ESE 5310: Digital Signal Processing

Lecture 13: February 23, 2023
Frequency Response of L'T1 Systems
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Frequency Response of LLTT Systems
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I.ecture Outline

0 Frequency Response of LTI Systems
= Magnitude Response
= Simple Filters

= Phase Response

= Group Delay
= Example: Zero on Real Axis

= Example: Higher order systems

Penn ESE 5310 Spring 2023 — Khanna
Adapted from M. Lustig, EECS Berkeley



Frequency Response of LTI System

o LTT Systems are uniquely determined by their impulse
response .

{ol= 3 ] Hn-]=+{K]e [

k=—00

0 We can write the input-output relation also in the z-domain

Y(z)=H(z) X (z)

a0 Or we can define an LTT system with its frequency response

()= nler)x(e”)

o H(e'®) defines magnitude and phase change at each

frequency

Penn ESE 5310 Spring 2023 — Khanna
Adapted from M. Lustig, EECS Berkeley



Frequency Response of LTI System

()= mfer)x(e”)

a0 We can define a magnitude response
Y (ejw)

a0 And a phase response

X(ej"’)

i)

LY(ej‘“)=LH(ej‘”)+LX(ejw)

Penn ESE 5310 Spring 2023 — Khanna
Adapted from M. Lustig, EECS Berkeley



Phase Response

0 Limit the range of the phase response

—1 < ARG[H (¢/®)] < 7.

Penn ESE 5310 Spring 2023 — Khanna
Adapted from M. Lustig, EECS Berkeley



Phase Response

0 Limit the range of the phase response

arg[H(e/®)]

—1 < ARG[H (¢/®)] < 7.

ARG|[H(e/)]

J i \/\v \//l
\ )/

_7r._

Penn ESE 5310 Spring 2023 — Khanna
Adapted from M. Lustig, EECS Berkeley



Group Delay

0 General phase response at a given frequency can be
characterized with group delay, which is related to
phase

ard[H(e™)] = —{arg[H(c")]}

a0 More later... \

Unwrapped phase

Penn ESE 5310 Spring 2023 — Khanna
Adapted from M. Lustig, EECS Berkeley



Linear Difference Equations

N

Zakyn—

k=0

Example: Y[n] = z[n] +0.1y[n — 1]

b0+b12_1+...

-+ bMZ_M

H(z) =

Penn ESE 5310 Spring 2023 — Khanna
Adapted from M. Lustig, EECS Berkeley

ao—l—alz—l—l—...

—|—aNz—N

bo

Zbkxn—

M _
..—[k=1(1 — Ckz 1)

ao

[Toe, (1 — dyz—1)



Magnitude Response

Magnitude of products is product of magnitudes

H(e”)| = |

Penn ESE 5310 Spring 2023 — Khanna
Adapted from M. Lustig, EECS Berkeley

M
bo . lk=o

1 — cre ¢

N
a0 |]i—o

1 — dre—Iw
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Magnitude Response

Magnitude of products is product of magnitudes

M A
— Jw
H ()| = |b_0 . HI@:O L~ ke
Consider one of the poles:
11 —dre 7% = [e™¥ — dy| = |v1]

Penn ESE 5310 Spring 2023 — Khanna
Adapted from M. Lustig, EECS Berkeley




Magnitude Response

Magnitude of products is product of magnitudes

M A
: — Jw

H(e)| = | 2. 1kzo L7 R

Consider one of the poles:
11 —dre 7% = [e™¥ — dy| = |v1]
A
v a >
d

Penn ESE 5310 Spring 2023 — Khanna
Adapted from M. Lustig, EECS Berkeley
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Magnitude Response

Magnitude of products is product of magnitudes

H(e”)| = |

M A
bo, Ilj—oll —cre™™

Consider one of the poles:
|1 — dke_jw| =

N o

)La))= P
A
e’?

