ESE 5310: Digital Signal Processing

Lecture 5: January 206, 2023

z-Transform
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I.ecture Outline

0 Frequency Response wrap-up
a LP filter example

0 z-Transform

= Regions of convergence (ROC) & properties

= z-Transform properties
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LL'TT System Frequency Response

a0 (DT)Fourter Transtorm of impulse response

X[n]=elen 4{ LTI System ]—» y[n]=H(ei®)eiwn

H(e’”) = i hkle '™

k=—OO
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Example: Moving Average

w[n] “window”

sin((N + 1/ 2)60)

sin(a)/Z)

win] <> W(e™)=

—joM/2 Q1
1 win—M/2] <> H(e™) = e sm((M/2+1/2)a))

=S M+l sin(w)/2)
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Example: Moving Average

e 1 ZH (&%)
\\ N

\ N\
7;{-:.;71. 3 = : : : 7T

M=4 H(e™™) = o~ JoM)/2 sin((M/2+1/2)a))

(N=2) M +1 sin(a)/2)
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Example: Ideal LLow-Pass Filter ®

m The frequency response H(w) of the ideal low-pass filter passes low frequencies (near w = 0)
but blocks high frequencies (near w = %)

H(w) 1l —w,. <w<w
W) =
0 otherwise

H(w)
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Example: Ideal Low-Pass Filter

m The frequency response H(w) of the ideal low-pass filter passes low frequencies (near w = 0)
but blocks high frequencies (near w = %)

H(w) 1l —w,. <w<w
W) =
0 otherwise

Hiw)

m Compute the impulse response h[n| given this H(w)

m Apply the inverse DTFT

hln] = / " H(w)ein 2 _ f g Qo T en — Tl wesin(wen)
2T
—TT -

2win T Wen
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Example: Ideal LLow-Pass Filter

m The frequency response H(w) of the ideal low-pass filter passes low frequencies (near w = 0)
but blocks high frequencies (near w = %)

0 otherwise
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Example: Ideal LLow-Pass Filter

m The frequency response H(w) of the ideal low-pass filter passes low frequencies (near w = 0)
but blocks high frequencies (near w = %)

0 otherwise

h(n

]
\oge?®®00ege00%00ge
10 20 30

1
0.5 ﬁ
-30 -20 -

g;udngﬁitg h,,[n]=w,[n—N]-h[n-N]

Penn ESE 5310 Spring 2023 - Khanna

10 0
n



. FIR Design by Windowing

0 Desired filter,
H(e?) = Hy(e?¥) « W (e¥)

0 For Boxcar (rectangular) window

oy _jw%sin(w(M—Fl)/Z)
Wie™) =e sin(w/2)

Hy(e'*) W (e7)] ~|H()]

K

LW(ej“’)HKNd j (N ] ‘l l

Penn ESE 53100 Spring 2023 — Khanna
Adapted from M. Lustig, EECS Berkeley 10




Example: Practical LLP Filter

_ “rreal
. . imag

[ |

N ONME YD N
T FrrTd

-3 -2 -1 0 1
()

0 Pass band smeared and rippled
= Smearing determined by width of main lobe

= Rippling determined by size of side lobes

Penn ESE 5310 Spring 2023 - Khanna
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7z- I'ransform

LY )]
S enn.
00
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7z- T'ransform

0 The z-transform generalizes the Discrete-Time
Fourier Transform (DTFT) for analyzing infinite-
length signals and systems

a Very useful for designing and analyzing signal
processing systems

0 Properties are very similar to the DTFT with a few
caveats

Penn ESE 5310 Spring 2023 - Khanna 13



Reminder: DTEFT Definition

0 The core “basis functions” (I.e eigenfunctions) of
the DTFT are the complex sinusoids e with
arbitrary frequencies w

0 The sinusoids e *® are eigenvectors of LTT systems
for infinite-length signals

00

X(e/”) = E x[kle /", ~T<W<T
k=—0
x[n]——fX(eJ“’)eJ“’”da) —0=p<®©

Penn ESE 5310 Spring 2023 - Khanna
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: Reminder: Frequency Response of LTI System

