ESE 5310: Digital Signal Processing

Lecture 14: February 28, 2023
All-Pass Systems, Min Phase Decomposition
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Example: Zero on Real Axis

0 Geometric Interpretation for (6=0)

arg[1-re /"]

Penn ESE 5310 Spring 2023 — Khanna
Adapted from M. Lustig, EECS Berkeley



Example: Zero on Real Axis

0 Geometric Interpretation for (6=0)

arg[l-re /] =arg[(e’” —r)e /] =arg[e’” —r]-arg[e’”]
\ ~ A\ ~ J/
@ W
L A8 A grd

Penn ESE 5310 Spring 2023 — Khanna
Adapted from M. Lustig, EECS Berkeley



Group Delay Math

M N
grd[H(e™)] ="y grd[l-c,e™]-Y grd[l-d e ]
k=1 k=1

0 Look at each factor: e =+ O?

arg[l-re’’e™ /] =tan™' ( rsin(@ -0) )

l1-rcos(w-0)

r> —rcos(w - 0)
2

grd[1-re’’e™/] =
‘1 —re’’e™

Penn ESE 5310 Spring 2023 — Khanna
Adapted from M. Lustig, EECS Berkeley



Example: Zero on Real Axis

0 For 6£0

arg

Radian frequency ()

rsin(w —6)

arg[1-re’?e 1= tan™
el ] (l—rcos(a)—H)

Penn ESE 5310 Spring 2023 — Khanna
Adapted from M. Lustig, EECS Berkeley
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Samples

s {3 s ()
-— - — - 0: E
2
- ) = 9
grd
2
oF A~ P~ - .
\ / \ ,’
- \
-2 v ! \ |'
< [
\ . \
-4 H ! !
." |'
N !
i !
i! |
-8 ' i
v : \
-10 . | |
1_7 T 3n 27
2 2

Radian frequency (w)

2
grd[l — rejee—jw] _ ro— rcos(a) — 9)

o
‘l—ref e /¢




Example: Zero on Real Axis

0 Magnitude Response

0 —jw —Jjo
l-re’’e™’” =1-re™’
10
5
0
-5
m
©
-10
-15
A
~2()
=25 | '
0 L w 3w
o—> 2 , 2
Radian frequency (w)
r
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Example: Zero on Real Axis

0 Magnitude Response

I 20

Radian frequency (w)

Penn ESE 5310 Spring 2023 — Khanna
Adapted from M. Lustig, EECS Berkeley



Example: Zero on Real Axis

0 For 6=n, how does zero location effect magnitude,

phase and group delay?

0
1—re’’e™’”

10

b
N

Radian frequency (@)

Penn ESE 5310 Spring 2023 — Khanna
Adapted from M. Lustig, EECS Berkeley
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Example: Zero on Real Axis

0 For 6=n, how does zero location effect magnitude,

phase and group delay? ——mer=05

o e = ()7

o

Radians

s 3 2m

T
2

YR

Radian frequency (w)

Penn ESE 5310 Spring 2023 — Khanna
Adapted from M. Lustig, EECS Berkeley



Example: Zero on Real Axis

0 For 6=n, how does zero location effect magnitude,

phase and group delay? ——mer=05

o e = ()7

NIy
|

Radian frequency (o)

Penn ESE 5310 Spring 2023 — Khanna
Adapted from M. Lustig, EECS Berkeley



All Pass Systems

Penn ESE 5310 Spring 2023 — Khanna
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Stability and Causality
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LL'TT System

Zaky[n — k| = Z brx[n — k
k=0 k=0

Example: ¥Y[n| = z[n] + 0.1y[n — 1]

_ _ M _
H(Z):b0+b1z 1y . +byz M b [T (T —cr2 1

ag+a1z 7 +... .+ anz— N N ao Hivzl(l _ dkz—l)

0 Transfer function 1s not unique without ROC

= [f diff. eq represents L'TT and causal system, ROC i1s
region outside all singularities (i.e poles)

= [f diff. eq represents L'TT and stable system, ROC
includes unit circle in z-plane
Penn ESE 5310 Spring 2023 - Khanna
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Example: ROC from Pole-Zero Plot

ROC 1: right-sided

Im z-plane

Unit circle

Penn ESE 5310 Spring 2023 - Khanna
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LL'TT System