Penn ESE 5310 Spring 2023 — Khanna
Adapted from M. Lustig, EECS Berkeley
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Magnitude Response

Magnitude of products is product of magnitudes

M A
bo, Ilj—oll —cre™™

H(e”)| = |

Consider one of the poles:
|1 — dke_jw| =

N o

9L o
A
e’?
/{I‘“
w >

Penn ESE 5310 Spring 2023 — Khanna
Adapted from M. Lustig, EECS Berkeley
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Magnitude Response

Magnitude of products is product of magnitudes

M A
bo k=0 1 — cre 7%

ag e—o |1 — dre—Iw
Consider one of the poles:
11 —dre 7% = [e™¥ — dy| = |v1]
N
o

Penn ESE 5310 Spring 2023 — Khanna
Adapted from M. Lustig, EECS Berkeley 15




Magnitude Response

Magnitude of products is product of magnitudes

| b 21— cpe
|H(63w)| _ 120, ]I%:O Cr€ |
ag r—o |l — dre=I%

Consider one of the poles:

11 —dre 7% = [e™¥ — dy| = |v1]
A
w Vl eja)
E=——S —>
d

Penn ESE 5310 Spring 2023 — Khanna
Adapted from M. Lustig, EECS Berkeley




Magnitude Response

Magnitude of products is product of magnitudes

M A
bo k=0 1 — cre 7%

ag e—o |1 — dre—Iw
Consider one of the poles:
11 —dre 7% = [e™¥ — dy| = |v1]
N
o

Penn ESE 5310 Spring 2023 — Khanna
Adapted from M. Lustig, EECS Berkeley 17




Magnitude Response

Magnitude of products is product of magnitudes

M A
: — Jw
|H(63w)| _ b_O ]I%:O 1 Cr€ |
Consider one of the poles:
11 —dre 7% = [e™¥ — dy| = |v1]
Aeja,
I
l’ vl
DN\
d

Penn ESE 5310 Spring 2023 — Khanna
Adapted from M. Lustig, EECS Berkeley
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Magnitude Response

Magnitude of products is product of magnitudes

M A
bo k=0 1 — cre 7%

Consider one of the poles:
11 —dre 7% = [e™¥ — dy| = |v1]

Penn ESE 5310 Spring 2023 — Khanna
Adapted from M. Lustig, EECS Berkeley




Magnitude Response

Magnitude of products is product of magnitudes

| b 21— cpe
|H(63w)| _ 120, ]I%:O Cr€ |
ag r—o |l — dre=I%

Consider one of the poles:
11 —dre 7% = [e™¥ — dy| = |v1]

Penn ESE 5310 Spring 2023 — Khanna
Adapted from M. Lustig, EECS Berkeley




Magnitude Response

Magnitude of products is product of magnitudes

M A
bo k=0 1 — cre 7%

a — —Jw
0 k—0 1 —dge
Consider one of the poles:
11 —dre 7% = |e™Y —di| = |v1]

A

() 5

7/

. Vl

Penn ESE 5310 Spring 2023 — Khanna e’
Adapted from M. Lustig, EECS Berkeley
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Magnitude Response

Magnitude of products is product of magnitudes

M A
bo k=0 1 — cre 7%

H(e)| = |—
Consider one of the poles:
11 —dre 7% = [e™¥ — dy| = |v1]

AN

Penn ESE 5310 Spring 2023 — Khanna
Adapted from M. Lustig, EECS Berkeley




Magnitude Response

Magnitude of products is product of magnitudes
M A
bo 1 — cpe 7%

_ —Jw

Consider one of the poles:
11 —dre 7% = [e™¥ — dy| = |v1]

AN
&/

Penn ESE 5310 Spring 2023 — Khanna €
Adapted from M. Lustig, EECS Berkeley 23




Magnitude Response

Magnitude of products is product of magnitudes
M A
— Jw

H{(eIw)| — bo | Ilj=oll —cke
H(e™)| =] 2] i —

Consider one of the poles:

11 —dre 7% = [e™¥ — dy| = |v1]
A
w Vl eja)
Doy &
d

Penn ESE 5310 Spring 2023 — Khanna
Adapted from M. Lustig, EECS Berkeley
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Magnitude Response Example

1+ 271
H(z) = 0.05
(2) 1—0.92-1
H(z)| = 0.05.%2!
|v1|
A
>

Penn ESE 5310 Spring 2023 — Khanna
Adapted from M. Lustig, EECS Berkeley
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Magnitude Response Example

1+ 271
H(z) = 0.05
(2) 1—0.92-1
H(z)| = 0.05.%2!
|v1|
A
o —>

Penn ESE 5310 Spring 2023 — Khanna
Adapted from M. Lustig, EECS Berkeley
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Magnitude Response Example