0 We can use the DTFT to characterize an 1.T1
system

r— H Y

yln] = z[n]*hn| = Z h[n — m] z[m]

m=—00

0 and relate the DTFTs of the input and output

o0

X(w) = Z z[n]e 7“",  H(w)= Z h[n] e7“™

m=—oo m=—o0

Penn ESE 5310 Spring 2023 - Khanna

15



Complex Exponentials as Eigenfunctions

0 Fact: A more general set of eigenfunctions of an
LTT system are the complex exponentials 2", z € C

2" U s H(z)Z"

Penn ESE 5310 Spring 2023 - Khanna
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Reminder: Complex Exponentials

2N = (|z| ejwn)" — |z|nejwn

|z|™ is a real exponential envelope (a™ with a = |z|)

e’“™" is a complex sinusoid

|z| <1

Re(z2"), |z| <1

z 2% X,

0 . . R e LA X T L K
- ll‘ L f“ A " A J
s 10 -5 0 5 10 5

lnon
[ ]
[
®
[ ]
L 2
[ 2
@

Bounded

Penn ESE 5310 Spring 2023 - Khanna

|z| > 1

Re(z"), |z| > 1

_3” vt 8, .’,."3",Y?'lll.}

Unbounded

17



Proof: Complex Exponentials as Eigenfunctions

2" — H +— H(2)Z"

a0 Prove by computing the convolution with input x[n| = z°

Penn ESE 5310 Spring 2023 - Khanna



Proof: Complex Exponentials as Eigenfunctions

2" — H +— H(2)Z"

a0 Prove by computing the convolution with input x[n| = z°

e h[n] — Z SN—Tn h[m] — Z oM =M h[m]
— ( Z h[m] z—m) e
= H(z)z"v

Penn ESE 5310 Spring 2023 - Khanna
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7z- T'ransform

a Define the forward z-transform of x|n] as

o0

X(z) = Z z[n|z™"

n=-—00

0 The core “basis functions” of the z-transform are the
complex exponentials z" with arbitrary z € C; these are the
eigenfunctions of LTT systems for infinite-length signals

0 Notation abuse alert: We use X(®) to represent both the
DTFT X(e) and the z-transform X(z); they ate, in fact,
intimately related

Penn ESE 5310 Spring 2023 - Khanna
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Transter Function of LTI System

0 We can use the z-Transform to characterize an I.T1

system

r— H

_)y

yln] = zn]*hn] =

Z h[n — m] z[m]

m=—00

0 and relate the z-transforms of the input and output

o0

X(z) = Z x[n|z7",

Nn=——0o0

Y(2) =

Penn ESE 5310 Spring 2023 - Khanna

X(z)H(z)

21



/-transform

Penn ESE 5310 Spring 2023 - Khanna

What are we missing?

o0

X(z) = z z[n]z™"

n=—oc

22



/Z-Transform

2N = (Izlejwn)" — |z|nejwn

|z|™ is a real exponential envelope (a™ with a = |z|)

e’“™ is a complex sinusoid What are we missing?

o0
2| <1 —n |z| > 1
X(2) = E z[n| z
Re(z"), |z] < 1 n=—oc Re(z"), |z| > 1
z ?T, .’._._m._._._._.ﬁ_._._. 2 ,.‘ "T?‘ ._T
Sf QAT CsEET e s s L
s -10 -5 0 5 10 15 “s -10 -5 0 5 10 15
T T
Im(z%), |z| <1 Im(z%), |z| > 1
2
%o eTe
m 2% 020y L cseseces ® I3 .
S IRt waerttievwwesteeess ZE R LR Y
-15 -10 -5 0 5 10 15 Sis 10 -5 0 5 10 15
T

