ESE 5310: Digital Signal Processing

Lecture 6: January 31, 2023

Inverse z-Transform
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I.ecture Outline

0 Inverse z-transform

= Inspection
m Partial fraction

= Power series expansion

0 z-transform of difference equations
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7- Iransform
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7- T ransform

0 Define the forward z-transform of x|n] as

o0

X(z) = Z z[n|z™"

n=—0oo

a0 The core “basis functions” of the z-transform are the
complex exponentials z" with arbitrary z € C; these are the
eigenfunctions of LTI systems for infinite-length signals

0 Notation abuse alert: We use X(®) to represent both the
DTFT X(w) and the z-transform X(z); they are, in fact,
intimately related

Xprrr(w) = X.(2)| = X,(e)

2\Z) | z=eiw
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Region ot Convergence (ROC)

Given a time signal z[n], the region of convergence (ROC) of its z-transform
X(z) is the set of z € C such that X (z) converges, that is, the set of z € C such
that z[n| 2~ is absolutely summable

8
E
Z
T
w
(=)

z lz[n] 27" < oo

Nn=—00
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Example: Pole-Zero Plot

a H(z) for an L'TT System
s How many possible ROCs?

Im z-plane
Unit circle 1
N T
/
/
/
! D %
€ i
-2 \ 1/2 Re
\
\
\\ v
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Example: Pole-Zero Plot

a H(z) for an L'TT System
s How many possible ROCs?

s What if system is causal?

Im z-plane
Unit circle 1
N T
/
/
/
! D %
€ i
-2 \ 1/2 Re
\
\
\\ v
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Example: Pole-Zero Plot

a H(z) for an L'TT System

s How many possible ROCs?
s What if system 1s stable?

Im z-plane
Unit circle 1
NG T
/
/
/
! D %
€ i
-2 \ 1/2 Re
\
\
\\ v
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Reminder: Region of Convergence (ROC) ®

Given a time signal z[n], the region of convergence (ROC) of its z-transform
X (z) is the set of z € C such that X(z) converges, that is, the set of z € C such
that z[n] 27" is absolutely summable

5
=
=
T
w
o
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Reminder: BIBO Stability Revisited

H(e’”)= i W kle /"

An LTI system is bounded-input bounded-output (|
input = always produces a bounded output y

=
Q
E
=
T
w
(=]

boundedz — h

-

k=—OO

bounded y

m Bounded input and output means |[|z||o < o0 and ||y/le < 00

h

z[n]
’{,,,,A.,.,,mmTTTTm,: )
, . . . . Calls

15 10 5 0 5 10 15
n

y([n]
7 f{w'_.q?TTTTT?JTT
2 RN ¢t 4l

Ihll1 =

m Fact: An LTI system with impulse response h is BIBO stable if and only if

o0

Z |h[n]| < oo

n=—oo
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Example: Pole-Zero Plot

a H(z) for an L'TT System
s How many possible ROCs?

m Stable and causal?

Im z-plane
Unit circle 1
N T
/
/
/
! D %
€ i
-2 \ 1/2 Re
\
\
\\ v
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z-transform Pairs

TABLE3.1 SOME COMMON z-TRANSFORM PAIRS
Sequence Transform ROC
1. 8[n] 1 All z
1
2. uln z| >1
[n] T |
3 [ 1] ! lz| <1
. —u[—n — 7|l <
1-z1
4. §[n —m] z " All z except 0 (if m > 0) or oo (if m < 0)
n 1
5. a"uln] m |z| > |al
" 1
6. —a"u[—n —1] m |z] < lal
-1
az
7. na"uln] m |z| > |a|
-1
az
8. —na"u[—n—1 T ——
na"u[—n — 1] a1y |z] < lal
1 — cos(wp)z !
9. 1
cos(won)u[n] 1 2cos@y)z-1 1 22 |z| >
) sin(wp)z !
10. sin 1
(@om)uln] 1 —2cos(wg)z~ ! 4+ 772 Izl >
1 — rcos(wg)z !
11. r" cos
’ (wormuln] 1 —2rcos(wg)z=! +r2z—2 Izl >r
) r sin(wg)z !
12. "
r sin(womu(n] 1 —2rcos(wg)z=! +r2z2 Izl > r
13 a", 0<n<N-1, 1—aVz7V 0
" 10, otherwise 1—az1 lz] >