1+ 271
H(z) = 0.05
(2) 1—0.92-1
H(z)| = 0.05.%2!
|v1|

/ ¢ V
Vs 1
)
4 >

Penn ESE 5310 Spring 2023 — Khanna
Adapted from M. Lustig, EECS Berkeley
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Magnitude Response Example

1+ 271
H = 0.05
(2) 1 —0.9z-1
H(z)| = 0.05.%2!
|v1|
A
v, e

Penn ESE 5310 Spring 2023 — Khanna
Adapted from M. Lustig, EECS Berkeley
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Magnitude Response Example

1+ 271
H(z) = 0.05
(2) 1—0.92-1
H(z)| = 0.05.%2!
|v1|

/ ¢ V
Vs 1
)
4 >

Penn ESE 5310 Spring 2023 — Khanna
Adapted from M. Lustig, EECS Berkeley
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Magnitude Response Example

1+ 271
H(z) = 0.05
(2) 1—0.92-1
H(z)| = 0.05.%2!
|v1|

Penn ESE 5310 Spring 2023 — Khanna
Adapted from M. Lustig, EECS Berkeley
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Magnitude Response Example

1+ 271
H(z) = 0.05
(2) 1—0.92-1
H(z)| = 0.05.%2!
|v1|

Penn ESE 5310 Spring 2023 — Khanna
Adapted from M. Lustig, EECS Berkeley
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Magnitude Response Example

1+ 271
H(z) = 0.05
(2) 1—0.92-1
H(z)| = 0.05.%2!
|v1|
A .
e

A
7 1
V2 /v
/7 1
//a‘h > :
|
7T 27T

Penn ESE 5310 Spring 2023 — Khanna
Adapted from M. Lustig, EECS Berkeley
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Simple Low Pass Filter

—1

l—a 1+2

HLP(Z) -

2 1 —az™

Penn ESE 5310 Spring 2023 — Khanna
Adapted from M. Lustig, EECS Berkeley

1

al <1

33



Simple Low Pass Filter

l—a 1+ 271

Hpp(z) = ol <1
Lp(2) 2 1—az1 &
")
A
1
1/2 r\
! |
. le' >
. 1 — sin(w)
Wc is the 3dB cutoff frequency o =
cos(w.)

Penn ESE 5310 Spring 2023 — Khanna
Adapted from M. Lustig, EECS Berkeley
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Simple Low Pass Filter = High Pass

l—a 14+271
2 1—az1

Hpp(z) = lal <1

Penn ESE 5310 Spring 2023 — Khanna
Adapted from M. Lustig, EECS Berkeley
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Simple High Pass Filter

l—a 1—271
HHP(Z) -

2 1+ az1

Penn ESE 5310 Spring 2023 — Khanna
Adapted from M. Lustig, EECS Berkeley

ol <1

36



Simple High Pass Filter

l—a 1 —2z71

Hip(z) = 2 14+ az!

Penn ESE 5310 Spring 2023 — Khanna
Adapted from M. Lustig, EECS Berkeley

al <1
A

M,
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Simple High Pass Filter

l—a 1 —2z71

2 1+ az!

HHP(Z) -

1 — sin(w)

wc is the 3dB cutoff frequency o=
cos(we)

Penn ESE 5310 Spring 2023 — Khanna

Adapted from M. Lustig, EECS Berkeley 38



Simple Band-Stop (Notch) Filter

l+a 1-28z71+272 o <1
Has(2) = rE
2 1-B(1+a)z71+az 8] < 1
[ . , N
Note: 1— Zﬁz_l 4 Z_2 — (1 _ eroz—l)(l . e—onz—l)
cos(wp) = B
~ J

Penn ESE 5310 Spring 2023 — Khanna
Adapted from M. Lustig, EECS Berkeley
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Simple Band-Stop (Notch) Filter

l+a 1-28z71+272 o <1
Has(2) - RS
2 1-(1+a)z7t+az 8] < 1
- . , D
Note: 1— Zﬂz_l 4 Z_2 — (1 _ eroz—l)(l . e—onz—l)
cos(wp) = B
~ J
A
x @
//a)()
\ >
X \g

Penn ESE 5310 SPring 2023 — Khanna
Adapted from M. Lustig, EECS Berkeley



Simple Band-Stop (Notch) Filter

1+« 1 —-2Bz"1 4272 ol <1
Hs(2) = =LA
2 1-B(1+a)z7t+az Bl <1
[ . , N
Note: 1— Qﬂz_l 4 2_2 — (1 _ eroz—l)(l . e—onz—l)
cos(wp) = 3
~ y,
A
)
x @ A
) ’ 1 T
/wn
3 >
\\\ | >
(00
X © wo j_lv

