ESE 5310: Digital Signal Processing

Lecture 24: April 18, 2023

Wavelet Transform
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' ® ‘
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Discrete Time—Dependent Fourier Transform

X([n,A)= i x[n +mw[m]e™ "

M=—00

L-1
e—j(ZJt/N)km

X[rR,k]=X[rR,2nk/ N)= Y x[rR+m]w|m]

m=0

L-1
Xr[k] = E x|7R + I%]W[m]e_j(z”/N)km
m=0
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Spectrogram

Frequency, Hz
N
0
o]
o

N
o
o
o

Frequency, Hz

- What is the difference between the spectrograms?

@ndow size@ c) Window type is different
b) Window size B>A
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Spectrogram
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- What is the difference between the spectrograms?

a) Window size B<A <€) Window type is diffe@
b) Window size B>A
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Application — Frequency Shift Keying

a0 FSK Communications
= Spectrogram transmitting ‘H” (ASCII H = 01001000)

0 005 01 015 02 025 03 035
Time
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STEFT Reconstruction

a If R = L = N, then we can recover x|n] block-by-
block from X [K]

a For non-overlapping windows, R=L

x [m] _ _EX [k]ej2.7tkm/N

r
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STEFT Reconstruction

a If R = L = N, then we can recover x|n] block-by-
block from X [K]

a For non-overlapping windows, R=L

R\ 2 vk
x [ml=—>) X [kle/™
[m] NE (ke
x [n-rR]
x[n]= Win—rR] V /Rsn=s(r+1)R-1
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SEFTFEF Reconstruction with overlap

0 Practically make R<LL.<N

a If we choose R, I, and N appropriately with
window, the overlap-add will negate the window
effects
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Discrete Cosine Transform

0 Similar to the discrete Fourier transtorm (DFT), but
using only real numbers

a0 Widely used in lossy compression applications (eg.
Mp3, JPEG)
0 Why use 1t?
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DFT Problems

a0 For processing 1-D or 2-D signals (especially coding),
common method is to divide the signal into “frames”
then apply an invertible transform to each frame that
compresses the information into few coetficients.

a
and

0 The DFT has some problems when used for this purpose:

= N real x[n] © N complex X[k] : 2 real, N/2 — 1 conjugate pairs

= DFT 1s of the periodic signal formed by replicating x|n]

= Spurious frequency components from boundary discontinuity

(0]

008 LLMJ} bll TI [195¢95¢032911]

o}

|

The Discrete Cosine Transform (DCT) overcomes these problems.
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Basis Functions

DFT basis functions: z[n] = + kN:"Ol X [k|ed?™ %

DCT basis functions: z[n| = & X [0] + = V-1 X[k] cos QW(%IT]L\;rl)k

h i T\W’W\
e e o e
P RS
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DFT of Sine Wave

DFT: Real—Complex; Freq range (0, 1]; Poorly localized unless

T‘ TT??????????TTT

f="Xplkl| k' for Nf <k &
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DCT of Sine Wave

z(n] wl‘le - JHJs

X k]

s 1,\'1}, N

TTN I??m)ac,\ ol itk

DFT.: Real—>Complex; Freq range I:O, 1); Poorly localized unless
[ % I XFlk] ka:“forz\’f<k<<"23

DCT:. Real—Real; Freq range (0, 0.5]; Well localized V f;
Xelk]| o k=2 for Nf <k <N
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Wavelet Transform

RN
‘ e
‘Q
Penn ESE 5310 Spring 2023 — Khanna



Motivation

0 Some signals obviously have spectral characteristics

that vary with time

Penn ESE 5310 Spring 2023 — Khanna
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Criticism ot Fourter Spectrum

a It’s giving you the spectrum of the ‘whole time-
series’

0 Which 1s OK if the time-series 1s stationary. But
what if it’s not?

0 We need a technique that can “march along” a time
series and that is capable of:
= Analyzing spectral content in different places

= Detecting sharp changes in spectral character

Penn ESE 5310 Spring 2023 — Khanna
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Transtorm Comparison

4
i1 -
E
E g
<< L
Time ‘ Amplitude )
Time Domain (Shannon) Frequency Domain (Founer]
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Transtorm Comparison

4
i1 -
E
E g
<< L
Time ‘ Amplitude )
Time Domain (Shannon) Frequency Domain (Founer]
>
=
L
=
B
L
Time
STFT (Gabor]
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Discrete Time-Dependent F'T

0 Fixed window size, shift in time (Gabor)

[

Penn ESE 5310 Spring 2023 - Khanna
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Windowed Sampled CT Signal Example

