n 0.7 0.85x 14
transition transition

h=firpm(32,[0 0.2 0.4 0.7 0.85 1],[0 O 10 10 O 0],[10 1 10])
freqz(h,1)

Penn ESE 531 Spring 2022 - Khanna
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MATLAB Example

0 De¢ T ' ‘Op-
50 P
ban  _
g 0 padl ™~
3 / \m
= |
= AAVAYA IAYAY4
& -50 1 [T
s
-100 0.2 0.4 0.6 0.8 1

Normalized Frequency (xn rad/sample)

1000

@ 500

g \I\N\J\I

o 0 ~J

()]

©

o -500 \\

©

£ -1000 o WY
h=firpi 5% 0.2 0.4 0.6 0.8 ¢ 110D
freqz (] Normalized Frequency (xx rad/sample)

Penn ESE 531 Spring 2022 - Khanna 22



Optimality — Least Squares

A Hd(ejw)

W W
0 Least Squares:

minimize / |H(e’¥) — Hy(e?*)|*dw
weEcare

0 Parks-McClellan

min (max |E(w)|),
{he[n]:0<n<L} \ weF

Penn ESE 531 Spring 2022 — Khanna
Adapted from M. Lustig, EECS Berkeley
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Example of Complex Filter

0 Larson et. al, “Multiband Excitation Pulses for Hyperpolarized 13C
Dynamic Chemical Shift Imaging” JMR 2008;194(1):121-127

0 Need to design length 11 filter with following frequency response:

1

)

).500 0 500

Penn ESE 531 Spring 2022 — Khanna
Adapted from M. Lustig, EECS Berkeley HZ 24



Convex Optimization

a0 Many tools and Solvers

0 Tools:
s CVX (Matlab) http://cvxr.com/cvx/
« CVXOPT, CVXMOD (Python)

0 Engines:
= Sedumi (Free)
= MOSEK (commercial)

Penn ESE 531 Spring 2022 — Khanna
Adapted from M. Lustig, EECS Berkeley
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http://cvxr.com/cvx/

Using CVX (in Matlab)

M=16;

wp = 0.5%pi;

ws = 0.6%pi;

MM = 15*M;

w = linspace(0,pi, MM);

idxp = find(w <=wp);
idxs = find(w >=ws);

Ap = [ones(length(idxp),1) 2*cos(kron(w(idxp)',
[1:M/2]))];

As = [ones(length(idxs),1) 2*cos(kron(w(idxs)',
[1:M/2])];

% optimization
cvx_begin
variable hh(M/2+1,1);
variable d(1,1);

minimize(d)
subject to
Ap*hh <=1+d;
Ap*hh >=1-d;
As*hh < d;
As*hh > -d;
ds>0;
cvx_end
h = [hh(end:-1:1) ; hh(2:end)];

Penn ESE 531 Spring 2022 — Khanna
Adapted from M. Lustig, EECS Berkeley
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¥ Hler)
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Discrete Fourier Series

R 40N
Srenn
00
Penn ESE 531 Spring 2022 - Khanna 7



: Reminder: Eigenvalue (DTFT)

= /" E hlkle /"
k=—0o0

= H(e’")e’!™

Penn ESE 531 Spring 2022 - Khanna

H(e’”)= i W kle /"

fk=—00

0 Describes the change
in amplitude and
phase of signal at
frequency w

0 Frequency response

0 Complex value

m Re and Im
= Mag and Phase

28



Discrete Fourier Series

0 Definition:

= Consider N-periodic signal:
rn+ N| =2Z[n| Vn

= Frequency-domain also periodic in N:

A

X[k+ N]=X[k] Vk

m indicates periodic signal/spectrum

Penn ESE 531 Spring 2022 — Khanna
Adapted from M. Lustig, EECS Berkeley
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Discrete Fourier Series

0 Define;
W A 6—j27T/N
a DFS:
1 N-—1 ~
il = = ) X[k
k=0
~ N-—1
X[k = #[n]
n=0

Penn ESE 531 Spring 2022 — Khanna
Adapted from M. Lustig, EECS Berkeley
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Discrete Fourier Series

A
Wy & e 92m/N

0 Properties of Wy
L WNO — WNN — WNZN — e — 1
- WNk+r — WNkWNr and, WNk+N — WNk

Penn ESE 531 Spring 2022 — Khanna
Adapted from M. Lustig, EECS Berkeley
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: : : A _—j327 /N
Discrete Fourier Series Wn =e

