ESE 5310: Digital Signal Processing

Lecture 19: March 28, 2023

Discrete Fourier Transform
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Today

0 Discrete Fourier Series

a Discrete Fourier Transform (DFT)
0 DFT Properties

0 Circular Convolution
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Discrete Fourier Series
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S Irenn
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: Reminder: Eigenvalue (DTFT)

= /" E hlkle /"
k=—0o0

= H(e’")e’!™

Penn ESE 5310 Spring 2023 - Khanna

H(e’”)= i W kle /"

fk=—00

0 Describes the change
in amplitude and
phase of signal at
frequency w

0 Frequency response

0 Complex value

m Re and Im
= Mag and Phase



: DTFT

X (e’”) = i x[kle /™"
DTFT: .

1 = o
x[n]l=— | X(e’)e’"dw
[1] 2n_f (™)

Penn ESE 5310 Spring 2023 - Khanna



DTEFT

X (e’”) = i x[kle /™"
DTFT: .

1 = o
x[n]l=— | X(e’)e’"dw
[1] 2n_f (™)

o If x[n] is periodic, then finite set of frequencies in
the finite range

= Can represent with discrete Fourier series

Penn ESE 5310 Spring 2023 - Khanna



Discrete Fourier Series

0 Definition:

= Consider N-periodic signal:
rn+ N| =2Z[n|] Vn

= Frequency-domain also periodic in N:

S

X[k+ N]=X[k] Vk

m indicates periodic signal/spectrum

Penn ESE 5310 Spring 2023 — Khanna
Adapted from M. Lustig, EECS Berkeley



Discrete Fourier Series

0 Define;
W A 6—j27r/N
a DFS:
1 N-—1 ~
il = = ) X[k
k=0
~ N-—1
X[k = #[n]
n=0

Penn ESE 5310 Spring 2023 — Khanna
Adapted from M. Lustig, EECS Berkeley



L D; ' : A& _—j2m/N
‘; Discrete Fourier Series Wn =e

0 Properties of Wy
[ | WNO — WNN — WNZN = = 1
] \X/'Nk+r — WNkWNr and, WNk-I—N — WNk

Penn ESE 5310 Spring 2023 — Khanna
Adapted from M. Lustig, EECS Berkeley



L D; ' : A& _—j2m/N
‘; Discrete Fourier Series Wn =e

0 Properties of Wy

= W' =W =Wy =. =1

n W KT = W kWt and, W kN = Wk
0 Example: Wkt (N=0)

k=1

A

n=2 | n=1

Penn ESE 5310 Spring 2023 — Khanna
Adapted from M. Lustig, EECS Berkeley 10



: : : A _—j327/N
Discrete Fourier Series Wn =e

0 Properties of Wy

s W' =W N=WN= . =1

s W kT = W kW and, Wk = Wik
0 Example: Wkt (N=0)

k=1 k=2

A A

n=0,3,6,

n=2 | n=1 n=1,47,

Penn ESE 5310 Spring 2023 — Khanna
Adapted from M. Lustig, EECS Berkeley 11



Discrete Fourier Transform

0 By convention, work with one period:

A JZn] 0<n<N-1

z|n |
0 otherwise

~

X[k] 0<k<N-1

0 otherwise

|D>

X[k

Same, but different!

Penn ESE 5310 Spring 2023 — Khanna
Adapted from M. Lustig, EECS Berkeley
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: Discrete Fourier Transform

0 The DFT
;N1
z[n] = N kzzo X[k]Wx*™  Inverse DFT, synthesis
N-1
X[k =

Z z[n]WEkn DFT, analysis
n=0

0 It is understood that,

zn] = 0 outside0<n<N-1
Xkl = 0 outside0<k<N-1

Penn ESE 5310 Spring 2023 — Khanna
Adapted from M. Lustig, EECS Berkeley 13



DFES vs. DFT

Penn ESE 5310 Spring 2023 — Khanna
Adapted from M. Lustig, EECS Berkeley
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DFES vs. DFT