Penn ESE 5310 SPring 2023 — Khanna
Adapted from M. Lustig, EECS Berkeley
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‘ Simple Band-Stop (Notch) Filter

l+a 1—-2Bz71+4 272 la| < 1
Hps(z) = —1 —2
2 1-(1+a)z7l+az 8] <1
Note:
l+a 2428
Hes(F) = 5~ Graazp
A
(™)
X /O A
/ 4 1
/wn
~ > \ /
\\\ I >
X © w, j_'L,

Penn ESE 5310 SPring 2023 — Khanna
Adapted from M. Lustig, EECS Berkeley
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Simple Band-Stop (Notch) Filter

l+a 1—-2Bz71+4 272 la| < 1
Hps(z) = —1 —2
2 1-(1+a)z7l+az 8] <1
Note: As « — 1 poles approach zeros
Cl+a  2+28
Hes(F) = 5~ i oazs
A
H(e")
X /O A
é 1 N
SR \i
\\\ I >
X © @, T

Penn ESE 5310 SPring 2023 — Khanna
Adapted from M. Lustig, EECS Berkeley



‘ Simple Band-Pass Filter

1l — o ] — 22

HBP(Z) —

2 1-B(l+4+a)z7t+az2

Penn ESE 5310 Spring 2023 — Khanna
Adapted from M. Lustig, EECS Berkeley

al <1

Bl <1
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Simple Band-Pass Filter

1] — 272

l — o
HBP(Z)Z 9
A
X
o o—>
X

Penn ESE 5310 SPring 2023 — Khanna
Adapted from M. Lustig, EECS Berkeley

1-B8(1+a)z71 +az2

al <1

8] <1
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Simple Band-Pass Filter

Hyp(2) 1 —a 1 — 272 ol < 1
2 ) =
Br 2 1-Bl+a)zl+az"2 |B<1
A
H(e")
X A
1
o o—>
>
X a)O .7'IL' w
Penn ESE 5310 SPring 2023 — Khanna COS(LU()) =f

Adapted from M. Lustig, EECS Berkeley
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Simple Band-Pass Filter

Hyp(2) 1 — « ] — 272 of < 1
BP\%) =
2 1-B(1+4+a)z7l4+az"2 |B<1
A
(")
X A
1 7 3\ Larger o reduces pass band
< o— .
/ \
/ N
= = >
| a
X a)O o
Penn ESE 5310 SPring 2023 — Khanna COS(LU()) =p

Adapted from M. Lustig, EECS Berkeley 47



Phase Response

0 Limit the range of the phase response

arg[H(e/®)]

—1 < ARG[H (¢/®)] < 7.

ARG|[H(e/)]

J i \/\v \//l
\ )/

_7r._

Penn ESE 5310 Spring 2023 — Khanna
Adapted from M. Lustig, EECS Berkeley
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’ Phase Response Example

H(e%) = e?¥™ 4 h[n] = d[n — ng]

Penn ESE 5310 Spring 2023 — Khanna
Adapted from M. Lustig, EECS Berkeley
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Phase Response Example

H(e%) = e?“m™ 4 h[n] = d[n — ng]

H(e’)| =1

arg [H (ejw )] = —Wwny ARG is the wrapped phase

arg is the unwrapped phase

Penn ESE 5310 Spring 2023 — Khanna
Adapted from M. Lustig, EECS Berkeley
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Phase Response Example

H(e%) = e?“m™ 4 h[n] = d[n — ng]

H(e9)| =1
arg[H (e’%)] = —wng ~ ARGisthe wrapped phase
ARG

A

IANON .
RN

Penn ESE 5310 Spring 2023 — Khanna
Adapted from M. Lustig, EECS Berkeley
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Group Delay

0 General phase response at a given frequency can be
characterized with group delay, which is related to
phase

ard[H(e™)] = —{arg[H(c")]}

Penn ESE 5310 Spring 2023 — Khanna = _ I /7
Adapted from M. Lustig, EECS Berkeley S Ope 52



Phase Response Example

H(e%) = e?“m™ 4 h[n] = d[n — ng]

