ESE 531: Digital Signal Processing

Lecture 22: April 12, 2022
Adaptive Filters
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Circular Conv. as Linear Conv. w/ Aliasing

o0
Z x3ln—rN], 0<n<N-1,
Pem—00

0, otherwise,

x3pln| —

-

0 Thus

_ % _ ~
'x3p[n]=< Exl[n rN|*x,[n-rN] O=sn=N-1

y=—00

0 else

x,, [n]=x,[n]@x,[n]

0 The N-point circular convolution is the sum of
linear convolutions shifted in time by N

Penn ESE 531 Spring 2022 - Khanna



Example 1:

0 let

AT

0 The N=L=06-point circular convolution results in
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Example 1:

0 let

e

0 The N=L=06-point circular convolution results in

LI [ ' l l ‘ % [n) N x,[n).
N=L=6
0 N-1

n
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Example 1:

0 let

oy

0 The linear convolution results 1n
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Example 1:

0 let

oy

0 The linear convolution results 1n

x3n] = xy[n] *» x;[n]

.......,;T”]H“IJ_I,_._,_H_._

n
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Example 1:

0 The sum of N-shifted linear convolutions equals the N-point
circular convolution

311”'“1123_1

(b)

x3[n] = x,[n] » x;[n]

L

BSSS mJHl“Ir

(c)

x3[n + NJ,

TIHL“]U,

n
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Example 1:

0 The sum of N-shifted linear convolutions equals the N-point

circular convolution

e,
._.._._.**_._*_._._T)_F.__._,_%MJ[[H“T”

(c)

x3[n + NJ,

TI[”“U,

n
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Example 1:

0 The sum of N-shifted linear convolutions equals the N-point

circular convolution -

3111”“11&{

)\

x3|n] = xy[n] » x;[n]

1 n

L oo
_,_FLTILI([“IJt | :
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Example 1:

0 If I want the circular convolution and linear
convolution to be the same, what do I do?
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Example 1:

a If I want the circular convolution and linear
convolution to be the same, what do I do?

= Take the N=2L-point circular convolution

et
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x; (1) ) x; [n),
N=2L
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Example 1:

a If I want the circular convolution and linear
convolution to be the same, what do I do?

= Take the N=2L-point circular convolution

Bt 111

n

frﬂﬂlllh,

i
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Example 2:

0 Let

J x,[n]
1111}
0 L n
(a)
II l I I xz(n]
0 P n
(b)
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Example 2:

0 Let

|

Wjomfl

(a)

L

x;[n]

* oo 0000

n

11 I I I x2[n]

0 P
(b)
Linear convolution

7
’

n

x3[n] = x;[n] * x,[n]

0 What does the L-point circular convolution look like?
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Example 2:

0 Let

111

x;[n]

x3p[n] = 1

00

r=—00

xi[n] @)= ) xsln—rL], 0<n<L-1,
0,

otherwise.

II t I I xa[n]

Linear convolution

il

~ |

0

P

(b)

1

n

v
*

x3[n] = x,[n] * x;[n]

|

P

2 SRR

L+P-1

0 What does the L-point circular convolution look like?

Penn ESE 531 Spring 2022 - Khanna

15



Example 2:

0 The L-shifted linear convolutions

.............. Al

""""""" lo 4 Yo

x3|n]

(a)

xa[n + L)

—Q—H—H-‘»-IJ—Ll - <LLQ ® S 0L O 0000 00

xyln - L)

n

WMF,%.1III][[ i
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Example 2:

0 The L-shifted linear convolutions

............ Al

""""""" lo L | S n

x3|n]

(a)

xa[n + L)

—o—o—o—o—o—»-ll—l—]—[ - |~‘—Ll ® o ofeo e 00 00 0000 o———;
' 0
I P2

xypln]=x3n] + xs[n+ L), 0sn=L -1
p

Y

'T
.............. | ettt
P-1

LI S S B

(¢)
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Adaptive Filters
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Application Areas

a0 Speech coding

a0 Speech enhancement (hands-free systems, hearing aids,
public address systems)

0 Equalization (sending antennas, radar, loudspeakers)
0 Anti-noise systems (cars and airplanes)

0 Multi-channel signal processing (beamforming, submarine
localization, layer of earth analysis)

0 Missile control

0 Medical applications (fetal heart rate monitoring, dialysis)

a Processing of video signals (cancellation of distortions, image
analysis)