Penn ESE 5310 Spring 2023 — Khanna
Adapted from M. Lustig, EECS Berkeley

X[k]
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: A —j2m/N
@®: Example Wn =
4 T [n]
| T T T T
"0 1 2 3 4 . n
N-1
- Take N=5 X[k = > =Wy
n=0
Penn ESE 5310 Spring 2023 — Khanna
Adapted from M. Lustig, EECS Berkeley
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A
WN = e j2w /N

..9..
[T]
4
o
=
o,
(@

t x[n]
T
© 0 1 2 3 4 T n
- Take N=5
4 nk L
X[k = { La—oWE* k=0,1,2,34
0 otherwise

N 56[k] “5-point DFT”

Penn ESE 5310 Spring 2023 — Khanna
Adapted from M. Lustig, EECS Berkeley
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: : : A _—j327/N
Discrete Fourier Series Wn =e

0 Properties of WN:

s W' = W N=WN= . =1

s Wk = W W and, Wik = Wk
0 Example: Wkt (N=5)

k=1 k=2
A n=4 N n=2
n=3 n=4
n=0 n=0
>—> > >
n=1 n=3

Penn ESE 5310 Spring 2023 — Khanna
Adapted from M. Lustig, EECS Berkeley



[T
4
o
=
O,
(@

NNRRRARER
° o 1 2 3 4 -
- Take N=5
4 nk L
X[k = { La—oWE* k=0,1,2,34
0 otherwise

N 56[k] “5-point DFT”

Penn ESE 5310 Spring 2023 — Khanna
Adapted from M. Lustig, EECS Berkeley
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A
Wy & e 927/N

Example

o Q: What if we take N=10?
0 A: X[k] = X[k] whete Z[n] is a petiod-10 seq.

Penn ESE 5310 Spring 2023 — Khanna
Adapted from M. Lustig, EECS Berkeley 20



A
WN=€ j2m /N

Example

o Q: What if we take N=10?
0 A: X[k] = X[k] whete Z[n] is a petiod-10 seq.

9 nk p— e« o @
X[k] = >m—oWin k=01, 2,. .9
0 otherwise

“10-point DFT”

Penn ESE 5310 Spring 2023 — Khanna
Adapted from M. Lustig, EECS Berkeley



O Example

2 Now, sum from n=0 to 9

9
X[kl = ) znwi

n=0

Penn ESE 5310 Spring 2023 — Khanna
Adapted from M. Lustig, EECS Berkeley
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Example

2 Now, sum from n=0 to 9

9
X[k = ) chwiy
n=0
4
- S
n=0
s (T
_ —idm sin( 5 k)
sin(<5k)
Penn ESE 5310 Spring 2023 — Khanna “1 0'p0int DFT”

Adapted from M. Lustig, EECS Berkeley 23



DFT vs. DTFT

0 For finite sequences of length N:
= The N-point DFT of x|[n] 1s:

N-1 N-1
Xk = Z z[n|WEr = Z z[n]e JET/Nnk 0 < <N -1
n=0 n=0

s The DTFT of x|[n] is:

N-1
X () = Z z[nle 7" — 00 < w < 00
n=0

Penn ESE 5310 Spring 2023 — Khanna
Adapted from M. Lustig, EECS Berkeley
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: DFT vs. DTFT

0 The DFT are samples of the DTFT at N equally

spaced frequencies

X[k] = X(e’)| o2z O0<k<N-—1

Penn ESE 5310 Spring 2023 — Khanna
Adapted from M. Lustig, EECS Berkeley
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DFT vs DTFT

0 Back to example

Xk

Penn ESE 5310 Spring 2023 — Khanna
Adapted from M. Lustig, EECS Berkeley

4
> Wio
n=0

4w, Sln(%k)

e J 10
sin({5k)

“10-point DFT”
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DFT vs DTFT

0 Back to example

Xk

Penn ESE 5310 Spring 2023 — Khanna
Adapted from M. Lustig, EECS Berkeley
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DFT vs DTFT

0 Back to example

Xk

Use fftshift

to center
around dc

Penn ESE 5310 Spring 2023 — Khanna
Adapted from M. Lustig, EECS Berkeley
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DFT Intuition