H(e9)| =1
arg[H (e’%)] = —wng ~ ARGisthe wrapped phase
ARG

A

IANON .
RN

Penn ESE 5310 Spring 2023 — Khanna For linear phase system, group delay is ng
Adapted from M. Lustig, EECS Berkeley

grd[H (e?¥)] = —%{arg[H(ij)]}

53



Group Delay

0 General phase response at a given frequency can be
characterized with group delay, which is related to
phase

ard[H(e™)] = —{arg[H(c")]}

Penn ESE 5310 Spring 2023 — Khanna = _ I /7
Adapted from M. Lustig, EECS Berkeley S Ope 54



Group Delay

grd[H (7)) =

Penn ESE 5310 Spring 2023 — Khanna
Adapted from M. Lustig, EECS Berkeley

d

dw

{arg[H(e’)]}

55



Group Delay

ard[H(e™)] =~ {arg[H (™))}

| &\f M arglH(c*)
w w2 1 A

—_— L A 1
0 50 100 150 200 250

0 50 100 15

Penn ESE 5310 Spring 2023 — Khanna
Adapted from M. Lustig, EECS Berkeley



Group Delay Math

Penn ESE 5310 Spring 2023 — Khanna
Adapted from M. Lustig, EECS Berkeley

i H(l — cke'j"’)

H(ejw)= 0 k=l

N

“ 1_[(1 ~d,e”")

k=1

57



Group Delay Math

H(z)=~ e H(e") N
2) = 20 k=l 0/ = by kl
“TTa-d,:z" H(l d e ")

arg of products is sum of args

M N

arg[ H(e’”)] =) arg[l-c,e”"]- Earg [1-d e"]
k=1 k=1

grd[H(e™)] ="y grd[l-c,e”]- Y grd[1-d e™]
k=1 k=1

Penn ESE 5310 Spring 2023 — Khanna
Adapted from M. Lustig, EECS Berkeley



Group Delay Math

0 Look at each factor:

[1- rejee'jw]

Penn ESE 5310 Spring 2023 — Khanna
Adapted from M. Lustig, EECS Berkeley
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Group Delay Math

0 Look at each factor:

rsin(w — 0)

arg[1—re’’e™/”]=tan™
8l ] (l—rcos(a)—H)

r* —rcos(w —0)
2

grd[1—re’’e /] =
‘1 —re’’e™

Penn ESE 5310 Spring 2023 — Khanna
Adapted from M. Lustig, EECS Berkeley

|
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Example: Zero on Real Axis

0 Geometric Interpretation for (0=0)

arg[1—re /"]

Penn ESE 5310 Spring 2023 — Khanna
Adapted from M. Lustig, EECS Berkeley
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Example: Zero on Real Axis

0 Geometric Interpretation for (0=0)

arg[1—re /"] =arg[(e’” —r)e™'”]=arg[e’” — r]-arg[e’”]
\ ~ O\ ~ J/
@ W
A
o—->
I

Penn ESE 5310 Spring 2023 — Khanna
Adapted from M. Lustig, EECS Berkeley
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Example: Zero on Real Axis

0 Geometric Interpretation for (0=0)

arg[1—re /"] =arg[(e’” —r)e™'”]=arg[e’” — r]-arg[e’”]
\ ~ O\ ~ J/
@ W
A
I

Penn ESE 5310 Spring 2023 — Khanna
Adapted from M. Lustig, EECS Berkeley



Example: Zero on Real Axis

0 Geometric Interpretation for (0=0)

arg[1—re /"] =arg[(e’” —r)e™'”]=arg[e’” — r]-arg[e’”]
\ ~ O\ J/

~
@ a

%{lxq”

r

Penn ESE 5310 Spring 2023 - Khanna
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Example: Zero on Real Axis

0 Geometric Interpretation for (0=0)

arg[1—re /"] =arg[(e’” —r)e™'”]=arg[e’” — r]-arg[e’”]
\ ~ O\ J/

~
@ a

Penn ESE 5310 Spring 2023 - Khanna
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Example: Zero on Real Axis

0 Geometric Interpretation for (0=0)

arg[1—re /"] =arg[(e’” —r)e™'”]=arg[e’” — r]-arg[e’”]

g J J
' D'
Q@ a
A (p_a)
N arg
¢ £
o) NN
T > (VD
1 JU

Penn ESE 5310 Spring 2023 - Khanna
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Example: Zero on Real Axis