0 Properties of Wy

s W' =W N=WN= . =1

s W kT = W kW and, Wk = Wik
0 Example: Wkt (N=0)

k=1

A

n=2 n=1

Penn ESE 531 Spring 2022 — Khanna
Adapted from M. Lustig, EECS Berkeley



: : : A _—j327 /N
Discrete Fourier Series Wn =e

0 Properties of Wy

s W' =W N=WN= . =1

s W kT = W kW and, Wk = Wik
0 Example: Wkt (N=0)

k=1 k=2

A A

n=0,3,6,

n=2 | n=1 n=1,47,

Penn ESE 531 Spring 2022 — Khanna
Adapted from M. Lustig, EECS Berkeley 33



Discrete Fourier Transform

0 By convention, work with one period:

A JZn] 0<n<N-1

z|n |
0 otherwise

~

X[k] 0<k<N-1

0 otherwise

|D>

X[k

Same, but different!

Penn ESE 531 Spring 2022 — Khanna
Adapted from M. Lustig, EECS Berkeley
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: Discrete Fourier Transform

0 The DFT
;N1
z[n] = N kzzo X[k]Wx*™  Inverse DFT, synthesis
N-1
X[k =

Z z[n]WEkn DFT, analysis
n=0

0 It is understood that,

zn] = 0 outside0<n<N-1
Xkl = 0 outside0<k<N-1

Penn ESE 531 Spring 2022 — Khanna
Adapted from M. Lustig, EECS Berkeley 35



DFES vs. DFT

Penn ESE 531 Spring 2022 — Khanna
Adapted from M. Lustig, EECS Berkeley
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DFES vs. DFT

Penn ESE 531 Spring 2022 — Khanna
Adapted from M. Lustig, EECS Berkeley
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: A —j2m/N
@®: Example Wy =
s .CU[TL]
| T T T T
o0 1 2 3 4 n
N-1
‘Take N=5 X[k = ) z[nWy
n=0
Penn ESE 531 Spring 2022 — Khanna
Adapted from M. Lustig, EECS Berkeley
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N
WN = e j2m /N

..9..
[T]
4
o
=
o,
(@

b x[n]
T
© 0 1 2 3 4 T n
- Take N=5
4 nk L
X[k = { LaoWE* k=0,1,2,34
0 otherwise

N 56[k] “5-point DFT”

Penn ESE 531 Spring 2022 — Khanna
Adapted from M. Lustig, EECS Berkeley
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O Example

A
WN = e j2m /N

z[n]
RRREN
% s 2 T ° m
- Take N=5
4 nk _
X[k] — Z'"':O W5 k= 0, 172.7374
0 otherwise

N 55[k] “5-point DFT”

Penn ESE 531 Spring 2022 — Khanna
Adapted from M. Lustig, EECS Berkeley
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: : : A _—j327 /N
Discrete Fourier Series Wn =e

0 Properties of WN:

s W' = W N=WN= . =1

s Wk = W W and, Wik = Wk
0 Example: Wkt (N=5)

k=1 k=2
A n=4 N n=2
n=3 n=4
n=0 n=0
>—> > >
n=1 n=3

Penn ESE 531 Spring 2022 — Khanna
Adapted from M. Lustig, EECS Berkeley



[T
4
o
=
O,
(@

b x[n]
NNRRRARER
° o 1 2 3 4 -
- Take N=5
4 nk L
X[k = { LaoWE* k=0,1,2,34
0 otherwise

N 56[k] “5-point DFT”

Penn ESE 531 Spring 2022 — Khanna
Adapted from M. Lustig, EECS Berkeley
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A
Wy & e 92m/N

Example

o Q: What if we take N=10?
0 A: X[k] = X[k] whete Z[n] is a petiod-10 seq.

Penn ESE 531 Spring 2022 — Khanna
Adapted from M. Lustig, EECS Berkeley 43



A
WN=€ j2m /N

Example

o Q: What if we take N=10?
0 A: X[k] = X[k] whete Z[n] is a petiod-10 seq.

