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Polyphase Decomposition and Multi-rate
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I.ecture Outline

0 Multi-Rate Filter Banks

0 Polyphase Decomposition

0 Haar Filter Example
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Expander and Compressor

_’[ s ]" _’[ M J" not LTI!
“expander” “compressor”
Upsampling Downsampling
-expanding in time -compressing in time
-compressing in frequency -expanding in frequency

Penn ESE 5310 Spring 2024 - Khanna



Interchanging Operations - Summary

Filter and expander Expander and expanded filter*

(il b)) i
(Bl ol (pa) i

Compressor and filter  Expanded filter* and compressor

*Expanded filter = expanded impulse response, compressed freq response
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Interchanging Operations - Summary

Compressed filter* and expander Expander and filter

snlpc > 1L }ouln] = alni{ 1L (i o o
:v[n]—{ lM]—>@z"€> >y(n/ :v[n y[n]

Compressor and Compressed filter* Filter and compressor

*Compressed filter = compressed impulse response, expanded freq response
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Motivation

0 Multirate DSP finds application in communications,
speech processing, image compression, antenna
systems, analog voice privacy systems, and in the
digital audio industry to enable efficient processing

= subband coding of waveforms

= VOICe privacy systems

= integral and fractional sampling rate conversion (such as
in digital audio)

= digital crossover networks

= multirate coding of narrow-band filter coefficients.

P. P. Vaidyanathan, "Multirate digital filters, filter banks, polyphase networks, and applications: a tutorial,"
in Proceedings of the IEEE, vol. 78, no. 1, pp. 56-93, Jan. 1990, doi: 10.1109/5.52200.
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: Example: Arrhythmia Detection

| :ﬁ. ------- . ’ . : mm
1 G e @ g Disgnosisal
| . XXXX+++++++4+ @ D i Arrhythmia
:, .. ‘ ::::x++++++++ o~ o 'AJ Type-1
1 e o RRXEXX < ! LA_AAs

. B L\ e

ECG Signal o : ;
| o mqmn;ymm Based Cllsswlﬂnc: g (O VO S
| u |
y | Processing - Coefficients Selection = Pa;t:::'-::lnd :w

Multirate Processing with Selective Subbands and Machine Learning
For Efficient Arrhythmia Classification
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Multi-Rate Filter Banks

a Use filter banks to operate on a signal differently in
different frequency bands

= To save computation, reduce the rate after filtering
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Multi-Rate Filter Banks

0 Use filter banks to operate on a signal differently in
different frequency bands

= To save computation, reduce the rate after filtering

0 hy[n] 1s low-pass, hy[n] 1s high-pass
s Often hy[n]=e™hy[n] € shift freq resp by ©

m[n]— ho[n] —> l2 > 21 —>( go|n| >\,
N | s = f—\%“/@

-
-
N
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Multi-Rate Filter Banks: Analysis

a Assume hy, h; are ideal low/high pass with ©c=n/2

)
a:[n]\»l ho[n] — |2 }—>
"l hi[n] — |2 >

—/
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Multi-Rate Filter Banks: Analysis

a Assume hy, h; are ideal low/high pass with ©c=n/2

~analysis
z|n| ho[n] ;E\ > _/\A/\W >

\ C —
"l hi[n] —>E >
X (e?%) t
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Multi-Rate Filter Banks: Analysis

a Assume hy, h; are ideal low/high pass with ©c=n/2

~analysis
z|n| \»l ho[n] >E
DD
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Multi-Rate Filter Banks: Analysis

a Assume hy, h; are ideal low/high pass with ©c=n/2

x[n] : l ho[n] > lz q <_>[ ho[n]: :: lzj >
\ (:)\ "I hi[n] :? >
"l hi[n] |—> l2 > —
\ ) - 7 N
~ o — ho[n]\ o l2\ >
Lo
- Swapped! "
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Multi-Rate Filter Banks: Analysis

a Assume hy, h; are ideal low/high pass with ©c=n/2

———andlysls

~N

x[n] : l ho[n] q lz > <_>[ ho[n]: :: lzj >
N\ p— N o] }—{ 2}
"l hi[n] —> l2 > D
\ ) - ’ N
L y . ho[n]\ :r lz\ .
o~
hl[n] :\E >
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Swapped!