0 As before, the sampling rate is Qs/2n=1/T=20Hz

0 Hamming Window, L = 32 vs. LL

Hamming Window, L = 32

N

:: i Tﬂ ﬁﬁ‘l"f

0 5 10 15 20 25 30
n

o

Sampled, Windowed Signal, Hamming Window, L = 32

1.5

1

:::Qo m@To l J,"J 1 J,TTT JTT??G’ J’o?o@(

[=)

D

vn]

-1

-1.5

0 5 10 15 20 25 30
n

DTFT of Hamming Window

-10

0
T 12n(Hz)

10

DTFT of Sampled, Windowed Signal
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0
2 v2n(Hz)

10

20

vn]

= 64

Hamming Window, L = 64

0 10 20 30 40 50 60
n

Sampled, Windowed Signal, Hamming Window, L = 64

,~ %}Pi%q@

0 10 20 30 40 50 60
n

1.5

1

DTFT of Hamming Window

-10 0 10
T 12n(Hz)

DTFT of Sampled, Windowed Signal
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Uncertainty Principle

Sienal

Time

>
l 2 I”'l‘(‘rlllt'll('_\'

) 1:32/18:06

https://youtu.be/MBnnXbOM5547?t=49
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Discrete Time-Dependent F'T

0 Fixed window size, shift in time (Gabor)

N
N

Penn ESE 5310 Spring 2023 - Khanna
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Discrete Time-Dependent F'T

0 Fixed window size, shift in time (Gabor)

[

0 Make the window smaller
m Better localization in time

= Less spectral resolution

Penn ESE 5310 Spring 2023 - Khanna
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Discrete Time-Dependent F'T

0 Fixed window size, shift in time (Gabor)

/L

~

0 Make the window larger

m Worse localization in time

= More spectral resolution

Penn ESE 5310 Spring 2023 - Khanna
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Discrete Time-Dependent F'T

0 Fixed window size, shift in time (Gabor)

/L

= Use a big window for low fr%uency content that is not

localized in time

= Use a small window for high frequency content that is
localized in time

Penn ESE 5310 Spring 2023 - Khanna

25



Transtorm Comparison

-

Amplitude
Frequency

Time Amplitude
Time Domain (Shannon) Frequency Domain (Founer]

Frequency
Frequency

Time : Time
STFT (Gabor] Wavelet Analysis
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Fourier vs. Wavelet

0 Fourter Analysis is based on an indetinitely long

cosine wave of a specific frequency

0 Wavelet Analysis is based on a short duration

wavelet of a specific center frequency

1 T ' 1 1
1‘!
|

» |.
B e i et o o ol )

1 1 | | |
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Wavelet Transform

0 All wavelets derived from mother wavelet

1 (t-1 \}
WSS
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Example: Haar Wavelet

A W(t) = wqot)

> t

Penn ESE 5310 Spring 2023 - Khanna
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Example: Haar Wavelet

A W(t) = wqot)

1 (t-n
1 Yy, ()=—FWY
1 "“'-.J"IS \ S
> t
-1
s=1/2, t=2
A Wi o(t)
S
<>
2.5
>
T 2
>
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Examples of Wavelets

Morlet Coiflets.

Biorthogonal Ricker Symlets
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Ingrid Daubechies

0 Defined worldwide standard for image compression

Q https://www.fi.edu/en/laureates/ingrid-
daubechies#:~:text=Het%20contributions%20have%20revol
utionized%20and,the%20]PEG2000%20image%20processing
%20standard.

Penn ESE 5310 Spring 2023 - Khanna
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Wavelet — Scaled and Shifted

normalization

1 1—T
W, (2) = —

AY

\

change 1n scale

1ft 1n time

wavelet with
scale, s and
translation, t

Mother wavelet

Penn ESE 5310 Spring 2023 — Khanna
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Continuous Wavelet Transtform

time-series

\
y(s,7) = [ f(OW, (0)dt

N\

coefficient of wavelet
with wavelet with
scale, s and time, T scale, s, and shift, ©

Penn ESE 5310 Spring 2023 — Khanna
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Inverse Wavelet Transform

0 Build up a time-series as sum of wavelets of
different scales, s, and positions, t

£ = [v(s. 0w, , ()dvds

time-series wavelet with

scale, s and time, T

1
coefficients

of wavelets

Penn ESE 5310 Spring 2023 — Khanna
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Wavelet Basis Functions

Fourier basis functions Wavelet basis functions

A A

.
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Wavelet reconstruction demo

® 0 e Projection into Spaces Generated by Haar and Daubechies Scaling Functions 100% v

WOLFRAM Player < 100% @)

Projection into Spaces Generated by Haar and Daubechies Scaling

Functions
¢ Haar Daubechies i §
levelj 0/1|2|3 4
S “
2 ]
1
3 2 -1 2 3

In this Demonstration, ¢ selects which wavelet scaling function is used to project a function f into a collection of subspaces V; of
L*(R). The approximation space V; is defined as the span of {¢(2fx— k), ke Z}. Choices for ¢ are the Haar scaling function and the

https://demonstrations.wolfram.com/ProjectionIntoSpacesGeneratedByHaarAndDaubechiesScalingFunct/
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Discrete wavelets:

0 Scale wavelets only by integer powers of 2

H S):zl

0 And shifting by integer multiples of s; for
each successive scale
| Tj,k — kZ]

0 Then y(sj, Tj)k) = Yik

= wherej=1,2,...00,andk=-0 ... -2/-1,0,1, 2

b/ b/ >y ¢

e

Penn ESE 5310 Spring 2023 — Khanna
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DWT vs CWT

Analyzed signal.

AVAV

Discrete Transform, absolute coefficients.

level
- N W =

Absolute Values of Ca b Coefficients fora= 12345 ..
25

—
— =~ W W0

scales a

100 200 300 400 500 600 700 8OO 900 1000
time (or space) b

Penn ESE 5310 Spring 2023 - Khanna
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: Wavelet Transform

a0 Determining the wavelet coefficients for a fixed
scale, s, can be thought of as a filtering operation

y(s,7) = f FOW, (O)dt

e(7) = f FOW(t — Ddt = () * Wy(~1)

0 where If wavelet is even,
P(=1) = Y(r)

W (1) = i‘l«g)

Js

Penn ESE 5310 Spring 2023 — Khanna
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Shannon Wavelet

0 W(t) = 2 sinc(2t) — sinc(t)

1 T T
mother wavelet |
05h :
|1
D & b "\Iu"\"l‘.'u |"*.rl|. ."‘II‘Il I"JI llll.ll II‘II."‘I |I;I"'A"| l'lhlv""'l‘."'u"."\ Y -1
VT | j v
05+ U -
1 1 1 1 1
30 220 10 0 10 20 0
1 :
=3, s=2
05t I :
I|"'l| | ‘ iy
U —_—— » g -._/"I\_J "...'I. I ,.'l | | I |l \ \ l.' Y PN AN W .
v l| I| ’I ||
D5F oy -
-1 1 1 1 1 1
-30 220 10 0 10 20 30
time
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Fourter spectrum of Shannon Wavelet

Wi(JQ) =0 -
100 F p—rt
50 |
i :

frequency, €2

0 Wavelet coetficients are a result of bandpass
filtering

Penn ESE 5310 Spring 2023 — Khanna
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Discrete Wavelet Transform

0 The coefficients of W 1s just the band-pass filtered
time-series, where W 1s the wavelet, now viewed as
the impulse response of a bandpass filter.

s Discrete wavelet 2 s = 2

Penn ESE 5310 Spring 2023 - Khanna
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Discrete Wavelet Transform

0 The coefficients of W 1s just the band-pass filtered
time-series, where W 1s the wavelet, now viewed as
the impulse response of a bandpass filter.

s Discrete wavelet 2 s = 2

| /EV W, \/ - \/ v, IIIII".,I

Iy <
|'l| .I.I |lll II'l |Ill lll| lIl
l'l 1 I | 1 I | 1 I | I h" (1)

| 1 1
/Swny A(Dl’ly /Z(l)ny (Dny

Penn ESE 5310 Spring 2023 - Khanna
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Discrete Wavelet Transform

0 The coefficients of W 1s just the band-pass filtered
time-series, where W 1s the wavelet, now viewed as
the impulse response of a bandpass filter.

s Discrete wavelet 2 s = 2

| /EV W, \/ - \/ v, IIIII".,I

a

| I} I'l III 1
l'l lIll B I.Il lIll B I.Il IIIll IlIl

] | [
g0, Vao,, ZIO Wy
with
low-pass filter \< ¥, H\. W
/ _—
s .,
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Digital Wavelet as Multirate Filter Bank

0 Repeat recursively!

A

f
-
A /\
‘.} Illlf I".
.III IIIlI f
-
A /\
¥ \ \
Jaxnl ;}inl f
-
)
YAV,
1'-13—{:6{-2|3~-1';------:uz',------kH
AL N -
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/ N\

HP

LP HP
A x
2B
LP[ |HP
¥ ¥
B B

4B
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Digital Wavelet as Multirate Filter Bank

time-series of length N

v(s,t): N/2 coefficients
Y(s,,t): N/4 coefficients
2

¢ v(s,,t): N/8 coefficients
Y(s1,t)
Y(S2,t)

: Y(S3 9t)
Penn ESE 5310 Spring 2023 — Khanna

Total: N coefficients
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Impulse Responses

Cotiflet low pass filter

1.5

1F

05

0F—

-0.5 -

0 2

Coiflet high-pass ﬁlt1er

05F
0
051
At

-1.5 '
0
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Filter Responses

Spectrum of low pass filter

[ (R RSN n
T T

D |

frequency, @

Spectrum of high pass %ﬂter1

3 4 5

[ (8] FSN n
T T T

| | |
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frequency, ®
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I

WY

Ui

Level1Y
coefficients

1 100 200

300

400

500

(256)

T mn

Downsample x2
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300

400

500
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stage 1 - lo
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Stage 1 1o
W Level 2 Y
coefficients
0 50 100 150 200 250 (128)
'stage 2 - hi 1
W\NWM Downsample x2
0 50 100 150 200 250
stage 2 - lo

—

Downsample x2

| | | |
0 50 100 150 200 250

300



5 .