4 n
X[k] = Yo Wiy k=0,1,2,---,9
0 otherwise

“10-point DFT”

Penn ESE 531 Spring 2022 — Khanna
Adapted from M. Lustig, EECS Berkeley



O Example

2 Now, sum from n=0 to 9

9
X[kl = ) znwi

n=0

Penn ESE 531 Spring 2022 — Khanna
Adapted from M. Lustig, EECS Berkeley
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Example

2 Now, sum from n=0 to 9

9
X[k] = > zpwik
n=0
4
- >owi
n=0
3 7L
I sin( 5 k)
sin(<5k)
Penn ESE 531 Spring 2022 — Khanna 4 0'p0int DFT”

Adapted from M. Lustig, EECS Berkeley 46



DFT vs. DTFT

0 For finite sequences of length N:
= The N-point DFT of x|[n] 1s:

N-1 N-1
Xk = Z z[n|WEr = Z z[n]e JCT/Nnk 0 < <N -1
n=0 n=0

s The DTFT of x|[n] is:

N-1
X () = Z z[nle 7" — 00 < w < 00
n=0

Penn ESE 531 Spring 2022 — Khanna
Adapted from M. Lustig, EECS Berkeley
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: DFT vs. DTFT

0 The DFT are samples of the DTFT at N equally

spaced frequencies

X[k] = X(e’)| o2z O0<k<N-—1

Penn ESE 531 Spring 2022 — Khanna
Adapted from M. Lustig, EECS Berkeley

48



DFT vs DTFT

0 Back to example

Xk

Penn ESE 531 Spring 2022 — Khanna
Adapted from M. Lustig, EECS Berkeley

4
> Wio
n=0

4w, Sln(%k)

e J 10
sin({5k)

“10-point DFT”

49



DFT vs DTFT

0 Back to example

Xk

Penn ESE 531 Spring 2022 — Khanna
Adapted from M. Lustig, EECS Berkeley
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DFT vs DTFT

0 Back to example

Xk

Use fftshift

to center
around dc

Penn ESE 531 Spring 2022 — Khanna
Adapted from M. Lustig, EECS Berkeley
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DFT and Inverse DFT

0 Use the DFT to compute the inverse DFT. How?

Penn ESE 531 Spring 2022 — Khanna
Adapted from M. Lustig, EECS Berkeley
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®: DFT and Inverse DFT

0 Use the DFT to compute the inverse DFT. How?

N-z*[n] = N (DFT{X[K]})"

Penn ESE 531 Spring 2022 — Khanna
Adapted from M. Lustig, EECS Berkeley

53



: DFT and Inverse DFT

0 Use the DFT to compute the inverse DFT. How?

N-z*[n] = N (DFT{X[K]})"

X

1 N—1
L 2 : —kn

Penn ESE 531 Spring 2022 — Khanna
Adapted from M. Lustig, EECS Berkeley 54



: DFT and Inverse DFT

0 Use the DFT to compute the inverse DFT. How?

N-z*[n] = N (DFT{X[K]})"

1 A\
— N(NkZOX[k]W ’“)
N-—1

k=0

Penn ESE 531 Spring 2022 — Khanna
Adapted from M. Lustig, EECS Berkeley 55



: DFT and Inverse DFT

0 Use the DFT to compute the inverse DFT. How?

N -x*n| =

Penn ESE 531 Spring 2022 — Khanna
Adapted from M. Lustig, EECS Berkeley

N (DFT ' {X[k]})

1 N—1 . *
N (N kZ:O X [k)|W " )
N—1
> X*EWR
k=0

DFT {X*[k]} .

56



: DFT and Inverse DFT

0 Use the DFT to compute the inverse DFT. How?

z*[n] = QFT— {X[k] D
( ZX[k]W ’m)

N —

- X

e MQFT{X*®

Ad apted from M. Lustig, EECS Berkeley
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®: DFT and Inverse DFT

a So

DFT {X*[k]} = N (DFT {X[K]})"

Penn ESE 531 Spring 2022 — Khanna
Adapted from M. Lustig, EECS Berkeley
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: DFT and Inverse DFT

a So

DFT {X*[k]} = N (DFT {X[K]})"

DFT ' {X[k]} = = (DFT {X*[k]})"

1
N

Penn ESE 531 Spring 2022 — Khanna
Adapted from M. Lustig, EECS Berkeley
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: DFT and Inverse DFT

a So

DFT {X*[k]} = N (DFT {X[K]})"