0 Geometric Interpretation for (0=0)

arg[1—re /"] =arg[(e’” —r)e™'”]=arg[e’” — r]-arg[e’”]
\ ~ O\ ~ J/
w=0 @ @
A
A arg
R >

Penn ESE 5310 Spring 2023 — Khanna
Adapted from M. Lustig, EECS Berkeley
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Example: Zero on Real Axis

0 Geometric Interpretation for (0=0)

arg[1—re /"] =arg[(e’” —r)e™'”]=arg[e’” — r]-arg[e’”]
\ ~ O\ ~ J/
@ W
A Q-
A arg
. 1
o) NN
r >
1 JU

Penn ESE 5310 Spring 2023 — Khanna
Adapted from M. Lustig, EECS Berkeley
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Example: Zero on Real Axis

0 Geometric Interpretation for (0=0)

arg[1—re /"] =arg[(e’” —r)e™'”]=arg[e’” — r]-arg[e’”]
\ ~ O\ ~ J/
@ W

ar
A M8

Penn ESE 5310 Spring 2023 — Khanna
Adapted from M. Lustig, EECS Berkeley
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Example: Zero on Real Axis

0 Geometric Interpretation for (0=0)

arg[1—re /"] =arg[(e’” —r)e™'”]=arg[e’” — r]-arg[e’”]
\ ~ O\ ~ J/
W=7 ¥ w
A
A arg
—_—— . O——>
r >

| JU

Penn ESE 5310 Spring 2023 — Khanna
Adapted from M. Lustig, EECS Berkeley
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Example: Zero on Real Axis

0 Geometric Interpretation for (0=0)

arg[1—re /"] =arg[(e’” —r)e™'”]=arg[e’” — r]-arg[e’”]
\ ~ /L ~ J/
@ W
A
A arg
@—-w

S o
| JU

Penn ESE 5310 Spring 2023 — Khanna
Adapted from M. Lustig, EECS Berkeley




Example: Zero on Real Axis

0 Geometric Interpretation for (0=0)

arg[1—re /"] =arg[(e’” —r)e™'”]=arg[e’” — r]-arg[e’”]
\ ~ O\ ~ J/
@ W
L A8 A grd

Penn ESE 5310 Spring 2023 — Khanna
Adapted from M. Lustig, EECS Berkeley
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Group Delay Math

ord[ H(e’”)] = E grd[1-c,e™/"]- 2 grd[1-d e
k=1 =

0 ook at each factor: e =+ O?

arg[1-re’’e™/?]=tan™ rsin( - 6)
1-rcos(w—0)

r> —rcos(w - 6)
2

erd[1-re’’e™ "] =

9 -
‘l—ref e /?

Penn ESE 5310 Spring 2023 — Khanna
Adapted from M. Lustig, EECS Berkeley
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Example: Zero on Real Axis

0 For 6=0 0=0
arg grd
15 2
\
-1.5 ' | i - | | I
0 i v 3 2m 100 7 w 37 2w
2 2 > >
Radian frequency (w) Radian frequency (o)
2
o o rsin(w-6 0 —; r~—rcos(w—-0)
arg[1-re’’e™’”]=tan 1(1 ( )0 ) grd[1-re’"e™/”] =
—rcos(w—0) ‘1_ 10 o™i

Penn ESE 5310 Spring 2023 — Khanna
Adapted from M. Lustig, EECS Berkeley 74



Example: Zero on Real Axis

-1.5 | |
0 ™ r 3m 27
2 2
Radian frequency (w)
0 i | rsin(w-6
arg[l-re’’e”’]=tan™ ( )
l-rcos(w-0)

Penn ESE 5310 Spring 2023 — Khanna
Adapted from M. Lustig, EECS Berkeley

Samples

6=0
-— - —- 6:2
2
v — ) = 1
grd
2
0F A, ,/ﬂ\\ //— <~
\ \
2 H \ ! ‘\ I
i ! !
S ¥
. ¥ ¥
-61r l! ||
1 i j
-8 ‘" |
v y \
-10 | ] |
0 ™ w 3n 2w
2 2

Radian frequency ()

r> = rcos(w - 6)

grd[1-re’e™’"] =
‘1 —re’le™

75



Example: Zero on Real Axis

0 Magnitude Response

0 —-jw —jw
l-re”’e™ =1-re™’
10
5 {
0
-5
m
o
-10
-15
A
-20
w28 | l
0 w o 3w 2w
o—> 2 , 2
Radian frequency (w)
r