Stage 2 lo
( i
Level 3 Y
5 L | ! . ! ! coefficients
0 20 40 60 80 100 120 (64)

ple x2

0 20 40 60 60 100 120 140

Downsample x2

| |
0 20 40 60 g0 100 120 140



I

Stage 3 lo
I ] -
Level 4 Y
5 - ! - . L L coefficients
0 10 20 30 40 50 B0 (32)
4 1 1 . I 1 1 1
stage 4 - hi
2 F
I
2 ] ] ] ] ] ]
0 10 20 30 40 50 60 70
5 1 1 I 1 | 1
stage 4 - lo

|

|

|

|

|
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|
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g e VAR VAR
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Stagé 4 lo

1

Level 5Y
coefficients
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Stage 5 1o

Level 6 Y
! ! coefficients

5 10 (8)

Stage 6 - hi | | | f
Level 7Y
U coefficients

; 4 (8)

stage 6 - lo

Downsample x2




Puttmg it all together ..

y iiM |L| H#m. iLﬂfﬁlwl;ﬁmM‘Juifu’ll ] m mﬁ "w [ U&W(

y(s;,t)2

short
wavelengths

scale

long
wavelengths

50 100 150 200 250
time, t



: Expanding to Two Dimensions

0 In two dimensions, a 2D scaling
function @ (x,y) and 3 2D wavelet functions

Y (x, y), YY (x, ), P (x, y) are required

a0 We can create these from the 1D scaling and
wavelet functions:

= P(x,y) = Pd(X)P(y)

= P, y) =P (x)d ()
= PV (x,y) = p()Y(y)
= PP (x,y) = Y)Y (y)

Penn ESE 5310 Spring 2023 - Khanna
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Expanding to Two Dimensions

W.(j+ 1, m n) &—

— X hy(—m) — 2I —OWL,,D(j, m,n)
Rows
* hy(—n) — 21 |— (along m)
Columns L
(along n) L *h(—m) — 2 ——@ W,(j, m,n)
Rows
— X hy(—m) — 2| —e Wf(j. m, n)
Rows
* h(—n) 4 2| —
Columns
L *hy(—m) |— 2| ——e@ W (j.m,n)
Rows

W, (j+ 1,m,n)
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W.(j.m, n) Wf(], m, n)
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Expanding to Two Dimensions

Colorado School of Mines

Penn ESE 5310 Spring 2023 - Khanna

Image and Multidimensional Signal Processing

FIGURE7.7 A

four-band split of
the vase in Fig. 7.1
using the subband

coding system of
Fig. 7.5.

a dv

d" dP

a(m,n):
approximation

d¥(m,n): detail in
vertical

d"(m,n): detail in
horizontal

d®(m,n): detail in
diagonal
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Expanding to Two Dimensions

Penn ESE 5310 Spring 2023 - Khanna
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Expanding to Two Dimensions

Penn ESE 5310 Spring 2023 - Khanna
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Big Ideas

0 Wavelet transform

= Capture temporal data with fewer coetticients than STEFT

= Use scaling and translation to get different resolution at
different levels
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Admin

a Project 2
m Due 4/26

0 Final Exam — 5/1

m Covers lec 1-23*

= Doesn’t include lecture 12 (Data converters and noise shaping)

s All old exams online

= Disclaimers: old exams had different coverage for different years

Penn ESE 5310 Spring 2023 — Khanna
Adapted from M. Lustig, EECS Berkeley
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Admin

a TA Ottice hour schedule for Zhihan and Jiyue

= https://edstem.org/us/courses/33619/discussion /2954005
18th (Tue):
= Jiyue He, 10-noon

= Jiyue He, 7-9 pm
19th (Wed):
= Jiyue He, 7-9 pm
24th (Mon):
s Zhihan Xu, 10-11:30 am
25th (Tue):
s Zhihan Xu, 10-11:30 am
= Zhihan Xu, 7-8:30 pm

a0 Shuang and my office hours as usual

Penn ESE 5310 Spring 2023 — Khanna
Adapted from M. Lustig, EECS Berkeley
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