ESE5310 Spring 2023

University of Pennsylvania
Department of Electrical and System Engineering
Digital Signal Processing

Final Monday, May 1

4 Problems with point weightings shown. All 4 problems must be completed.

Calculators (non-cellphone) allowed.

Closed book = No text allowed.

Two two-sided 8.5x11 cheat sheet allowed.

Final answers here.

Additional workspace in exam book. Note where to find work in exam book if relevant.
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DTFT Equations:

Z-Transform Equations:

X () = 30 oo w[kle77"

zln] = 5= [T X(e)el dw

X() = oo el
z[n] = #jg@X(z)z”_ldz

TABLE 2.3 FOURIER TRANSFORM PAIRS
Sequence Fourier Transform TABLE2.2 FOURIER TRANSFORM THEOREMS
1. 8[n] 1 Sequence Fourier Transform
2. 8[n —no] e~Jjwno x[n] X (ed®)
00 .
3.1 (—0c < n < 00) Z 2n8(w + 2mwk) ylnl Y(el®)
k= - :
D: 1. ax[n] + by[n] aX (e/®) + bY (e/¥)
4 a'uln] (lal <1) 1 aeio 2. x[n —ng]l (ng an integer) e—Jona X (eiw)
o0 3, elwon X (el (w-wq)
S. uln] ;_w + Y mb(w+2mk) erotatn] (e ) )
T=e™® 4, x[—n) X (e=4)
*eajwy i
6. (n+1)a"uln] (la] <1) ﬁ X*(e/”) if x[n] real.
(e 5. nain) X @)
7. st < L : ' da
sinwp 1 —2rcoswpe'f’"+r2e'12‘” . ,
) 6. x[n]* y[n] X (e/*)Y (/™)
sinwen i 1, ol <o,
g, Sm@en X(EJ):[D . (™ o e
n e = 7. x[nlyln] o f X @)y /@ )dp
0, xin)— { 1, Osn<M sinlo(M + /2] o o
- XM= 100, otherwise sin(w/2) Parseval’s theorem:
&, - 2_ 17 jay 2
10, efoun 3 2nb(0 - wg+ 2k 8% =5 [ Xl
k=—c0 n=-00 i
= . e 1 ;
11. cos(won + @) Z [re/®8(w — wq + 2nk) + we 1P8(w + wq + 27Kk)] 9, Z x[n]y*[n] = — [ X (e!)Y*(e/?)dw
k=—00 n=-o00 2 Jm
TABLE3.1 SOME COMMON z-TRANSFORM PAIRS
Sequence Transform ROC
1. 8[n] 1 Allz
1
2. uln] 1-1 lz] > 1 TABLE3.2 SOME z-TRANSFORM PROPERTIES
3. —u[-n—1] 1 - 1zl <1 Property Section
1-z- Number Reference Sequence Transform ROC
_ -m . .
4. 8[n—m] H L All z except 0 (if m > 0) or oo (if m < 0) x[n] X(2) R,
5 atutn) T=art el > lal xn] X1@ Ry
6. —a"ul-n —1] 1;1 Izl < lal *2[n] X2() R,
‘:ZZ_ L 1 341  axin]+bx[n] aXi(z) +bX2(z)  Contains Ry N Ry,
7. na"uln] T—ar 12 Izl > lal 2 342 x[n —ngl 70X (z) R;, except for the possible
az-! addition or deletion of
8. —na"u[-n—1] = |z| < lal the origin or oo
1 — cos(wp)z ! 3 343 zgx[n] X(z/20) 20l Rz
9. cos(won)uln] T 2costmnz-1 122 lz] > 1 4 3kl dX(2) R
sin(wp)z ! o nx[n] z dz -
10. si —_— 1 * *
sin(won)uln] T 2costwn)e +2-2 lz| > 5 345 x*[n] X*(z%) R,
1 —rcos(wp)z ™! 1 ok :
. —_——— 6 Re S[X X Contains Ry
11. " cos(won)uln] T 2r cos(@oyz1 £ 722 lz| > r {x[n]} 2[ (@) + X7(2")]
. rsin(wp)z 1 N .
12. r"sin(won)uln] 1—2rcos(wo)z~1 +r2z2 lz| > r 7 Im{x[n]} Z_j[X(Z) — X*(z)] Contains R,
13 [a", 0<n<N-1, 1-aVz7¥ el >0 8 346 x¥[—n] X*(1/z) 1/Ry
10, otherwise 1—az 1 < 9 347  mnlsxinl XX Contains Ry, N Ry,
DFT Equations:
1

N-point DFT of {z[n],n

N-point IDFT of {X[k],k = 0,1,..., N — 1} is x[n] = +

0,1,..,N—1}is X[k] =

n=0
—1

N
k=0

x[n]e‘j%k”, for k =0,1,...