A
PAVAN
AL,
AL,

Have to be
careful with
order!
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Multi-Rate Filter Banks: Analysis

a Assume hy, h; are ideal low/high pass with ©c=n/2

~analysis
z|n| \»l ho[n] >E
DD
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Multi-Rate Filter Banks: Synthesis

0 Assume gy, g; are ideal low/high pass with w-=r/2

Penn ESE 5310 Spring 2024 - Khanna
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Multi-Rate Filter Banks: Synthesis

0 Assume gy, g; are ideal low/high pass with w-=r/2
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Multi-Rate Filter Banks: Synthesis

0 Assume gy, g; are ideal low/high pass with w-=r/2
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Multi-Rate Filter Banks: Synthesis

0 Assume gy, g; are ideal low/high pass with w-=r/2
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/

— y[n]

> ZT go[n] —>@
— = Va
> 24 gi[n]
— —
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Multi-Rate Filter Banks: Synthesis

0 Assume gy, g; are ideal low/high pass with w-=r/2

— y[n]

—> ZT 5! go[n] —>@
— = Va
—> ZT | g1[n]
— —
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: Multi-Rate Filter Banks

A hy, hy are NO'T ideal low/high pass

~analysis
:c[n] N >l ho[n] >E
G0
X))
p— I 7T_’

Penn ESE 5310 Spring 2024 - Khanna
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Non Ideal Filters

A hy, hy are NO'T ideal low/high pass

~analysis

)
x[n]\»[ ho[n] —{ |2 }—>
"l hi[n] }—> l2 >
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O Non Ideal Filters

A hy, hy are NO'T ideal low/high pass

~analysis
zn] —{ holnl —{ |2 - _M

\"l hl[n]—>£))

e

Penn ESE 5310 Spring 2024 - Khanna 23




Non Ideal Filters

A hy, hy are NO'T ideal low/high pass

~analysis
zn] —{ holnl —{ |2 - _M

\ C —
5‘l hi[n] —>E >

X (&%)
LA = e\
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O Non Ideal Filters

A hy, hy are NO'T ideal low/high pass

~analysis
zn] —{ holnl —{ |2 - _M

A (5, WAV

X () X(e*)

Y SN N
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Non Ideal Filters

A hy, hy are NO'T ideal low/high pass

~analysis
zn] —{ holnl —{ |2 - _M

Co-(- ey

X () X(e*)

W~ N
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Non Ideal Fil

ters

ooy

=
B

/

Stuff

o/
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synthesis

—>

>

A S

oN——
Y

go[n]

gi[n]

~(H)
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Non Ideal Filters

~ analysis . synthesis

A — yn]

\-»l ho[n] - >@—> go[n] —>(+ >
(A A SE— /
ﬂ hi[n] >:§f:yL+> gi[n]

l

l

X (&%)

DN
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Non Ideal Filters

~ analysis . synthesis

o D — Y[R
> 2T —> go[n] >

(B A
> 21 | giln]

— A
N

l

/
‘:-H :r\
— || =
B &
GJ
(\®)
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Perfect Reconstruction non-Ideal Filters

analysis p synthesis
) o T G Y
z|n| —> hon] —{ |2 > 2} | goln] >
\_{: — | Swff | —X i — /@
\| hi[n] —{ |2 > 24—~ 2i[n]
. ;Jj \;) : —/
V() = [Go(e)Ho(e) +Gi (™) Hy ()] X ()

1 . . . . .
_‘_5 [Go(ew)Ho(e?(‘*’_”)) + Gl(ej‘“)Hl(e?(‘*’_”))} X (edw=m)

T aliasing

need to cancel!
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: Quadrature Mirror Filters

~ analysis

z|n| <—>| ho[n] —>E

Stuff

—
"I hi[n] }—> l2
—

- J

Quadrature mirror filters

H1 (Gj:w)
G()(Bj.w)
G1(e?¥)

Penn ESE 5310 Spring 2024 - Khanna

p synthesis
— Y
> 2T ——>{ go[n] —>@
S NS—
oven N R /
> 24—~ 2i[n]
\k_) A S
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Perfect Reconstruction non-Ideal Filters

V() = [Go(e)Ho(e™) +Gr(e™)H ()] X()

1 | . . . .
+5 | Go(e) Ho (7 ™™) + Gi (%) Hy (7)) | X (7))

T aliasing
need to cancel!