Zaky[n — k| = Z brx[n — k
k=0 k=0

If stable and
Example: Y[n| = z[n] + 0.1y[n — 1] causal, all poles

inside unit circle

_bo+ biz l+...+byz M b Hi,w:l(l —crpz )

H(z =
( ) ag+aiz7t+...+anzN ao Hi\’zl(l_dkz—l)

0 Transfer function 1s not unique without ROC

= [f diff. eq represents L'TT and causal system, ROC is
region outside all singularities

= [f diff. eq represents L'TT and stable system, ROC
includes unit circle in z-plane
Penn ESE 5310 Spring 2023 - Khanna



Distortion Compensation

0 Have some distortion that we want to compensate

fOf . G(2)
o T T j
: Distorting Compensating| |
———ip|  system |  system —{-——»
sfn]l | Hy(z)  |saln] H,(z) | Sclnl
| |
P —— o

Penn ESE 5310 Spring 2023 - Khanna



All-Pass Systems
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All-Pass Filters

0 A system is an all-pass system if
|H(ej“’)‘ =1, all @

0 Its phase response @(w) may be non-trivial

Penn ESE 5310 Spring 2023 - Khanna
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First Order All-Pass Filter

_1 *
—da

H(z)=2

_1
l-az

Penn ESE 5310 Spring 2023 - Khanna
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First Order All-Pass Filter

-1 *

z —a
H(z)= —
l-az
| e —q
H(e")| = ——
l—ae™”

e’ (1- a*ejw)

‘l—ae"a’
.
l1-a e’?
—_— - =1
1—ae ™

Penn ESE 5310 Spring 2023 - Khanna
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General All-Pass Filter

0 d,=real pole, e,=complex poles paired w/
conjugate, ¢

M,

— dk z7t—e)z7! - ep)

Hdp(z) Al—ll—

diz=t L (1= ez (1 —efzh)

k=

Penn ESE 5310 Spring 2023 - Khanna
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General All-Pass Filter

0 d,=real pole, e,=complex poles paired w/
conjugate, ¢

S Aﬁ T —d e @l —e)E = e
e po L—diz™t ) S (1= ez (1 —efzh)

Penn ESE 5310 Spring 2023 - Khanna
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General All-Pass Filter

0 d,=real pole, e,=complex poles paired w/
conjugate, ¢

— dk (z7' — ez — &)

Hap(z) = A ]'] —

dz7 I\ 2 (1~ ez D)1 —efz71)

Penn ESE 5310 Spring 2023 - Khanna
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General All-Pass Filter

0 d,=real pole, e,=complex poles paired w/
conjugate, ¢

Mr -1 Mc -1 _ %y(,—1
| [ | T —dk (27" —e )z —er)
Hap(Z) = A — = — ~ —
g L—diz™ ) 0 (1= ez )1 —gz70)

Penn ESE 5310 Spring 2023 - Khanna 24



General All-Pass Filter

0 d,=real pole, e,=complex poles paired w/
conjugate, ¢

M, -1 %\ (—1
~1—dy (27" —e )z — ep)
H. = A
() = H —diz=t ) 5 (1 — ez (1 —efzh)
0 Example:
3
d"=_Z

e, = 0.8¢/7/

Penn ESE 5310 Spring 2023 - Khanna
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General All-Pass Filter

0 d,=real pole, e,=complex poles paired w/
conjugate, ¢

ap\k) = — 3 — — ——
o L—diz7 b L (1= ez DA —efz71)
A
0 Example:
3
d, == [

e, = 0.8¢/7/

Real zero/pole

Penn ESE 5310 Spring 2023 - Khanna
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General All-Pass Filter

0 d,=real pole, e,=complex poles paired w/
conjugate, ¢

S Aﬁ 7l —dp T @ — e =)
apres — dy 71 — ez~ 1)1 — e*r—1
vy L—dez™ ) 0 (1 —ez7 )1 —gz70)
A
0 Example:
3
dy=-% .

e, = 0.8¢/7/

Penn ESE 5310 Spring 2023 - Khanna
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General All-Pass Filter

0 d,=real pole, e,=complex poles paired w/
conjugate, ¢

S Aﬁ 7l —dp T @ — e =)
apres — dy 71 — ez~ 1)1 — e*r—1
vy L—dez™ ) 0 (1 —ez7 )1 —gz70)
A
0 Example:
3
dy=-% .

e, = 0.8¢/7/

Penn ESE 5310 Spring 2023 - Khanna
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All Pass Filter Phase Response

0 First order system Y _q

- e
H(e'") = ,
1-aqe™’®

—J 6

e /Y —ype™’

- .0 _-
1—re’’e™’?