DFT " {X[k]} =@

0 Implement IDFT by:
s Take complex conjugate
s Take DFT
= Multiply by 1/N

= Take complex conjugate

Penn ESE 531 Spring 2022 — Khanna
Adapted from M. Lustig, EECS Berkeley

60



DFT as Matrix Operator

DFT:
( X [0] \ / WI%O
X[k - W.II%O
\ X[N._ 1] ] \ W](VN'_l)o

Penn ESE 531 Spring 2022 — Khanna
Adapted from M. Lustig, EECS Berkeley

N-1

X[kl = ) z[n]Wg"
n=0

wath Y \/ z[0]

W;:,(N—l) :z:[:n

WI(VN—1)(N—1) ) \ z[N — 1] )
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DFT as Matrix Operator

DFT:

( X [0] \ / WRIO
X k] = W}\Cfo
\ x(v -1 /

(=l [ wi™
m[n] _ % W}gno
\ 2N —1] / \ W§(N—1)o

Penn ESE 531 Spring 2022 — Khanna
Adapted from M. Lustig, EECS Berkeley

X [k]

O(N-—1

k(N —1

WJ(VN—I)(N—I) )

—0(N—1)

Wi

—n(N—=1)

Wi

N

/ (0] \
z[n)]

\ :n[N.— 1] /

[ X [0] \
X [k)
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DFT as Matrix Operator

IDFT:
( :1:['0: \
m[:n]
\ :I:[N:— 1] /

\ w

—(N—=1)0
N

Penn ESE 531 Spring 2022 — Khanna
Adapted from M. Lustig, EECS Berkeley

—(N=1)k

Wi

N-1

_ kn
Xk] = E z[n|Wy
n=0
O(N—1
WN( : \ [ =0l
wk(N=1) 2(n]
W](VN—l)(N—l) ) \ z(N - 1] /
—0(N—1)
Wi \ [ X[0]
Wgn(-N_l) X'[k\

W};(N—l)(N—l) )

\ X[~ —1] /

N2 complex multiplies



DFT as Matrix Operator

0 Can write compactly as

X = WN X
1 %

Penn ESE 531 Spring 2022 — Khanna
Adapted from M. Lustig, EECS Berkeley
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Properties of the DFT

0 Properties of DFT inherited from DES

0 Linearity

0411171[7?,] + Q99 [’I’L] — a1 X1 [k] + o X9 [k]

0 Circular Time Shift

z[((n —m))n] ¢ X[k]e /™ = X [k]Wy™

Penn ESE 531 Spring 2022 — Khanna
Adapted from M. Lustig, EECS Berkeley
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Circular Shift

%[n] %[n—m]

0 N1 0 m N-1

Penn ESE 531 Spring 2022 — Khanna
Adapted from M. Lustig, EECS Berkeley 066



Circular Shift

Penn ESE 531 Spring 2022 — Khanna
Adapted from M. Lustig, EECS Berkeley
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Properties of DFT

a Circular frequency shift
z[n)e? @7 = g [n]Wy™ < X[((k —1)N]
0 Complex Conjugation

z"[n] < X7 [((—F))n]

0 Conjugate Symmetry for Real Signals

z[n] = z7[n] < X|k] = X" [((=k))~]

Penn ESE 531 Spring 2022 — Khanna
Adapted from M. Lustig, EECS Berkeley
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Example: Conjugate Symmetry

4-point DFT X [k]
—Symmetry

Penn ESE 531 Spring 2022 — Kh
AZI;I}l)ted from MI.)rIljtll%tig, EECS l;lzilljeley x [n] =z’ [n] o X [k] = X7 [( (_k) )N]
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Example: Conjugate Symmetry

4-point DFT X [k]
—Symmetry

Penn ESE 531 Spring 2022 — Kh
AZI;I}l)ted from MI.)rIljtll%tig, EECS l;lzilljeley x [n] =z’ [n] o X [k] = X7 [( (_k) )N]
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Example: Conjugate Symmetry

4-point DFT X [k]
—Symmetry m

Penn ESE 531 Spring 2022 — Kh
AZI;I}l)ted from MI.)rIljtll%tig, EECS l;lzilljeley x [n] =z’ [n] o X [k] = X7 [( (_k) )N]
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Example: Conjugate Symmetry