Hi(e7) = Hy(e/@™™)
Go(ejw) = 2H0(6jw)
Gl(ej“") = —2H1(ej°")
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® Haar Filter Example

ho[n] hi[n]
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Ho(ej(w—ﬂ))
2H0(6jw)
—2H1 (ejw)

80[11]_

gi[n]

—_—
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Polyphase Decomposition

a The polyphase decomposition of a sequence 1s
obtained by representing it as a superposition of M
subsequences, each consisting of every M™ value of
successively delayed versions of the sequence

a0 When this decomposition is applied to a filter
impulse response, it can lead to etficient
implementation structures for linear filters in several
contexts

Penn ESE 5310 Spring 2024 - Khanna
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Polyphase Decomposition

a0 We can decompose an impulse response (of our

filter) to M smaller impulse responses hy for
k=0...M-1

M—1
hin] = ) hiln — Kl
k=0

Penn ESE 5310 Spring 2024 - Khanna
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Polyphase Decomposition

a0 We can decompose an impulse response (of our

filter) to M smaller impulse responses hy for
k=0...M-1

M—1
hin] = ) hiln — Kl
k=0
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Polyphase Decomposition

0 We can decompose an impulse response (of our

filter) to M smaller impulse responses hy for
k=0...M-1

M—1
hin] = )  hi[n — k]
k=0
M=2 ho[n]




Polyphase Decomposition

hy[n] _.[ M } ex[n]

ex|n| = hx|nM|

ho[n]
M=2 f T T
T
hl[n
A O o
O T
© o———©O o .
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Polyphase Decomposition

hio|n] _.[ M } ex[n]

ex|n| = hx|nM]

e [n] eo(n| 4
M=2 ¢ |
hl [nz o . eq [n] .

Q

T ’ Q

O

£
A4 =4 -
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o Polyphase Decomposition

ex || —»[ ™ ]—» hi[n]
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o Polyphase Decomposition

ex || —»[ ™ J—» hi[n]

recall upsampling = scaling

Hy(z) = Ep(2™)

Also, recall: M—1
hin] = )  hi[n — kK]
k=0
So, [ M-1 ’
H(z) = Ep(zM)z~k
- k=0 J
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Polyphase Decomposition

M—1
H(z)= Y Ep(zM)z7"
k=0

s

z[n)| > Eo (M)
z_lv >
—|E; (M) — y[n]
z_lv ~

Penn ESE 5310 Spring 2024 - Khanna
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Polyphase Implementation of Decimation

slnk{t (2)>ylnl+{ M | win] = yln]

0 Problem:

= Compute all y[n] and then throw away -- wasted
computation!

Penn ESE 5310 Spring 2024 - Khanna
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Polyphase Implementation of Decimation

slnk{t (2)>ylnl+{ M | win] = yln]

0 Problem:

= Compute all y[n] and then throw away -- wasted
computation!

s For FIR length N = N multiplications/unit time

Penn ESE 5310 Spring 2024 - Khanna
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Polyphase Implementation of Decimation

slnk{t (2)>ylnl+{ M | win] = yln]

—yln) (M > wln

Penn ESE 5310 Spring 2024 - Khanna
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Polyphase Implementation of Decimation

olnk>{t (2)>ylnl{ M | wln] = yln]
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Polyphase Implementation of Decimation

rr/ \ ' - . [ . al

Y e

z(n| > Eo(zM)— |M
el T ;)\
z—lv_':@_' ‘ _> w[n]
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Polyphase Implementation of Decimation