Bounded Unbounded

Penn ESE 5310 Spring 2023 - Khanna 23



Region of Convergence (ROC)

SR 4N
S enn.
00
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Region of Convergence (ROC)

Given a time signal z[n], the region of convergence (ROC) of its z-transform
X (z) is the set of z € C such that X(z) converges, that is, the set of z € C such

é that z[n] 27" is absolutely summable
z
E 00
Z lz[n] 27" < oo
n=—0oo

Penn ESE 5310 Spring 2023 - Khanna
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ROC Example 1

m Signal z;[n] = a™u[n], a € C

m Example for a = 0.8

Penn ESE 5310 Spring 2023 - Khanna

(causal signal) Right-sided sequence

zi[n] = a™u[n], a=0.8
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ROC Example 1 ¢

= Signal z,[n] = a™u[n], a € C  (causal signal) Right-sided sequence

m Example for a = 0.8

zi[n] = a™u[n], a=0.8

m The forward z-transform of z;[n]

o oo

Xl(z) = Z :Bl[n]z—"' = Za"z—" — Z(az—l)n — 1 _ zZ

l1—az ! Z— @

n=—o00 n=0 n=0

m Important: We can apply the geometric sum formula only when |az~!| < 1 or |z| > |«|

Penn ESE 5310 Spring 2023 - Khanna
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ROC Example 1

m Signal z;[n] = a™uln|, « € C (causal signal)

ROC ={z: ‘Z‘ > ‘a‘}

m The forward z-transform of z; [n]

o

Xi1(2) = E z1[n] 27" = Za"z”"‘ Z(az‘l)" = l_az—l = zja
n=0

n=—oo

m Important: We can apply the geometric sum formula only when |az~!| < 1 or |z| > |q|

Poles and zeros?

Penn ESE 5310 Spring 2023 - Khanna
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ROC Example 1

0 What is the DTFT of x[n]=a"u|n]?

0

X(e’) = 2 x[kle ", —T<W<T
k=—o
1 o
x[n]l=— | X(e’*)e’"dw, —0 <) <®©
[n] 2~E_f (e”)

Penn ESE 5310 Spring 2023 - Khanna
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{ ROC Example 1

0 What is the DTFT of x;[n|=a"u[n]?

o}

X(e’”) = E x[kle ", —~T<W<T

k=—0
x[n]——fX(eJ‘“)eJ‘””a’a) —0=n<®©

Unit circle
X\ (2) =
zZ—a
pole
ROC ={z: ‘Z‘ > ‘a‘}

= 0]

Penn ESE 5310 Spring 2023 - Khanna 30



: ROC Example 2

0 What 1s the z-transform ot x,[n]? ROC?

xz[n]=(%) u[n]+(—%) uln]

Penn ESE 5310 Spring 2023 - Khanna
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: ROC Example 2

0 What 1s the z-transform ot x,[n]? ROC?

xz[n]=(%) uln] (—%) uln]

" 1
a Hint: %lnl=d"uln]<——

A ROC ={z: ‘z‘ > ‘a‘}

Penn ESE 5310 Spring 2023 - Khanna
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: ROC Example 3 ¢
0 What is the z-transform of x;|n]? ROC?
x,[n]=-a"u[-n-1] X(z) = > amnz"

Penn ESE 5310 Spring 2023 - Khanna

Left-sided sequence

33



: ROC Example 3

0 What is the z-transtorm of x5[n]? ROC?

o0

x,[n]=-a"u[-n-1] X(z) = > amnz"

n=—oo

0 The z-transtorm without ROC does not uniquely
define a sequencel

Penn ESE 5310 Spring 2023 - Khanna



: ROC Example 4

0 What 1s the z-transform ot x4[n]? ROC?

x4[n]=—(%) ul-n-1] (—%) uln]

Penn ESE 5310 Spring 2023 - Khanna
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: ROC Example 4