Time

X[n]
_I_LIJ_I_L_Lnx

Penn ESE 5310 Spring 2023 - Khanna

Transform

DTFT

>

1 = o
nl=— | X(’“)e’"dw
[n] 2ﬂ_fﬂ (™)

Frequency

IX(ej‘”)

29



DFT Intuition

Time Transform Frequency
x[n] X(e™)
| ‘ l DTFT I
>
1 i joN jon
N x[n]=g:£X(e )e!"dw >0
Xn] DFS \X[k]
>
i _iN—l . » ‘
th”.l_._'_I_LLIJ_I_._Qn = 2 XU, 111,
Periodic in N N-TK

Penn ESE 5310 Spring 2023 - Khanna



DFT Intuition

Time

X[n]
_I_LIJ_I_L_Lnx

Periodic in N

Penn ESE 5310 Spring 2023 - Khanna

Transform

DTFT

>

1 = o
nl=— | X(’“)e’"dw
[n] 2ﬂ_fﬂ( )

DFS
>
. = "
f[n]=—Y X[k,
NS
_jam
W, =e N

Frequency

IX(ej‘”)

31



DFT Intuition

Time Transform Frequency
x[n] X (™)
| ‘ l DTFT I
>
1 f joN jon
N x[n]=g:£X(e )e!"dw >0
Xn] DFS \X[k]
>
. iN-l . » ‘
thlh.u.].l.l.l.h.¢n = 2 XU, 111,
Periodic in N N-1k
 X[A]
DFT

X[n] —E > B
ol e i,
n N-1 K

Penn ESE 5310 Spring 2023 - Khanna



DFT and Inverse DFT

0 Use the DFT to compute the inverse DFT. How?

Penn ESE 5310 Spring 2023 — Khanna
Adapted from M. Lustig, EECS Berkeley
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®: DFT and Inverse DFT

0 Use the DFT to compute the inverse DFT. How?

N-z*[n] = N (DFT{X[K]})"

Penn ESE 5310 Spring 2023 — Khanna
Adapted from M. Lustig, EECS Berkeley
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Reminder: Discrete Fourier Transform

a0 The DFT
;N1
. X —kn :
x[n] N kzzo kW § Inverse DFT, synthesis
N-1
X[k] =

Z z[n]WEkn DFT, analysis
n=0

0 It is understood that,

zn] = 0 outside0<n<N-1
Xkl = 0 outside0<k<N-1

Penn ESE 5310 Spring 2023 — Khanna
Adapted from M. Lustig, EECS Berkeley
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: DFT and Inverse DFT

0 Use the DFT to compute the inverse DFT. How?

z*[n] = QFT— (XK}
( Z X[k]Wy ’m)

N —

Z X*[k]Wg

o

Penn ESE 5310 Spring 2023 — Khanna DFT {X*@

Adapted from M. Lustig, EECS Berkeley
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®: DFT and Inverse DFT

a So

DFT {X*[k]} = N (DFT {X[K]})"

Penn ESE 5310 Spring 2023 — Khanna
Adapted from M. Lustig, EECS Berkeley
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: DFT and Inverse DFT

a So

DFT {X*[k]} = N (DFT {X[K]})"

DFT ' {X[k]} =@

0 Implement IDFT by:
s Take complex conjugate
s Take DFT
= Multiply by 1/N

= Take complex conjugate

Penn ESE 5310 Spring 2023 — Khanna
Adapted from M. Lustig, EECS Berkeley
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e N-—-1
: DFT as Matrix Operator ~ X[k] = > zn]Wir
° n=0
DFT:
[ X ( Wgo wR" WtV T [ wlo]
X[k - W}f,o wkn W;f,(jv"l) m[:n
\ XN 1] / \ W](VN'—l)o W}(VN'—I)n W](\'rN—i)(N—l) ) \ 2N —1] /

Penn ESE 5310 Spring 2023 — Khanna
Adapted from M. Lustig, EECS Berkeley 39



DFT as Matrix Operator

DFT:

( X [0] \ / WRIO
X k] = W}\Cfo
\ x(v -1 /

(=l [ wy™
m[n] _ % W}gno
\ 2N —1] / \ W§(N—1)o

Penn ESE 5310 Spring 2023 — Khanna
Adapted from M. Lustig, EECS Berkeley

X [k]

O(N -1

k(N—1

WJ(VN—I)(N—I) )

—0(N—1)

Wi

—n(N—=1)

Wi

N

/ (0] \
z[n)]

\ :n[N.— 1] /

[ X [0] \
X [k)

40



DFT as Matrix Operator

IDFT:
( :1:['0: \
m[:n]
\ :I:[N:— 1] /

\ w

—(N—=1)0
N

Penn ESE 5310 Spring 2023 — Khanna
Adapted from M. Lustig, EECS Berkeley

—(N=1)k

Wi

N-1

_ kn
Xk] = E z[n|Wy
n=0
O(N—1
WN( : \ [ =0l
wk(N=1) 2(n]
W](VN—l)(N—l) ) \ 2N - 1] /
—0(N—1)
Wi \ [ X[0]
Wgn(-N_l) X'[k\

W};(N—l)(N—l) )

\ X[~ —1] /

N2 complex multiplies .



DFT as Matrix Operator

0 Can write compactly as

X = WN X
1 %

Penn ESE 5310 Spring 2023 — Khanna
Adapted from M. Lustig, EECS Berkeley

X
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Properties of the DFT

0 Properties of DFT inherited from DES

0 Linearity

0415171[7?,] + Q99 [’I’L] — a1Xq [k] + o X9 [k‘]

Penn ESE 5310 Spring 2023 — Khanna
Adapted from M. Lustig, EECS Berkeley
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Properties of the DFT

0 Properties of DFT inherited from DES

0 Linearity

0411171[7?,] + Q99 [’I’L] > a1 X1 [k] + o X9 [k]

0 Circular Time Shift

z[((n —m))n] ¢ X[k]e I E/MEm = X [k]Wy™

Penn ESE 5310 Spring 2023 — Khanna
Adapted from M. Lustig, EECS Berkeley
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Circular Shift

%[n] %[n—m]

0 N1 0 m N-1

Penn ESE 5310 Spring 2023 — Khanna
Adapted from M. Lustig, EECS Berkeley 45



Circular Shift

0 N1
x[n]
W«Y—M—@—O—&O@—o—v—o—»n
0 N-1

Penn ESE 5310 Spring 2023 — Khanna
Adapted from M. Lustig, EECS Berkeley
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‘ Properties of DFT

a Circular frequency shift
zln)e? BTN = pn]Wi™ & X[((k - 1))n]
0 Complex Conjugation

z"[n] < X7[((—F))n]

0 Conjugate Symmetry for Real Signals

z[n] = z7[n] <> X|k] = X" [((=k))~]

Penn ESE 5310 Spring 2023 — Khanna
Adapted from M. Lustig, EECS Berkeley
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Example: Conjugate Symmetry

4-point DFT X [k]
—Symmetry

Penn ESE 5310 Spring 2023 — Kh
AZI;I}l)ted from Meriig, EECS B:illfeelley X [n] =z’ [n] o X [k] = X7 [( (_k) )N]
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Example: Conjugate Symmetry

4-point DFT X [k]
—Symmetry

Penn ESE 5310 Spring 2023 — Kh
AZI;I}l)ted from Meriig, EECS B:illfeelley X [n] =z’ [n] o X [k] = X7 [( (_k) )N]
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Example: Conjugate Symmetry

4-point DFT X [k]
—Symmetry m

Penn ESE 5310 Spring 2023 — Kh
AZI;I}l)ted from Meriig, EECS B:illfeelley X [n] =z’ [n] o X [k] = X7 [( (_k) )N]
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Example: Conjugate Symmetry

4-point DFT X [k]
—Symmetry m

0
"/
4-point DFT “ /R\ X[
—Symmetry I T T
0 1 2 3 Kk
"/

Penn ESE 5310 Spring 2023 — Kh
AZI;I}l)ted from lei%lg, EECS B:illfeelley X [n] =z’ [n] o X [k] = X7 [( (_k) )N]