Penn ESE 5310 Spring 2023 - Khanna
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: Properties of z-Transform

0 Linearity:

ax [n]+bx,[n]<>aX (z)+bX, (z)

0 Time shifting:

x|n]

xln-n,]

<= X(2)

<z " X (2)

a0 Multiplication by exponential sequence

x[n]< X(2)

z,x[n] <> X(i)

Penn ESE 5310 Spring 2023 - Khanna
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: Properties of z-Transform

0 Time Reversal:
x[n] <> X(z)
x[-n] <> X(z7)
0 Differentiation of transform:
x[n] <> X(z)
dX(z)
dz

nx|n]<> -z

0 Convolution 1in Time:
yln]=x[n]* h|n]
Y(z)=X(2)H(z)

Penn ESE 5310 Spring 2023 - Khanna
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z-transtorm Properties

TABLE3.2 SOME z-TRANSFORM PROPERTIES

Property  Section

Number Reference Sequence Transform ROC
x[n] X(2) Ry
x1[n] X1(2) Ry,
x2[n] X2(2) R,

1 34.1 axi[n] + bxp[n] aXq1(z) +bX7(2) Contains R,; N Ry,

2 342 x[n — ng] 727X (2) R,, except for the possible
addition or deletion of
the origin or co

3 343 zpx[n] X (z/z0) |z0| Rx

4 344 nx(n] _HE R

5 345  x*[n] x* (% R,

6 Re{x[nl} %[X(z) + X*(z*)]  Contains R,

7 Im{x[n]} Zij[X (z) — X*(z*)] Contains R,

8 3.4.6 x*[—n] X*(1/z%) 1/R,

9 3.4.7 x1[n] * xp[n] X1(2)X2(2) Contains Ry, N Ry,

Penn ESE 5310 Spring 2023 - Khanna
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Inverse z-Transform

Penn



Inverse z-Transform

0 Recall the inverse DTEFT

aln] = [ X@etn 32

Penn ESE 5310 Spring 2023 - Khanna
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Inverse z-Transform

0 Recall the inverse DTFT
m . dw
— Jwn
z(n] /_ ] X(w)e -

0 There 1s a similar formula for the inverse z-
transform using a contour integral

zn| = fX(z "72’”2

a Contour integrals are fun but beyond the scope of

this course!

Penn ESE 5310 Spring 2023 - Khanna
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Inverse z-Transform

a0 Ways to avoid it:
= Inspection (known transforms)
= Properties of the z-transform
= Partial fraction expansion

= Power series expansion

Penn ESE 5310 Spring 2023 - Khanna
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/-Transform Pairs

TABLE3.1 SOME COMMON z-TRANSFORM PAIRS
Sequence Transform ROC
1. 8[n] 1 All 7
1
2. uln] = lz] > 1
3 1 ! 1
. —u[—n —1] p— lz| <
4. 8[n —m] " All z except 0 (if m > 0) or oo (if m < 0)
n 1
5. a"uln] m |z| > |al
1
6. —a"u[—n —1] _— |z| < |al
1—az!
n aZ_l
7. na"uln] m |z| > |al
n az_l
8. —na ul—n — 1] m |Z| < |a|
1 — cos(wp)z !
9. 1
cos(won)uln] 1 —2cos(wg)z=! +z72 l2l >
. sin(wg)z ™!
10. 1
sin(woruln] 1 —2cos(wp)z=! +z72 l2l >
11. " cos(ewon)uln] 1 —rcos(wp)z~! 2|
. r won)u(n >r
0 1 —2rcos(wp)z=! +r2z2 ¢
. rsin(wg)z !
12. r"sin
d (womuln] 1 —2rcos(wp)z™t +r2z72 =
n _ 1— N_—N
13, )@ 0=sn=N—-1, 1za'z 2l > 0
0, otherwise 1—az!