0 What 1s the z-transform ot x4[n]? ROC?

x4[n]=—(%) ul-n-1] (—%) uln]

two-sided sequence

0 Hint:
x,[n]= a”’u[n]é1 clz —, ROC ={z:
—az
x3[n]=—az”u[—n—l]é1 1 —,  ROC={z:
—az

Penn ESE 5310 Spring 2023 - Khanna

2| fa}

2| <a}
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: ROC Example 5

0 What 1s the z-transform ot xs[n]? ROC?

xs[n]=(%) u[n]—(—%) |-n-1]

two-sided sequence

xl[n]=a"u[n]é1 cll_l, ROC ={z:

—-az

x3[n]=—az”u[—n—l]é1 1_1, ROC ={z:
—-az

Penn ESE 5310 Spring 2023 - Khanna

2| fa}

2| <a}
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: ROC Example 6

o0

X(z) = Z z[n]z™"

n=—oc

0 What is the z-transform of x¢[n]? ROC?

x [n]=a"uln]u[-n+M -1]

Penn ESE 5310 Spring 2023 - Khanna
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: ROC Example 6 X

o0

Z z[n]z™"

n=—oc

0 What 1s the z-transform ot x¢[n]? ROC?
x [n]=a"u[nlu[-n+ M —1]

6

finite length sequence

Penn ESE 5310 Spring 2023 - Khanna
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o0

ROC Example 6 X9 = Y apa| @

n=—oc

0 What 1s the z-transform ot x¢[n]? ROC?

x [n]=a"ulnlu[-n+M -1]

Zero cancels pole

M _-M

-
1

l-a

X (z)=
l—az

| 2wk
= H(l —ae’ 442_1
k=1

Penn ESE 5310 Spring 2023 - Khanna



{ ROC Example 6

o0

X(z) = Z z[n]z™"

n=—oc

0 What is the z-transform of x¢[n]? ROC?

X (z)=

M -M
l1-a" z

l—az
M-1

1

M=100

2k
Zero cancels pole  _ [T0-ae 442_1)

Penn ESE 5310 Spring 2023 - Khanna

k=1
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Properties of ROC

0 For right-sided sequences: ROC extends outward
from the outermost pole to infinity

= HExamples 1,2

a For left-sided: inwards from inner most pole to zero

= Hxample 3

0 For two-sided, ROC 1s a ring - or does not exist
= Hxamples 4,5

Penn ESE 5310 Spring 2023 - Khanna
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Properties of ROC

0 For finite duration sequences, ROC is the entire z-
plane, except possibly z=0, z= (Example 06)

()TT

0

X(z)=1+2z"'4+27% ROC excludes z =0

TTO

0

O
A ~

O
A~

X(2) =1+ 2"+ 2* ROC excludes z = oo

Penn ESE 5310 Spring 2023 - Khanna 43



Formal Properties of the ROC

o PROPERTY 1:

= The ROC will either be of the form 0 <7z < |z]|, 0r |z| <1 <0,
or, in general the annulus, i.e., 0 <y < |z] <7< 0.

o PROPERTY 2:

= The Fourier transform of x[n] converges absolutely if and only if the
ROC of the z-transform of x[n] includes the unit circle.

o PROPERTY 3:

= The ROC cannot contain any poles.

o PROPERTY 4:

w 1t xX|n] is a finite-duration sequence, 1.e., a sequence that is zero except in
a finite interval -00 < N; < n < N, < 0, then the ROC i1s the entire z-
plane, except possibly z = 0 or z = 0.