Example: Conjugate Symmetry
4-point DFT
—Symmetry m T

2 k
'\_/
SN
5-point DFT
—Symmetry T T T T T T T
0 1
Penn ESE 5310 Spring 2023 — Khanna z[n] = z*[n] < X[k] ((—k))N] -

Adapted from M. Lustig, EECS Berkeley



Example

5-point DFT ¢
—Symmetry T | T T T ‘
1

0
KA
“ /R X [K]
5-point DFT "
—Symmetry ‘ T T T
0 1 2 3 4 k

Penn ESE 5310 Spring 2023 — Khanna
Adapted from M. Lustig, EECS Berkeley 53



Properties of the DFS/DFT

Discrete Fourier Series Discrete Fourier Transform
Property N-periodic sequence N-periodic DFS Property N-point sequence N-point DFT
%] K] ] x[K]
% [n]. %,[n] X, [k], X,[k] x,[n]. x,[n] X, [k]. X,[K]
Linearity ax, [n]+ b, [n] aX, [k]+ bX,[k] Linearity ax, [n]+ bx, [n] aX, [k]+bX, [k]
Duality X[n] NX[-k] Duality X[n] N(-k)),]
. . ~ o Circular Time o
Time Shift x[n - m] wy" X [k] Shift x[((n - m)) N] wy" X [k]
F Circular
reSqllll.ency w"x [n] X [k -1 ] Frequency Wy /”x[n] X [((k -1 )) v ]
ift .
Shift
peiodie | Esbill-n) a0 et | 3 wlbl(n-m),] XK
Convolution Z:‘]xl mpln = m X k] 1] Convolution Z(:)xl A ! 2
~T 1~ 13~ q~ 1 M
Multiplication %, [n%, [n] NZXI [1]X,[k 1] | Multiplication x,[n e, [n] WZXl [11x,[((k - 1)), ]
1=0 1=0
Complex s > Complex 5 x
Conjugation x [n] X [_ k] Conjugation X [n ] X [((_ k ))N]

Penn ESE 5310 Spring 2023 — Khanna
Adapted from M. Lustig, EECS Berkeley



Properties (Continued)

Time- Time-
 Complon ¥ [ 'l omplon GO 40
Conjugation Conjugation
Real Part Re{?c[n]} )?ep [k]= %(N[k] + X [~ k]) Real Part Re{x[n]} X, [k]= %(X[k] +X [((— k))y ])
fraginary JimfE[n]) R, =L (R X [ | Tmesiney mba] ¥, [ (- x [ 0),)
Even Part Xep [n]= %(}7 [n]+ %[~ n]) Re{)N( [k]} Even Part Xop [n]= %(x[n]+ x [((— n)),y ]) Re{X [k]}
oddPart | %, [n]z%(f[n]—)?*[—n]) jm{X[k]) oddPart | x,, [n]:%(x[n]_x*[((_n))N | jm{x[k]}
X[k]= X"[- 4] x[k]=x"[((= k)]
mmetry for Ref¥[k)=Ref¥[- 4]} | ymmetry for Re{x[k]}=Re{x{( £)), ]
R B {Im{)?[k]}?lm{)?[— a | e rl=xb e
Sequence Sequence
q e q (-
ZX[k)= 2% ] 2x[k)=-2x[(= %)), ]
S b=+ Y %K > b= 3 il
Parseval’s n=0 k=0 Parseval’s n=0 k=0
Identity NI = Identity N-l , 1M )
Z(;|37[n] :—kZ:(;IX[k]’ HZ:(;|x[n] :N;|X[k]

Penn ESE 5310 Spring 2023 — Khanna
Adapted from M. Lustig, EECS Berkeley



: Circular Convolution

0 Circular Convolution:

21n] ® w[n] 2 le ((n — m))x]

For two signals of length N

Note: Circular convolution is commutative

z2[n| @ z1[n] = z1[n| @ z2[n]

Penn ESE 5310 Spring 2023 — Khanna
Adapted from M. Lustig, EECS Berkeley
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®: Compute Circular Convolution Sum