0 phase

Penn ESE 5310 Spring 2023 - Khanna
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All Pass Filter Phase Response

—
1-relfe™”

0 phase (ej‘“ — e /! )
arg

Penn ESE 5310 Spring 2023 - Khanna
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All Pass Filter Phase Response

0 phase (ej‘“ — e /! )
arg

1—re’?e™/®
e’ (1-re ?e’™)
= arg -
1-re’’e

= arg(e‘j“’)+arg(1—re ¢!y —arg(1-re’’e™’®)
= —w—-arg(l-re’’e’)—arg(l-re’’e™’®)

=—w—2arg(l-re’ He" “)

Penn ESE 5310 Spring 2023 - Khanna
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Group Delay Math

M N
grd[H(e™)] ="y grd[l-c,e™]-Y grd[l-d e ]
k=1 k=1

0 lLook at each factor:

AN

rsin(w —6) )
l-rcos(w-0)

arg[l-re’’e™ /] =tan™' (

r> —rcos(w - 0)
2

grd[1-re’’e™/] =
‘1 —re’’e™

Penn ESE 5310 Spring 2023 — Khanna
Adapted from M. Lustig, EECS Berkeley
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First Order Example

a0 Magnitude:

|

Penn ESE 5310 Spring 2023 - Khanna

o

Radian frequency (@)

21T
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First Order Example

0 Phase:

| |

Penn ESE 5310 Spring 2023 - Khanna

e N

Radian frequency (@)

" 3

.y

27

1 | |

™ - 3

Radian frequency (@) 2

S— )

2w
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First Order Example

a0 Group Delay:

—
nN

Radians
L ©
3
dB
N - <
—

I N

Radian frequency (w) 2 - 0 T T 3m 2
2 Radian frequency (w) 2
20
15F
w z2=09
-
£ 10
§ — =0
5]
5 -
0 K | . j
0 T T 3m 2w
2 Radian frequency (w) E
Penn ESE 5310 Spring 2023 - Khanna 35



All Pass Filter Phase Response

a Second order system with poles at z=re’’,re "

rsin(w — )

(1 — relfe—Jo)(1 — re—i9e—Jjw)

Z [ (e"j‘" - re‘“je)(e"j“’ — rel?)
1 —rcos(w —6)

] = —2w — 2 arctan [

—2 arctan [ FEne + o) ] .

1 —rcos(w + 6)

Penn ESE 5310 Spring 2023 - Khanna
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Second Order Example

0 Poles at z=0.9¢*"* (zeros at conjugates)

Radians
) e

-4 | ] |
0 ki T 3w 27

2 Radian frequency (w) 2

Penn ESE 5310 Spring 2023 - Khanna
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All-pass Example

0 d,=real pole, e,=complex poles paired w/
conjugate, ¢

S Aﬁ 7l —dp T @ — e =)
apres — dy 71 — ez~ 1)1 — e*r—1
vy L—dez™ ) 0 (1 —ez7 )1 —gz70)
A
0 Example:
3
dy=-% .

e, = 0.8¢/7/

Penn ESE 5310 Spring 2023 - Khanna
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All-pass Example: Magnitude

b

|

w

-—
"

w

(S I

2

Radian frequency (w)

Penn ESE 5310 Spring 2023 - Khanna
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All-pass Example: Phase

[
|

)

Radians

b

0

2y -

m 3w 2w

ro

Radian frequency (w)

Penn ESE 5310 Spring 2023 - Khanna
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All-pass Example: Group Delay

Y

Samples
=

0

Penn ESE

0

-~y
"

(S I
r-.a|'_.?’ -

Radian frequency (@)

(c)

5310 Spring 2023 - Khanna
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All-Pass Properties

0 Claim: For a stable, causal (r < 1) all-pass system:
= arg[H, (¢/)]<0
= Unwrapped phase always non-positive and decreasing
.« grd[H,, ()]0
s Group delay always positive Pg 309 in text book

= Intuition
= delay is positive = system is causal

= Phase negative = phase lag

Penn ESE 5310 Spring 2023 - Khanna
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Minimum Phase Systems
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Minimum-Phase Systems