Penn ESE 5310 Spring 2023 - Khanna
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Formal Properties of the ROC

o PROPERTY 5:

w If xX[n] is a right-sided sequence, the ROC extends outward from the
outermost finite pole in X(z) to (and possibly including) z = .

o PROPERTY 6:

w If xX[n] is a left-sided sequence, the ROC extends inward from the
innermost nonzero pole in X(z) to (and possibly including) z=0.

a PROPERTY 7:

m A two-sided sequence 1s an infinite-duration sequence that 1s neither
right sided nor left sided. If x[n] is a two-sided sequence, the ROC
will consist of a ring in the z-plane, bounded on the interior and
exterior by a pole and, consistent with Property 3, not containing any

poles.
o PROPERTY 8:

= The ROC must be a connected region.

Penn ESE 5310 Spring 2023 - Khanna 45



Example: ROC from Pole-Zero Plot

0 How many possible ROCs?

Im z-plane

Unit circle 1
/’ N\\

/ \

/ \

{ \
I \
i > a3 i 3
\ a birc Re
\ /I

\ 7

Penn ESE 5310 Spring 2023 - Khanna
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Example: ROC from Pole-Zero Plot

ROC 1: right-sided
Im z-plane

Unit circle

Penn ESE 5310 Spring 2023 - Khanna
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Example: ROC from Pole-Zero Plot

ROC 2: left-sided

m z-plane

Unit circle |
/’ N\\
\\ .
/ \
/ \
/ \
%
‘\ \ br ¢ Re
\ /I
\ ’
\\\ ,,

Penn ESE 5310 Spring 2023 - Khanna
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Example: ROC trom Pole-Zero Plot

ROC 3: two-sided
m z-plane

Unit circle

Penn ESE 5310 Spring 2023 - Khanna
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Example: ROC trom Pole-Zero Plot

ROC 4: two-sided
m z-plane

Unit circle

Penn ESE 5310 Spring 2023 - Khanna
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Example: Pole-Zero Plot

a0 H(z) for an L'TT System

Unit circle

Im

z-plane

Penn ESE 5310 Spring 2023 - Khanna

fan
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Example: Pole-Zero Plot

a H(z) for an LTI System
= How many possible ROCs?

s What if system 1s causal?
m z-plane

Unit circle |
/’ - s\\
/ \
/ \
/ \
' o !
> : > i
-2 ‘\ 1/2 Re
\ ,I
) /
\\\ /,

Penn ESE 5310 Spring 2023 - Khanna
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Example: Pole-Zero Plot

a H(z) for an LTI System

= How many possible ROCs?

s What if system 1s stable?
m z-plane

Unit circle |
\ ’ - ~ N
/ N
/ \
/ \
/ \
' o !
> : > i
-2 ‘\ 1/2 Re
\\ ,I
N ,/

Penn ESE 5310 Spring 2023 - Khanna
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Region of Convergence (ROC)

Given a time signal z[n], the region of convergence (ROC) of its z-transform
X (z) is the set of z € C such that X(z) converges, that is, the set of z € C such

é that z[n] 27" is absolutely summable
z
E 00
Z lz[n] 27" < oo
n=—0oo

Penn ESE 5310 Spring 2023 - Khanna
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BIBO Stability Revisited

Co

H(e™)= ") hlkle™™

An LTI system is bounded-input bounded-output (|
input z always produces a bounded output y

=
Q
E
=
TS
w
(@]

bounded z —1 h

o

k=—OO

bounded y

m Bounded input and output means |[|z||o < 0o and [|ylee < 00

h

z(n]
’+,.~.ummTTTTTTTTTh= )
. . . . . Calls

15 10 “ 0 - 10 15
n

y(n]
7 %M_.QTTTTTTTJTT
2 St el SR

Rl =

m Fact: An LTI system with impulse response h is BIBO stable if and only if

o0

Z |h[n]| < oo

n=—oo

Penn ESE 5310 Spring 2023 - Khanna
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Example: Pole-Zero Plot

a H(z) for an LTI System
= How many possible ROCs?

s Stable and causal?
m z-plane

Unit circle |
\ P - ~ N
7 \
/ \
/ \
/ \
I A \
a3 i Za3 t
-2 \ 1/2 1 Re
\\ ,I
\ ,/