4-point DFT X [k]
—Symmetry m

0
"/
4-point DFT “ /R\ X[
—Symmetry I T T
0 1 2 3 Kk
"/

Penn ESE 531 Spring 2022 — Kh
AZI;I}l)ted from MI.)rIljtll%tig, EECS lglzilljeley x [n] =z’ [n] o X [k] = X7 [( (_k) )N]



Example: Conjugate Symmetry
4-point DFT
—Symmetry m T

2 k
X
/\ X k]
5-point DFT
—-Symmetry T T T T T T T
0o 1
Penn ESE 531 Spring 2022 — Khanna a:[n] _ [ ] o X[k] [(( k)) ] s

Adapted from M. Lustig, EECS Berkeley



Example

5-point DFT ¢
—Symmetry T | T T T ‘
1

0
KA
“ /R X [K]
5-point DFT @
—Symmetry ‘ T T T
o 1 2 3 4 k

Penn ESE 531 Spring 2022 — Khanna
Adapted from M. Lustig, EECS Berkeley 74



Properties of the DFS/DFT

Discrete Fourier Series Discrete Fourier Transform
Property N-periodic sequence N-periodic DFS Property N-point sequence N-point DFT
%] K] ] x[K]
% [n]. %,[n] X, [k], X,[k] x,[n]. x,[n] X, [k]. X,[K]
Linearity ax, [n]+ b, [n] aX, [k]+ bX,[k] Linearity ax, [n]+ bx, [n] aX, [k]+bX, [k]
Duality X[n] NX[-k] Duality X[n] N(-k)),]
. . ~ o Circular Time o
Time Shift x[n - m] wy" X [k] Shift x[((n - m)) N] wy" X [k]
F Circular
reSqllll.ency w"x [n] X [k -1 ] Frequency Wy /”x[n] X [((k -1 )) v ]
ift .
Shift
peiodie | Esbill-n) a0 et | 3 wlbl(n-m),] XK
Convolution Z:‘]xl mpln = m X k] 1] Convolution Z(:)xl A ! 2
~T 1~ 13~ q~ 1 M
Multiplication %, [n%, [n] NZXI [1]X,[k 1] | Multiplication x,[n e, [n] WZXl [11x,[((k - 1)), ]
1=0 1=0
Complex s > Complex 5 x
Conjugation x [n] X [_ k] Conjugation X [n ] X [((_ k ))N]

Penn ESE 531 Spring 2022 — Khanna
Adapted from M. Lustig, EECS Berkeley



Properties (Continued)

Time- Time-
 Complon ¥ [ 'l omplon GO 40
Conjugation Conjugation
Real Part Re{?c[n]} )?ep [k]= %(N[k] + X [~ k]) Real Part Re{x[n]} X, [k]= %(X[k] +X [((— k))y ])
fraginary JimfE[n]) R, =L (R X [ | Tmesiney mba] ¥, [ (- x [ 0),)
Even Part Xep [n]= %(}7 [n]+ %[~ n]) Re{)N( [k]} Even Part Xop [n]= %(x[n]+ x [((— n)),y ]) Re{X [k]}
oddPart | %, [n]z%(f[n]—)?*[—n]) jm{X[k]) oddPart | x,, [n]:%(x[n]_x*[((_n))N | jm{x[k]}
X[k]= X"[- 4] x[k]=x"[((= k)]
mmetry for Ref¥[k)=Ref¥[- 4]} | ymmetry for Re{x[k]}=Re{x{( £)), ]
R B {Im{)?[k]}?lm{)?[— a | e rl=xb e
Sequence Sequence
q e q (-
ZX[k)= 2% ] 2x[k)=-2x[(= %)), ]
S b=+ Y %K > b= 3 il
Parseval’s n=0 k=0 Parseval’s n=0 k=0
Identity NI = Identity N-l , 1M )
Z(;|37[n] :—kZ:(;IX[k]’ HZ:(;|x[n] :N;|X[k]
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: Circular Convolution

0 Circular Convolution:

21n] ® w[n] 2 le ((n — m))x]

For two signals of length N

Note: Circular convolution is commutative

z2[n| @ z1[n] = z1[n| @ z2[n]

Penn ESE 531 Spring 2022 — Khanna
Adapted from M. Lustig, EECS Berkeley
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Compute Circular Convolution Sum

x1|n]
1 O O T T T
0 1 2 3 4 ? Gé\ 7{
A:zzzjn]
1 O T
0 1 2 3 7’:2,
orln] @ zaln] 2 S zafmlzal(n — m)) ]