Penn ESE 5310 Spring 2023 — Khanna
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Example: Zero on Real Axis

0 Magnitude Response

Ny -

> Radian frequency (w)

Penn ESE 5310 Spring 2023 — Khanna
Adapted from M. Lustig, EECS Berkeley

——— =

77



Example: Zero on Real Axis

a For 6=n, how does zero location effect magnitude,

phase and group delay? ——m-r=05

o e e = ()7

b
o

Radian frequency (@)

Penn ESE 5310 Spring 2023 — Khanna
Adapted from M. Lustig, EECS Berkeley
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Example: Zero on Real Axis

0 For 6=n, how does zero location effect magnitude,

phase and group delay? ——m-r=05

o e e = ()7

b

Radians

3 2m

T
2

o
iy
3

Radian frequency (w)
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Adapted from M. Lustig, EECS Berkeley
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Example: Zero on Real Axis

0 For 6=n, how does zero location effect magnitude,

phase and group delay? o
v o e = ()7
........ r=0.9
2
r=1
N7
| N/
2 :
B 4l -
|
-6 |
-10 ! |
v T 37 2

NIy

Penn ESE 5310 Spring 2023 — Khanna
Adapted from M. Lustig, EECS Berkeley
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284 Order TIR with Complex Poles

1
(1 —re/fz=1(A — re=i9z~1) r=09, 6=r/4

H(z) =

magnitude

dB

[
T 3 2

|
0 ™
2

Penn ESE 5310 Spring 2023 - Khanna

Radian frequency (w)
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284 Order TIR with Complex Poles

1

H(z) = , e _ _
(2) (1 — red®z-1)(1 — re—ifz—1) +=0.9, 0=n/4
2 phase
magnitude |

NTER

dB

Radian frequency (w)

group delay

Ny =

Radian frequency (w)

Penn ESE 5310 Spring 2023 - Khanna
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3td Order ITR Example

0.05634(1 + z~1)(1 — 1.0166z~! + Im z-plane

H(z) == Unit circle
(1 —0.683z~1)(1 — 1.4461z1 + 0. 7957z“2) f
X
" | Re
K x

Penn ESE 5310 Spring 2023 - Khanna 83



3td Order ITR Example

0.05634(1 + z~1)(1 — 1.0166z~1 + z72)

H(z) = ,
(1 —0.683z-1)(1 — 1.4461z~1 + 0.79572-2)
20 ‘
-100 | l |
8 L4 T 3m 2m
: 2

Penn ESE 5310 Spring 2023

Radian frequency (w)

- Khanna

Unit circle

N\,

z-plane

| Re
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3td Order ITR Example

0.05634(1 + z~1)(1 — 1.0166z~1 + z72)

H(z) = ‘
@ (1 —0.683z-1)(1 — 1.4461z~1 4 0.7957z2)

20 1
[

| |

T 3 2m

oy -
1

Radian frequency ()

Radians
o
/

-4 | | N
0 T T 3 2

N

Radian frequency (w)

Penn ESE 5310 Spring 2023 - Khanna

Unit circle

N\,

z-plane
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3td Order ITR Example

H ) 0.05634(1 + z~1)(1 — 1.0166z 1 + z72)

T (1 —0.683z-1)(1 — 1.4461z-1 + 0.7957z-2)

dB
/

Radians

\

-4 | ] |
0 a -

2
Radian frequency (w)

e
3
3
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3td Order ITR Example

0.05634(1 + z~1)(1 — 1.0166z~1 + z72)

Radians

Samples

H(z) = ‘
@ (1 —0.683z-1)(1 — 1.4461z~1 4 0.7957z2)

Kadian 1requency (w)

Radian frequency (w)

Penn ESE 5310 Spring 2023 - Khanna

e Im z-plane
Unit circle
X
. | Re
X

<
oy -

Radian frequency ()

3 2m
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Big Ideas

0 Frequency Response of L'TT Systems
» Magnitude Response
= Simple Filters

= Phase Response

= Group Delay
= Example: Zero on Real Axis

= Example: Higher order systems

Penn ESE 5310 Spring 2023 — Khanna
Adapted from M. Lustig, EECS Berkeley
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Admin

a0 HW 5 due Sunday 2/26
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