T2 ) /-point convolution
1 ® O T T T
0 1 2 3 4 ? <I,6\ 'nf
[za[n]
1 O T
0 1 2 3 n
AN—l
z1[n] @ za[n] = Y @1[m]zs[((n — m))N]
m=0

Penn ESE 5310 Spring 2023 — Khanna
Adapted from M. Lustig, EECS Berkeley 57



Compute Circular Convolution Sum

0o 1 2 3 4 ? G,E; 'nf
Xp[(—m),]
| T
0 1 2 3 4 5 6 ='n,
N—1
21[n] @ z2[n] £ 3 z1[mzs[((n — m))N]
m=0

Penn ESE 5310 Spring 2023 — Khanna
Adapted from M. Lustig, EECS Berkeley
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Compute Circular Convolution Sum

0O 1 2 3 4 5 6 n
Xp[(—m),]
| T
0 1 2 3 4 5 6N
N-—-1

Penn ESE 5310 Spring 2023 — Khanna
Adapted from M. Lustig, EECS Berkeley

y[0]=2
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Compute Circular Convolution Sum

0O 1 2 3 4 5 6 n
'x2[§—_m)7]
T | T
| | >
0 1 2 3 4 5 6 N
N-—-1
A
z1|n] @ z2n] =

Penn ESE 5310 Spring 2023 — Khanna
Adapted from M. Lustig, EECS Berkeley

y[0]=2
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Compute Circular Convolution Sum

L,

0O 1 2 3 4 5 6 n
%, [((1 = m)),]

Penn ESE 5310 Spring 2023 — Khanna
Adapted from M. Lustig, EECS Berkeley

y[0]=2
y[1]=2

61



Compute Circular Convolution Sum

Penn ESE 5310 Spring 2023 — Khanna
Adapted from M. Lustig, EECS Berkeley

y[0]=2
y[1]=2
y[2]=3
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Compute Circular Convolution Sum

x1|n]
1 O O T T T

o 1 2 3 4 g ’E; ’rLA
I %,[(3 —m)),]

@ 1

Penn ESE 5310 Spring 2023 — Khanna
Adapted from M. Lustig, EECS Berkeley

<< <X

WN RO
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@®: Result

<< <X

WN RO

Penn ESE 5310 Spring 2023 — Khanna
Adapted from M. Lustig, EECS Berkeley
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®: Compute Circular Convolution Sum

T2 ) /-point convolution
1 ® O T T T
0 1 2 3 4 ? <I,6\ 'nf
[za[n]
1 O T
0 1 2 3 n
AN—l
z1[n] @ za[n] = Y @1[m]zs[((n — m))N]
m=0

Penn ESE 5310 Spring 2023 — Khanna
Adapted from M. Lustig, EECS Berkeley 65



Circular Convolution

0 For x4[n] and x,[n] with length N

r1[n| @ z2[n| < X1lk] - Xo|K]

= Very usefulll (for linear convolutions with DFT)

Penn ESE 5310 Spring 2023 — Khanna
Adapted from M. Lustig, EECS Berkeley
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Multiplication

0 For x4[n] and x,[n] with length N

1ln) - waln] ¢ 1 X[k ® Xalk

Penn ESE 5310 Spring 2023 — Khanna
Adapted from M. Lustig, EECS Berkeley
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Linear Convolution

0 Next....
= Using DFT, circular convolution is easy
= But, linear convolution is useful, not circular

= So, show how to perform linear convolution with circular
convolution

s Use DFT to do linear convolution

Penn ESE 5310 Spring 2023 — Khanna
Adapted from M. Lustig, EECS Berkeley
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Big Ideas

a Discrete Fourier Transform (DFT)

= FPor finite signals assumed to be zero outside of defined

length
= N-point DFT is sampled DTFT at N points

= Useful properties allow easier linear convolution

0 DFT Properties

= Inherited from DEFES, but circular operations!

Penn ESE 5310 Spring 2023 — Khanna
Adapted from M. Lustig, EECS Berkeley
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Admin

a Project 1

= Due tonight midnight
o HW 7 out now

Penn ESE 5310 Spring 2023 — Khanna
Adapted from M. Lustig, EECS Berkeley
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