Penn ESE 531 Spring 2022 — Khanna
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Compute Circular Convolution Sum

x1|n]
1 O O T T T
0 1 2 3 4 ? <I,6\ 7{
xa|n]
| T
0 1 2 3 4 5 6 =’n,
orln] @ zaln] 2 S zafmlzal(n — m)) ]

Penn ESE 531 Spring 2022 — Khanna
Adapted from M. Lustig, EECS Berkeley
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Compute Circular Convolution Sum

T1|n]
1 ¢ O T T T
0O 1 2 3 4 5 6 n
T2(n)]
| T
0 1 2 3 4 5 6N
N-—-1

Penn ESE 531 Spring 2022 — Khanna
Adapted from M. Lustig, EECS Berkeley
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Compute Circular Convolution Sum

0O 1 2 3 4 5 6 n
T2[n]
T | T
| | .
0 1 2 3 4 5 6N
N—1
A
z1|n] @ z2n] =
m=0

Penn ESE 531 Spring 2022 — Khanna
Adapted from M. Lustig, EECS Berkeley

y[0]=2
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Compute Circular Convolution Sum

Penn ESE 531 Spring 2022 — Khanna
Adapted from M. Lustig, EECS Berkeley

y[0]=2
y[1]=2
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Compute Circular Convolution Sum

[z1[n]
1 0 O T T T
0O 1 2 3 4 5 6 n
A
T2[n)]
T | i T |
0 1 2 3 4 5 6N
N—1
A
z1|n] @ z2n] =

Penn ESE 531 Spring 2022 — Khanna
Adapted from M. Lustig, EECS Berkeley

y[0]=2
y[1]=2
y[2]=3
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Compute Circular Convolution Sum

T1|n]
1 ¢ o T T T

0O 1 2 3 4 5 6 n

A "

x2[n]

0 | 1 | |
0 1 2 3 [

Penn ESE 531 Spring 2022 — Khanna
Adapted from M. Lustig, EECS Berkeley
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Result

y[0]=
y[1]=
y[2]=
y[3]=
4 4 o O
o (@)
2 O T T
0o 1 2 3 4 5 6 ﬁ
AN—1
z1[n] @ z2[n] = Y z1[mlza[((n — m))N]

Penn ESE 531 Spring 2022 — Khanna
Adapted from M. Lustig, EECS Berkeley
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Circular Convolution

0 For x4[n] and x,[n] with length N

r1[n| @ z2[n| < X1lk] - Xo|K]

= Very usefulll (for linear convolutions with DFT)

Penn ESE 531 Spring 2022 — Khanna
Adapted from M. Lustig, EECS Berkeley
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Multiplication

0 For x4[n] and x,[n] with length N

1ln) - waln] ¢ 1 X[k ® Xalk

Penn ESE 531 Spring 2022 — Khanna
Adapted from M. Lustig, EECS Berkeley
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Linear Convolution

0 Next....
= Using DFT, circular convolution is easy
= But, linear convolution is useful, not circular

= So, show how to perform linear convolution with circular
convolution

s Use DFT to do linear convolution

Penn ESE 531 Spring 2022 — Khanna
Adapted from M. Lustig, EECS Berkeley
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Big Ideas

a Discrete Fourier Transform (DFT)

= FPor finite signals assumed to be zero outside of defined

length
= N-point DFT is sampled DTFT at N points

= Useful properties allow easier linear convolution

0 DFT Properties

= Inherited from DEFES, but circular operations!

Penn ESE 531 Spring 2022 — Khanna
Adapted from M. Lustig, EECS Berkeley
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Admin

a Project 1
= Due Tuesday 3/29

o HW 7 out on Tuesday 3/29
a No lecture on Tuesday 3/29
a Tania OH tomorrow shifted to Monday

= Same time, same link

Herman P. Schwan
Distinguished Lecture:
"Nucleoside-modified
mRNA LNP Therapeutics"

Drew Weissman, M.D., Ph.D.
Roberts Family Professor in Vaccine
Research

Department of Medicine

Perelman School of Medicine
University of Pennsylvania

Penn ESE 531 Spﬁng 2022 — Khanna Tuesday, March 29, 2022

3:30-5:00 PM

Adapted from M. Lustig, EECS Berkeley Reception to follow
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