0 Antenna arrays

Penn ESE 531 Spring 2022 - Khanna
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Adaptive Filters

0 An adaptive filter 1s an adjustable filter that

X[n]

processes in time

= [t adapts...

d[n]
Adaptive | vIn] ;/"\+
Filter N
Update
Coefficients

Penn ESE 531 Spring 2022 - Khanna

e[n]=d[n]-y[n]



Adaptive Filter Applications

0 System Identification

System

Adaptive
filter

mput
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Unknown
System

_C!j

+I(1

System
output
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Adaptive Filter Applications

0 Identification of inverse system

e.g. comm.,

. channel | /
System o l Unknown | E” > A‘[“P‘i"“ p System
input ! System : filter I output
. ; -Y

N
~ A

—- Delay
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Adaptive Filter Applications

0 Adaptive Interference Cancellation

Primary

signal \
/ +¥d

farence u Adaptive
Reference > I I

signal filter _

/ -
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System
output
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Automotive Hands-Free System

Echo
/ cancellation
filter
Noise
suppression
filter
s(n) y(n)
« w(n) <
e(n)
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Adaptive Filter Applications

0 Adaptive Prediction

Random :
signal

Delay

i

Penn ESE 531 Spring 2022 - Khanna

Adaptive
filter

/

d

System
output 2

System
output 1
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Stochastic Gradient Approach

0 Most commonly used type of Adaptive Filters

a0 Define cost function as mean-squared error

= Difference between filter output and desired response

0 Based on the method of steepest descent
= Move towards the minimum on the error surface to get to minimum

= Requires the gradient of the error surface to be known

Penn ESE 531 Spring 2022 - Khanna
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Stochastic Gradient Approach

0 Most commonly used type of Adaptive Filters

a0 Define cost function as mean-squared error

= Difference between filter output and desired response
0 Based on the method of steepest descent

= Move towards the minimum on the error surface to get to minimum

= Requires the gradient of the error surface to be known

£
Gradient Descent "o : :
Il Gradient: VGyng
':‘J_':
o
S
=
& ha
N &mi h(n)
> '_." ._."'" S, L '!/‘ﬁh = —‘NV(rL\{g
H . 0
=, h-(-) h(n'_-_’- l)‘
R, e ny

()
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Least-Mean-Square (LMS) Algorithm

0 The LMS Algorithm consists of two basic processes

= Hiltering process

= Calculate the output of FIR filter by convolving input and taps

= Calculate estimation error by comparing the output to desired signal
= Adaptation process

= Adjust tap weights based on the estimation error

[nput vector ﬁ

ul(n) > wiH(n — 1u(n)

Transversal filter . » Output

win — 1)

f

_ - "
Adaptive E"'“,'
:Il > welght-control &(n)
mechanism
Desired
response

d(n)
Penn ESE 531 Spring 2022 - Khanna (a)
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Adaptive FIR Filter: LMS

FIR
x{n] *| Filter
h’l
. _
. Update " f [\
Coefficients \‘:{
desired
output d,,
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T
y[n]A= h,x,

x, =(x[n],x{n—-1]...,x[n-M])"

h, =(4,[0L 4, [1],.... 2, [M])'
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Adaptive FIR Filter: LMS

T
y[n]~= h,x,

FIR
x{n] *| Filter
hn
. _
. Update " / l\
Coefficients \J{
desired
output d,,
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x, =(x[n],x[n-1]....x[n—M])’

h, =(h [0}, 4 [1),....h [M])"

e, =(d[n]-y[n])* = (d[n]-hx,)’
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Adaptive FIR Filter: LMS

T
y[n]~= h,x,

FIR
x{n] *| Filter
hn
. e AN
Update
Coefficients \‘:{
desired
output d,,
] A ]
a'b b, b b b b
ab=la a a d4d, b =a,b +a,b, +ab;+a,b,
3
b,
T b,
dla’b ola’b) ola’b) ola’b) ola’b b _
(o) | olas) ofas) ofe’s) ofa’s) | N, |
da aal aaz 6a3 8a4 b3
b,
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x, =(x[n],x{n—-1]...,.x[n—-M])"

h, =(h [0}, 4 [1),....h [M])"

e, =(d[n]-y[n))* = (d[n]-h x,)’

de,’
dh

n

=-2(d[n]-h’x,)x, =—2eX,

31



Adaptive FIR Filter: LMS

T
y[n]A= h,x,

FIR
x{n] *| Filter
hn
. _
. Update " / \
Coefficients \:{
desired
output d,,

x, =(x[n], [n—1]....x[n— M)’

h, =(h,[0],h,[1]....,[M])

e, =(d[n]-y[n])* = (d[n]-h x,)’