Penn ESE 5310 Spring 2023 - Khanna
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/-Transform Properties

TABLE 3.2 SOME z-TRANSFORM PROPERTIES

Property Section

Number Reference Sequence Transform ROC
x[n] X(2) R,
x1[n] X1(2) Ry,
x2[n] X2(2) Ry,
3.4.1 axi[n]+ bxz[n] aX (z) +bX2(2) Contains R,, N Ry,

2 342 x[n —ng] 727X (2) R, except for the possible
addition or deletion of
the origin or co

3 343 zpx[n] X(z/z0) |zo| Rx

4 344 nxln] _22w R.

5 345 x*[n] x5 R,

6 Re{x[n]} %[X(z) + X*(z*)]  Contains R,

7 Imix[n]} %[X(z) — X*(z")] Contains R,

8 3.4.6 x*[—n] X*(1/z%) 1/R,

9 3.4.7 x1[n] * x2[n] X1(2)X72(2) Contains Ry, N Ry,

Penn ESE 5310 Spring 2023 - Khanna
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Partial Fraction Expansion

0 let

0 M zeros and N poles at nonzero locations

Penn ESE 5310 Spring 2023 - Khanna
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Partial Fraction Expansion

Penn ESE 5310 Spring 2023 - Khanna
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Partial Fraction Expansion

0 If M<N and the poles are 1% order

H(l—ckz_l) v
X(z)= bO k;l _ E 4,
0 oy ki l-d z”!
| Ja-a.:z" k
k=1
0 where
A =(1-d,z7)X(z)
z=d

k

Penn ESE 5310 Spring 2023 - Khanna
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Example: 2nd-Order z-Transform

0 28d-order = two poles

X(z)=

Penn ESE 5310 Spring 2023 - Khanna
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Example: 2nd-Order z-Transform

0 28d-order = two poles

X(z)=

Penn ESE 5310 Spring 2023 - Khanna
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Example: 2°¢Order z-Transform

0 28d-order = two poles 4 =(1-d,z7)X(2) z=d
| . l< z
1 l—lz-l ]—lz-l ’ ROC={Z 2 H}
4 2
| (1_52_1)
141=(1—ZZ_ )X(Z) - 1 1 -
z= — 7! -~z
ve 4Z iS ZZ )z=1/4
| -
. (1—52 )
A2=(1—§Z )X(z)] = 1 1 -
z= — 7! -~z
v 4Z iS 2Z )Z=1/2

Penn ESE 5310 Spring 2023 - Khanna 28



Example: 2nd-Order z-Transform

0 28d-order = two poles

Penn ESE 5310 Spring 2023 - Khanna
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Example: 2nd-Order z-Transform O

0 28d-order = two poles Right sided
\
X(z)= - + 2 : ROC =1z: l<‘Z‘
i) ) |
l-—z l-—z
4 2

1
5. a"u(n) E—— 1z] > |al

1“(1(,

Penn ESE 5310 Spring 2023 - Khanna



Example: 2nd-Order z-Transform

0 28d-order = two poles Right sided

\

X(z)= - + 2 : ROC =1z: l<‘Z‘
1 4 1 4 2
l-—z l-—z
4 2
5. a"uln) T :zz“' 1z] > |al
x|n]=- 1 uln]+2 1 nu[n]
4 2

Penn ESE 5310 Spring 2023 - Khanna
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: Partial Fraction Expansion

a It M=N and the poles are 1% order

DB
X(z)= ) Bz "+ K
r=0 k=1 1- de 1

a0 Where By is found by long division and
A =(1-d,z7)X(z)