S X[k]ed ¥ forn =0,1,...
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Trigonometric Identities: Geometric Series:
e/ = cos(©) + jsin(O) POMITAE %
cos(©) = 5(e7® 4+ e779) Yo" =l < 1
sin(©) = 2%(6]‘@ —e719)

Upsampling/Downsampling:
Upsampling by L (1L): X, = X (e?*F)

Downsampling by M (IM): Xgouwn = 77

Generalized Linear Phase Systems:

=0

Type I Type 11
Symmetry | Even, h[n] = h[M —n] | Even, h[n] = h[M — n]
M Even Odd
H(e) A(eI@)emIwM/2 A(eIw)emIwM/2
M/2 (M+1)/2
A(el®) > alk]cos(wk) > blEk]cos(w(k — 1))
k=0 k=1
al0] = h[M /2] blk] = 2h[(M +1)/2 — K]
alk] = 2h[(M/2) — k] |for k=1,2,...(M +1)/2
for k=1,2,.... M/2
Type I11 Type IV
Symmetry | Odd, hln| = —h[M —n] | Odd, h[n] = —h[M — n]
M Even Odd
H (&%) A(e??)jeIwM/2 A(e??)je=iwM/2
M]2 (M+1)/2
A(e?) > clk]sin(wk) > d[k]sin(w(k — %))
k=1 k=1
c[k] = 2n[(M/2) — k] d[k] = 2h[(M +1)/2 — k]
for k=1,2,.,M/2 |fork=1,2,...(M+1)/2

Interchange Identities:

O e e i

EM—l X(ej(ﬁ—i—}’i))
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1. (25 pts) Determine the the impulse response he,[n| in Figure 2(b) so that the I/O
relationship of the system in Figure 2(b) is exactly the same as the I/O relationship of
the system in Figure 2(a). Hint: Analyze the system of Figure 2(a) in the time domain

with the interchange identities.

where h[n] = 0[n] + d[n — §].

12 h{n] T4 h[n] 18
Figure 2(a)
—| 14 heg[n] —
Figure 2(b)

Spring 2023




ESE5310 Spring 2023

(this page intentionally left mostly blank)



ESE5310 Spring 2023

2. (30 pts) Consider a discrete time system H(e?*) defined as

7, if —mr<w<0
H(e™*) =<0, ifw=0
-7, f0<w<m

This is a very useful system, called a Hilbert-filter, and is often used in communication.
The system diagram is given below.

x[n] —— H(e™) —— yInl]

(a) Plot the magnitude and phase response of H(e/*).

(b) We apply an input to this system z[n] = cos(gn). Find the output y[n].
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(¢) We now apply an arbitrary input x1[n] to two Hilbert-filters cascaded together in
series, as shown below. Derive an expression for the output y;[n| in terms of the
input zq[n].

x1[n] —| H(e’™) H(e™) — yi[n]
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(d) The Hilbert-filter is used in the system configuration given below with an input
x5[n] with the spectrum X5(e/*). Draw the output spectrum Y5(e/*).

x2[n]

@

H(e™)

y[n] X, (e/®)
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3. (25 pts) The system function Hy;(z) represents a Type II FIR generalized linear-phase
(GLP) system with impulse response hrs[n|. This system is cascaded with an LTI
system, F(2) = 1 — 27!, to produce a third system, H.;;(z) and impulse response
hesrn]. The corresponding diagram is below:

(a) For the LTI system F(z), write an expression for the magnitude response, |F'(e?*)],
and the phase response, /F(e).

(b) Prove that the cascaded system H.f¢(2) is also a linear-phase system and indicate
what type GLP system it is.
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4. (20 pts) Consider the system in the figure below with input x(t) = eI (F10% sampling

period T = 10~%s, and

else

t x[n x,[n ; X, [k
[ [1%w[1 pom] el

win]

1, f0<n<N-1
w(n] = 0

(a) What is the smallest nonzero value of N such that X, [k] is nonzero at exactly

one value of k7

10
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(b) Suppose now that N = 32, the input signal is z(t) = ¢/%! and the sampling

period T is chosen such that no aliasing occurs during the sampling process. The
figures below show the magnitude of the sequence X, [k| for k = 0, ..., 31 for the
following two different choices of wn|:

1, if0<n<31 1, if0<n<7
wi[n] = wan] =
0, else 0, else

Indicate which figure corresponds to which choice of w[n]. State your reasoning
clearly.

i. Circle one: wi[n] or wy[n]

25

20 —

X, [k]l

10— 7

OfTTI‘ lITTTT?TTTT?f????????TT?

0 5 10 15 20 25 30 35
k

ii. Circle one: wy[n] or we[n]

8

’ I

6 q

X, []!
.
[

OITI TTHH”HTTMTTHHTT

15 20 25
k

35

iii. Reasoning:

11