Penn ESE 5310 Spring 2023 - Khanna
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z-transform Pairs

TABLE3.1 SOME COMMON z-TRANSFORM PAIRS
Sequence Transform ROC
1. 8[n] 1 All z
1
2. uln > 1
[n] 11— -1 |z]
3. —uf—n — 1] ! ol <1
. —u[—n— Z
1—-2z1
4. §[n —m)] " All z except 0 (if m > 0) or oo (if m < 0)
" 1
5. a"uln] m |z| > |al
1
6. —a”u[—n - 1] m |Z| < |a|
-1
az
7. na"u[n) m |z| > |al
-1
az
8. —na"u[—n — 1] m |Z| < |a|
1 — cos(wp)z L
9. 1
cos(won)uln] 1 —2cos(wp)z—! 4+ z72 Izl >
, sin(wg)z !
10. 1
sin(wonuln] 1 —2cos(wg)z~! 4 z72 el >
1 —rcos(wg)z~!
11. "
" cos(won)uln] 1 —2rcos(wg)z~! 4+ r2z—2 Iz > r
. r sin(w)z !
12. r"
r si(won)uln] 1 —2rcos(wg)z~! +r2z—2 2l > r
13 a", 0<n<N-1, 1—a"z7V¥ 0
10, otherwise 1—az! Izl >

Penn ESE 5310 Spring 2023 - Khanna

57



: Properties of z-Transform

0 Linearity:

ax [n]+bx,[n] <= aX (2)+bX,(2)

0 Time shifting:

x|n]

xln-n,]

| X(2)

<z " X (2)

0 Multiplication by exponential sequence

x[n] <> X(2)

z,x[n] < X(i)

Penn ESE 5310 Spring 2023 - Khanna
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: Properties of z-Transform

0 Time Reversal:
x[n]< X(z2)
x[-n]<> X(z7)
0 Differentiation of transform:
x[n]<= X(z)
dX(z)
dz

nx|n]< -z

o Convolution in Time:
yln]=x[n]*h[n]
Y(z)=X(2)H(2)

Penn ESE 5310 Spring 2023 - Khanna

ROC, at least ROC, AROC,
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z-transtorm Properties

TABLE3.2 SOME z-TRANSFORM PROPERTIES

Property  Section

Number Reference Sequence Transform ROC
x[n] X (2) Ry
x1[n] X1(2) Ry,
x2[n] X2(2) Ry,
1 34.1 axi[n] + bxz[n] aXq1(z) +bX5(2) Contains R, N R,,
2 3.4.2 x[n —ng] 27X (2) R, except for the possible
addition or deletion of
the origin or oo
3 343 zpx[n] X (z/20) |z0| Rx
dX
4 344 nx[n] -z ) Ry
5 345  x*[n] x+ (% R,
1
6 Re{x[n]} E[X () + X*(z*)]  Contains R,
1
7 Im{x[n]} T[X (z) — X*(z")] Contains R,
J
8 3.4.6 x*[—n] X*(1/z%) 1/R,
9 3.4.7 x1[n] * x3[n] X1(2)X2(2) Contains Ry, N Ry,

Penn ESE 5310 Spring 2023 - Khanna
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Big Ideas

0 z-Transform

= Uses complex exponential eigenfunctions to represent
discrete time sequence

s DTFT is z-Transform where zzei‘”’ |z| =1
= Draw pole-zero plots

= Must specity region of convergence (ROC)

0 z-Transform properties
= Similar to DTFT

Penn ESE 5310 Spring 2023 - Khanna
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Admin

2 HW 1 out now
= Due 1/29 at midnight

= Submit in Canvas/Gradescope

a0 HW 2 posted on Sunday

a Jiyue updated office hours location
= In person: T 5-7pm in Towne M70

= [Full details on course webpage

Penn ESE 5310 Spring 2023 - Khanna
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