Z=dk

Penn ESE 5310 Spring 2023 - Khanna
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Example: Partial Fractions

0 M=N=2 and poles are first order

1+2z7  + 272
X(z)= : ROC=1z: 1<|z
1—32_1+;2_2 { ‘ ‘}

Penn ESE 5310 Spring 2023 - Khanna
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Example: Partial Fractions

0 M=N=2 and poles are first order

142z 4272

X(z) = . ROC = {z:

l—éz_1 +lz_2

2 2

142z 4272

1 B
(1-2z7H-2")

X(z)=B+———+—=
z

Penn ESE 5310 Spring 2023 - Khanna
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Example: Partial Fractions

0 M=N=2 and poles are first order

X(z)=B,+ — ROC={ZI 1<‘Z‘}
1_12-1 -z
2

1 3 £
e 1)2_2 +2z7141

2 2 " .
z =3z +2

_1
~1+5z7" bz -l

X(z)=2+ 1
(1-52-1)(1-2-1)

Penn ESE 5310 Spring 2023 - Khanna
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Example: Partial Fractions

0 M=N=2 and poles are first order

— 1 — .
X(z)=B,+ 1 +1_2_1, ROC—{Z. 1<‘Z‘}
{1 - z
2

~1+5z7" _ 4 4

1 ~1 ~1 1 -1 1—2_1
l-—z")(1-z l-—=z
(1-22X ) 5

Penn ESE 5310 Spring 2023 - Khanna
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Example: Partial Fractions

0 M=N=2 and poles are first order

X(z)=2- ? +1_82_1, ROC={Z: 1<‘Z‘}
1—52
x[n]=20[n]- 9(%) uln]+8u[n]

Penn ESE 5310 Spring 2023 - Khanna

37



Power Series Expansion

0 Expansion of the z-transform definition

o0

X (z)= z x[n]z™"

n=—OO

=t x[=2]z7 + [~ 1]z + x[0]+ x[1]z " + x[2]z 7% +- -

Penn ESE 5310 Spring 2023 - Khanna
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Example: Finite-Length Sequence

0 Poles and zeros?

X(z)=z" (1—%2_1)(1+2_1)(1—2_1)

Penn ESE 5310 Spring 2023 - Khanna
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Example: Finite-Length Sequence @

0 Poles and zeros?

X(z)= z* (1—%2_1)(1+2_1)(1—2_1)
=z —lz—1+lz_1

% 2
X(z)=§x[n - \ \

=t x[=2]27 + X[~ 1]z + x[0]+ x[1]z 7" + x[2]z 7% +---

Penn ESE 5310 Spring 2023 - Khanna 40



Example: Finite-Length Sequence

0 Poles and zeros?

X(z)= z* (1—%2_1)(1+2_1)(1—2_1)

=22—lz—1+12_1

2 2

1, n=-2
~1/2, n=-1
x[n]l=1 -1, n=0 =5[11+2]—15[n+1]—6[n]+15[n—1]
/2, n=1 2 2

0, else

Penn ESE 5310 Spring 2023 - Khanna 41



Example: Finite-Length Sequence

0 Poles and zeros?

X(z)= z* (1—%2_1)(1+2_1)(1—2_1)

=22—lz—1+12_1

2 2

1, n=-2
~1/2, n=-1
x[n]l=1 -1, n=0 =5[11+2]—15[n+1]—6[n]+15[n—1]
/2, n=1 2 2

0, else

4. dln — m)

Penn ESE 5310 Spring 2023 - Khanna
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Reminder: Ditference Equations

0 Accumulator example

y[n] = X[Vl] + E x[k] Onz-slaz:;\plc

fk=—0o0
yln]=x[n]+ y[n-1]
yln]=yln-1]=x[n]

vin-1]