0 Definition: A stable and causal system H(z) (i.e.
poles inside unit circle) whose inverse 1/H(2) is also
stable and causal (1.e. zeros inside unit circle)

Penn ESE 5310 Spring 2023 - Khanna
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Minimum-Phase Systems

0 Definition: A stable and causal system H(z) (i.e.
poles inside unit circle) whose inverse 1/H(2) is also
stable and causal (1.e. zeros inside unit circle)

m All poles and zeros inside unit circle

A A

H(2) 1/H(2)

()
()
\4
X
X

Penn ESE 5310 Spring 2023 - Khanna
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Distortion Compensation

0 Have some distortion that we want to compensate

fOf . G(2)
o T T j
: Distorting Compensating| |
el System | system —{-——»
sfn]l | Hy(z)  |saln] H,(z) | Sclnl
| I
P —— o

a If Hy(2) is min phase, easy:
s H.(2)=1/Hy(z) € also stable and causal
a0 What if not min phase?

Penn ESE 5310 Spring 2023 - Khanna
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All-Pass Min-Phase Decomposition

0 Any stable, causal system can be decomposed to:

H(z)=H,, (2)-H, (2)

a0 Approach:
= (1) First construct H,, with all zeros outside unit circle

= (2) Compute

Penn ESE 5310 Spring 2023 - Khanna
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Min-Phase Decomposition Example

-1 A
H(z)= l"fz H(2)
| -
2
- - o>
1/2 3

Penn ESE 5310 Spring 2023 - Khanna 48



Min-Phase Decomposition Example

-1 A
H(z)= =32 H(z)
1
1-—z
2 X =
1/2 3
z7l—a*
Q Set Hy,(z) = —— X
Hap(2)
* o
1/3 3

Penn ESE 5310 Spring 2023 - Khanna
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Min-Phase Decomposition Example

-1 A
H(z)= =32 H(z)
|
1-—z
2 X =
1/2 3
R
Z —
0 Set g ()= 3
P 1 -1 A
1-—z
3 Hap(2)
Y o
1/3 3

Penn ESE 5310 Spring 2023 - Khanna
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Min-Phase Decomposition Example

-1 A
H(z)= =32 H(z)
|
l-—z
2 - - —>
1/2 3
4 1
Z —
0 Set g ()= 3
P 1 -1 A
l-—z
3 Hap(2)
1 12_1 a o—>
_5 1/3 3
min(Z)=_3 1
-
2

Penn ESE 5310 Spring 2023 - Khanna
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Min-Phase Decomposition Example

-1 A
H(z)= =32 H(z)
|
l-—z
2 - - —>
1/2 3
4 1
Z —
0 Set g ()= 3
P 1 -1 A
l-—z
3 Hap(2)
1/2
i 12_1 - o—
_5 1/3 3
min(Z)=_3 1
1-—z!
2
52
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Min-Phase Decomposition Purpose

0 Have some distortion that we want to compensate

fOf . G(2)
o T T j
: Distorting Compensating| |
el System | system —{-——»
sfn]l | Hy(z)  |saln] H,(z) | Sclnl
| I
P —— o

a If Hy(2) is min phase, easy:
s H.(2)=1/Hy(z) € also stable and causal

Penn ESE 5310 Spring 2023 - Khanna
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Min-Phase Decomposition Purpose

0 Have some distortion that we want to compensate

fOr . G(2)

C T :

: Distorting Compensating| |
el System | system —{-—-—-»
sfn]l | Hy(z)  |saln] H,(z) | Sclnl

| I

P —— o

a If Hy(2) is min phase, easy:
s H.(2)=1/Hy(z) € also stable and causal

0 Else, decompose Hy(2)=Hg nin(2) Hap(2)
» Ho(2)=1/Hypin(2) 2 Hy(z)H(2) =Hg,0(2)

= Compensate for magnitude distortion

Penn ESE 5310 Spring 2023 - Khanna
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Minimum Phase to Max Phase

v

Min phase Utdg o

o

DV

Penn ESE 5310 Spring 2023 - Khanna
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Minimum Phase to Max Phase

(o) AN
Min phase Ut¥Lg g
X All Pass ®
- = >
Re
®
(o] ®
(o]

Penn ESE 5310 Spring 2023 - Khanna
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Minimum Phase to Max Phase