2
‘2:' = -2(d[n]-hx,)x, = 2e,x,

n

Coefficient Update: Move in direction opposite to sign of gradient,

proportional to magnitude of gradient h ,=h +2uex,

Penn ESE 531 Spring 2022 - Khanna

Stochastic Gradient Algorithm
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Adaptive FIR Filter:

Gradient Descent

Grus = e%(n)

Gr.ms

Gradient: Vg

T
- M1)
hy
s e in bl )’
& Al A = TG "
: [ 2
. ht_)r h(n.-.'- l)..'
.................... hy _Zenxn

()

Coefficient Update: Move in direction opposite to sign of gradient,

proportional to magnitude of gradient
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h ,=h +2uex,

Stochastic Gradient Algorithm



Adaptive Filter Applications

0 Adaptive Interference Cancellation

Primary

signal \
/ +¥d

farence u Adaptive
Reference > I I

signal filter _

/ -
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System
output
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Adaptive Interference Cancellation

x[n] = s[n]+w{n] +<> o]
correlated -

N FIR ~

Mnl T Fiter [—
winl}, win]}
uncorrelated h,
with {s[»]} |  Update

Coefficients
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Adaptive Interference Cancellation

x[n] = s[n]+w{n] +<> o]
correlated -

N FIR ~

Mnl T Fiter [—
winl}, {wnl}
uncorrelated h,
with {s[»]} |  Update

Coefficients
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Adaptive Interference Cancellation

x[n] = s{n]+ wln] * C) §[n]
correlated - 3,[ n] — o
~ FIR wn -
Mn] == Filter = 5[
oinly, inlj h Minimizing (§[
uncorrelated n
with {s[»]} |  Update
Coefficients
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|+ w[n]- hnTw

1+ wln]-wn]

~

n

1)2 removes noise w[n]
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Adaptive Interference Cancellation

x[n] = s[n]+win] Q o]
correlated - g,[ n] — o
~ FIR wn -
Wn] =1 Filter o
only, winly h Minimizing (§[
uncorrelated n
with {s[»]} |  Update
Coefficients
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1+ wln]-wn]

(n]+w[n]-h w

n

1)2 removes noise w[n]

(1n1)’ =(s[n]+w[n]—h,f %)2

95°[n]

oh,

et ),

= 28[n)(-W ) =-28[n]w
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Adaptive Interference Cancellation

A s[n]=xn]-h’w
x{n] = s{n]+ win] o S
orrolatod N = s[n]+ {wln]-h’ w,}
elate
~ FIR n \/
n] =— Fijer win] uncorrelated
wnl}, (i[n]} Minimize instantaneous
uncorrelated | h, power s °[n] for best
with {s[n]} | Update interference cancellation
Coefficients
2
d@Sm) e —
Jh ==2s[n]w), h ,=h,+2us[nlw,

n
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Stability of LMS

0 The LMS algorithm is convergent in the mean square if and
only if the step-size parameter satisty

y
0cu<_2_
A

Mmax
0 Here A .

of the input data

is the largest eigenvalue of the correlation matrix

0 More practical test for stability is

2
O<p<s :
input signal power
a0 Larger values for step size

= Increases adaptation rate (faster adaptation)

m Increases residual mean—squared error
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Adaptive Equalization

v[n|
r\n J‘ )
Data _[.] — channel I y‘\;ﬂ. Equaliser - Decision
source . hin| \~/ win]

/ eln] — {/ S\

./

+
Training Training
sequence sequence
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Big Ideas

0 Adaptive Filters

= Use LMS algorithm to update filter coetticients

= Applications like system ID, channel equalization, and
signal prediction

Penn ESE 531 Spring 2022 — Khanna
Adapted from M. Lustig, EECS Berkeley
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Admin

a Project 2

m Out after lecture
m Due 4/26

0 Final Exam — 5/5
| 12—2pm
s DRI.B Al
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