Eaky[n - k]= 2 b x[n-m]
k=0 m=0

Penn ESE 5310 Spring 2023 - Khanna
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Ditterence Equation to z-Transtorm

k=0

N a M b
nl==Y1=£ |yln-k]+ Y | -2 |x[n-m]

k=1 aO m=0 aO

0 Difference equations of this form behave as causal
L'TT systems
= when the input is zero prior to n=0

= Initial rest equations are imposed prior to the time when
input becomes nonzero

s ie y[N]=y[N+1]=...=y[-1]=0

Penn ESE 5310 Spring 2023 - Khanna
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Ditterence Equation to z-Transtorm

iaky[n k= ibmx[n—m]

k=0

Q

R

=0\ 4 m=0

Penn ESE 5310 Spring 2023 - Khanna
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: Difference Equation to z-Transform

Penn ESE 5310 Spring 2023 - Khanna
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Example: 1**-Order System

yln]=ay[n-1]+x[n]

Penn ESE 5310 Spring 2023 - Khanna

N

2

k=0

yln-k]= E b x[n-m]

H(z)=22

N

2 ()

3 (5)

-k
z

-k
Z

b
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Example: 1**-Order System @

by
lz

H(z)= —
l-az

aOT '\al

Penn ESE 5310 Spring 2023 - Khanna

Eaky[n —-k]= Z b x[n-m]
k=0 m=0

H(z)=22

N

2a)

X

-k
z

-k
Z

b




Example: 1**-Order System

h[n]=a"u[n]

Penn ESE 5310 Spring 2023 - Khanna

N

2

k=0

a yln-k]= E b x[n-m]

H(z)=22

N

2 ()

0

3 (5)

-k
z

-k
z

b

Why right sided?




S-Plane

a s=o+)82

0 Wolfram Demo

Im(s]

Rels]
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Real (red) and imaginary (blue) components of e
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S-plane and stability

- iNCHER |

A 3('.~.")J Q

W

< stable region
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unstable region —>
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S-Plane Mapping to Z-Plane

j‘Q
x 1P
- S
-a
X —+-b
v
s-plane z-plane

Penn ESE 5310 Spring 2023 - Khanna

radius=e-' cos(bt,)

'\ bt,
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S-Plane Mapping to Z-Plane

0 Interactive Demo

-50.00 1 ] ' 1 |
-50.00 -33.33 -16.67 0.000 16.67  33.33 50.00

Real Part [rad/s]

-1.20 5 I 1 | 1
-1.20 -0.800 -0.400 -0.000 0.400
Real Part [rad/s]

The scope shows the system response to a step. The scope is clickable & draggable - interactive demo is here.

Reset | Y-auto CurA CurB Settings:
Time domain plot Sampling Period "Ts":
1.42 - —
(-] 00535/ ++
1.18 - o
0.947 -
Continuous: Discrete:
0.710 -
Pole1: -12.39-31.57j Pole1: -0.06-0.51j
s Pole 2: -12.39+31.57 j Pole 2: -0.06 + 0.51 ]
0.237 - wn: 33.91rad/s
zeta: 0.37 Period T: 0.053 s

0+ 0 < zeta < 1, underdamped system

1 1 1 1 1 1 1 1
0.125 0250 0375 0500 0.625 0.750 0.875 1.000
Time [s]

0 https://controlsystemsacademy.com/0003/0003.html
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Big Ideas

a z-Transform properties
= Similar to DTFT

0 Inverse z-transform
s Avoid it!

= Inspection, properties, partial fractions, power series
0 Ditfference equations easy to transform

0 S-plane to Z-plane mapping

= Poles map directly. Zeros don’tl More later...

Penn ESE 5310 Spring 2023 - Khanna
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Video Example

> »l o) 0:7(7)777./2;'10

a https://www.youtube.com/watch?v=ByTsISFXUoY

Penn ESE 5310 Spring 2023 - Khanna
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Admin

o HW 2 out due Sunday 2/5 at midnight

= Double check that your submission by viewing it!
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