[ "rr/ \l ' .ui

[

T {
—1¢ i L}\
o

Penn ESE 5310 Spring 2024 - Khanna

48



Polyphase Implementation of Decimation

[ "rr/ \l ' .ui

[

-
—1¢ i L}\

CERm
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Polyphase Implementation of Decimation

olnk>{t (2)>ylnl{ M | wln] = yln]
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Polyphase Implementation of Decimation

olnk>{t (2)>ylnl{ M | wln] = yln]

Each filter computation:
-N/M multiplications

Total computation:
-M filters
>N mults??
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Polyphase Implementation of Decimation

olnk>{t (2)>ylnl{ M | wln] = yln]

Each filter computation:
-N/M multiplications

-1/M rate per sample
:c[n] 1] * (M —’EO(Z)\TN/M*(UM) mults/unit time
MY (D
By (20— uln]
Z_l

Total computation:
-M filters
—->N/M mults/unit time
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Polyphase Implementation of Decimator

interpolator

decimator

a:[n]-—»[ 1L H

gain=L

LPE )

\

{#f’ﬂi}{w}

7w/L J
z|n] IM —{Eo(2) /

Penn ESE 5310 Spring 2024 - Khanna
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: Polyphase Implementation of Interpolation

interpolator decimator
4 N
T [n]-—»[ TL H gain=L I >[ LPF H lM ]__>
/L J W/M
N _/
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® Haar Filter Example

ho[n] hi[n]
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Ho(ej(w—ﬂ))
2H0(6jw)
—2H1 (ejw)

80[11]_

gi[n]

—_—
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Polyphase Filter Bank

<

analysis
SR
x[n]@ > 2 — i
—
. )
hi[n] — 12— a/n]
——/
analysis
SRR SR
m[n]—» l2 3| coo[n]
—1 ——— ——
2 | —
l2 5| ¢co1[n]
— —
SRR SR
,1,2 | cio[n]
1 ———/ ———
z M) G
l2 —>| ¢11[n]
———/ ———

Penn ESE 5310 Spring 2024 - Khanna

pln]

q/n]
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Polyphase Decomposition

hi 1) —»[ M J—» e |1/

exn| = hx|nM]
eo[n] 4

e — [

O

(T i,

n ’ 0] T
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Polyphase Filter Bank

o) )

€01

€10

analysis
M)
12— pJ
—
. )
hi[n] —> l2 — q/[n]
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<

analysis
SRR SR
l2 ——| coo[n]
—— —
M) SR
l2 5| ¢co1[n]
— -
) )
,1,2 | cio[n]
—— —
— ——
l2 —>| ¢11[n]
—/ ———

pln]

q/n]
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Polyphase Filter Bank

analysis
M)
x[n]@ > 2 — i
=
hi[n] — 12— a/n]
N/
z_lL
€00 ho[Qn]
€01 ho [QTL -+ 1]
€10 eoo 1] 51
€11 —601[n]
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analysis
) )
l2 ——| coo[n] —»?i[n)]
— —
M) M)
l2 5| ¢co1[n] >
— —
— q/n]
,1,2 — eOo[n]
—— ~——
SR
12— -ey[n] —
—/ ——
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Polyphase Filter Bank

analysis
) )
x[n]—» ,1,2 ——| coo[n]
—1 — —
< I ) AT
l2 ——| co1[n]
N/ ——

€00 E— ho[Qn]
€1 = ho[QTL—}—l]

€10 = eoo[n]

€11 = —601[n]
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Big Ideas

0 Multi-rate systems enable more efficient processing
= Interchanging Operations

= Polyphase Decomposition

s Multi-Rate Filter Banks ofni—{H @)L ) ol
I o)

z[n] » M —{Eo(2)
z_lv Pr— \_/\
A )
L UM EG) — win]
z v ~
~1
yA ) )
L» M » Ey1(2)
— synthesis
24 > go[n] '—»y ]
2} +—| ailn]
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Admin

a HW 4 due Sunday
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