Unit ci:Qi

DV

Penn ESE 5310 Spring 2023 - Khanna
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Minimum Phase

v

Min phase Utdg o

o

DV

Penn ESE 5310 Spring 2023 - Khanna

DV

Unit ci:Qi

A?m

DV
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Minimum Phase

v
Min phase Utdg o
(@)
- - >
Re
(@)
o
O AZm
Unit cigdlg
o
F >
Re
o
(@

Penn ESE 5310 Spring 2023 - Khanna

A?m
Unit ci:Qi
>
Re
A?m
Unit c&c\ki o
®
- - >
Re
®
(o) (o)
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Minimum Phase

v
Min phase Utdg o
(@)
- - >
Re
(@)
o
O AZm
Unit cigdlg
o
F >
Re
o
(@

Penn ESE 5310 Spring 2023 - Khanna

A?m
Unit ci:Qi
>
Re
A?m
Unit cac\ki o
- = >
Re
(o) (o)
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Minimum Phase Lag Property

0 All pass properties
u arg[Hap(ei‘”)]SO
= grd[H,,(¢)]>0

Penn ESE 5310 Spring 2023 - Khanna
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. Minimum Phase Lag Property

0 All pass properties
[ ] arg[Hap(ei‘”)]SO
= grd[H,,(¢)]>0

0 arg[H,. ()] =arg[H i, (e)*H, ()]

=arg|[H,;,(e19)] + arg[H, (e1)]
=arg[Hp ()] + =0

Penn ESE 5310 Spring 2023 - Khanna
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: Minimum Group Delay Property

0 All pass properties
u arg[Hap(ei‘”)]SO
= grd[H,,(¢)]>0

0 grd[H ()] =grd[H pin(€) *H,p ()]

=grd[H,;,(e)] + grd[H, (/)]
=grd[H,(e9)] + =0

Penn ESE 5310 Spring 2023 - Khanna
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Minimum Phase

v
Min phase Utdg o
(@)
- - >
Re
(@)
o
O AZm
Unit cigdlg
o
F >
Re
o
(@

Penn ESE 5310 Spring 2023 - Khanna

A?m
Unit ci:Qi
>
Re
A?m
Unit cac\ki o
- = >
Re
(o) (o)
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Minimum Energy-Delay Property

Min phase Max phase
/
$3.39 al] o580 ]
2.89 vr0
2.19 ¢2.19
150 ¢ 1.56
[ IO'BI Io.m
) X 0 1 2 3 4 5 ¢ n T 0 1 > 3 4 g . -
(a) ®)
©3.50 he[n] ©3.50 hq[n]

2.51 2.58 2.58 2.51
126
r.ze ] [ ILOO II.OO I
k; ' 4 5

n

.Y
2N

Total energy: E = ¥%_,|h[n]|?

Penn ESE 5310 Spring 2023 - Khanna



Minimum Energy-Delay Property

Min phase Max phase
$3.39 alr] o580 ]
2.89 .2 59
2.19 ¢2.19
4.5 e 1.56
[ IO'BI Io.m
5 0 1 2 3 4 5 6 n T 0 " > 3 4 : -
(a) (b)
©3.50 he[n] 03.50 hgln]
251 2.58 258 2.51
r.ze ] [ II'OO ILOO [ l II.Z()
_:2 _=1 0 1 2 3 4 : g n -=2 _:1 0 1 2 3 4 g g n
(c) (d)
I . — \'n 2
Partial energy: E[n] = X7 _olh[m]]

Penn ESE 5310 Spring 2023 - Khanna
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Minimum Energy-Delay Property

0l .
3 Min phase
2
S 20
= —— E,[n] (minimum phase)
<
= | S Sy e Ey [n] (maximum phase)
B —m En]
. === Ey[n]
A X phase
- | | | | |
0 1 2 3 4 5 n

Partial energy: E[n] = ¥7,_o|h[m]|?

Penn ESE 5310 Spring 2023 - Khanna



Big Ideas

0 Frequency Response of L'TT Systems
= Magnitude Response, Phase Response, Group Delay
a0 Review: LTI Stability and Causality
= If all poles inside unit circle
a All Pass Systems
= Used for delay compensation
0 Minimum Phase Systems

= Can compensate for magnitude distortion

= Minimum energy-delay property

Penn ESE 5310 Spring 2023 — Khanna
Adapted from M. Lustig, EECS Berkeley
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Admin

o HW 6 out
= Due Sunday 3/12

= After spring break, same length as 1-week homework

Penn ESE 5310 Spring 2023 - Khanna
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