ESE 5310: Digital Signal Processing

Lecture 14: March 19, 2024

Generalized Linear Phase Systems
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Filter Specitications

|H(eiw)|
1434,

_ -7 \\
1-9p, I\ |
I\ |
| \\ |

Passband : Transition : Stopband

| N
| N
| N
8 | AN
— I r
0 W, )
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Generalized Linear Phase

a0 An LTI system has generalized linear phase if
frequency response H(e’”) can be expressed as:

H(e™”)= A(w)e 7“7,

a)‘<7z

0 Where A(w) is a real function.

0 What 1s the group delay?
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Reminder: Moving Average

0 Moving Average Filter
] CﬂUSﬂl: M1:O, MZZM

x[n-M]+...+x|n]

yln]=

M +1

Impulse
response
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Reminder: Moving Average

w[n] “window”

sin((N + 1/ 2)60)

sin(a)/Z)

win] <> W(e™)=

Scaled &Time
Shifted window

1 jor o~ JoM/2 sin((M/2+1/2)a))
M+1W[n_M/2] e M +1 sin(a)/Z)
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Reminder: Moving Average

[H ()]
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Causal FIR Systems

yln]l= byx[n] + bx[n—1] +...+ byx[n—M], alln
M
H(z) =b, +bz .. +b,z Y = OH(I —ckz_l)
k=1
(bn, n=0,1,..M
h[n]=-

0, otherwise
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® Causal FIR Systems

0 Causal FIR systems have generalized linear phase if
they have impulse response length (M+1) and some
symmetry

0 It can be shown if

hin] = hiM —n], 0<n<M,
10, otherwise,
0 then

H(e!?) = A (e!®)e /oM/2
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Reminder: Moving Average

0 Moving Average Filter
] CﬂUSﬂl: M1:O, MZZM

x[n-M]+...+x|n]

yln]=

M +1

Impulse
response
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10



Causal FIR Systems

0 Causal FIR systems have generalized linear phase if
they have impulse response length (M+1)

0 It can be shown if

hin] = hlM —n], 0<n<M,
= 0, otherwise,

0 Then
H(e!?) = A (e/®)e /M2,

0 Sufficient conditions to guarantee GLP, not
necessary
= Causal IIR can also have GLP

Penn ESE 5310 Spring 2024 - Khanna
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FIR GLP Systems

0 Four types of FIR GLP
B Type I

= Hven Symmetry, M even

L Type 11
= Even Symmetry, M odd

= Type III
s Odd Symmetry, M even

L Type v
s Odd Symmetry, M odd

Penn ESE 5310 Spring 2024 - Khanna
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: FIR GLP: Type I

Type I Even Symmetry, M even

hinl|=hM —-n], n=0,1,.,M

Center of
r‘"/ symmetry
I
M M=4

2

Penn ESE 5310 Spring 2024 - Khanna
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®: FIR GLP: Type I

Type I Even Symmetry, M even

hinl|=hM —-n], n=0,1,.,M ,Conerof

M .
Then H(e’*)=Y h[nle ™ = A(w) e /™"
integer delay

n=0 Real,Even

14
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: FIR GLP: Type I — Example, M=4

Type I Even Symmetry, M even
hinl|=hM —-n], n=0,1,.,M

M
Then H(eja)) = Zh[n]e_fw” — A(W) e—ja)M/Z
n=0 Real, Even " integer delay

H(e’®) = h[0]+ A[1]e 7® + h[2]e *® + h[3]e /*? + h[4]e /*®
= ¢ 2 [ W0}’ + h{1]e’ + h[2]+ {1l 7 + h{0]e />* ]

=[2h[0]cos(2w) + 2h[1]cos(w) + h[2]] e /29
A(a))feven)

Penn ESE 5310 Spring 2024 - Khanna 15



FIR GLP: Type I

Type I Even Symmetry, M even

hinl|=hM —-n], n=0,1,.,M ,Conerof

L

0

M=4

N e

M
Then H(e’*)=Y h[nle ™ = A(w) e /™"
n=0 Real, Even " integer delay

M/2
H(e!®) = e~ JoM/2 Za[k] cos wk
k=0
al0] = h[M/2],

Penn ESE 5310 Spring 2024 - Khanna alk] = 2h[(M/2) — k], k=1,2,...,M/2.

[

n
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: FIR GLP: Type 11

Type Il Even Symmetry, M odd

hinl|=hM —-n], n=0,1,.,M

I Center of
<~ symmetry
|

1 |
|

° l —-——o
0 M M=5 n

2

Penn ESE 5310 Spring 2024 - Khanna
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®: FIR GLP: Type 11

Type Il Even Symmetry, M odd

hinl|=hM —-n], n=0,1,.,M

| Center of
Ir"”’symm Ty
1 |
LLRTTT .
0 %{ M
M
Then H(e’*)=Y h[nle ™ = A(w) e /™"
n=0 Real, Even " integer delay

Penn ESE 5310 Spring 2024 - Khanna
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: FIR GLP: Type II — Example, M=3

Type Il Even Symmetry, M odd

M
Then H(e’*)=Y h[nle ™" = A(w) e /™"
n=0 Real, Even " integer delay

H(e'”) = h[0]+ A1]e™ + h[2]e > + h[3]e >*

H(e’”)=[2h[0]cos(3w/ 2) + 2h[1]cos(w / 2)] e 7>
A(w)

Penn ESE 5310 Spring 2024 - Khanna
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FIR GLP: Type 11

Typell Even Symmetry, M odd

Center of

[*’"’ symmetry

LD

n

Then H(e’®)= Zh[n]e-f“)" = Aw) g /M2
n=0 Real, Even " integer delay

(M+1)/2

H(e/®) = g~ JoM/2 Z b[k]cos[( %)]

blk] = 2h[(M + 1)/2 — k], k=1,2,..., (M +1)/2.
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FIR GLP: Type I and 11

Type I
| Center of |
< symmetry
11111 A
i) . 2 —@ & !ﬁr
0 M M=4 n
2
Type II Center of 1

I;*"’"’symmetry -\

TR .

|
|
|
|
|
0 M M=5 n
2 Zeroj
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FIR GLP: Type I and 11

M/2
Type I H(e/®) = e~ JoM/2 ( > " alk] cos a)k)
| Center of r—0
< symmetry |
1117 A
—® @ ' \ﬁr
O M M = 4 »
‘ (M+1)/2
H(e!?) = ¢~ /@M/2 Z blk] cos [w (k - %)]
k=1
Type II Center of

F"‘"symmetry
[\

I .

|
|
|
|
|
0 M M=5 n
2 2(’5'07
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: FIR GLP: Type 111

Type III Odd Symmetry, M even

hnl=—hM —n], n=0,1,...M

Center of

1 ,4/ symmeftry

(note h|M /2]=0)

Penn ESE 5310 Spring 2024 - Khanna
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®: FIR GLP: Type I

TypeIll Odd Symmetry, M even

hinl=—-hM —n], n=0,1,...M  (note h{M /2]=0)
1[ ,A/S(;f:rtfég

|
{ —
4| M—2+ﬂ —o—o0—
ll l
-1

0 n

—_—

M
H(eja)):zh[n]e—]a)n — A(W) e—]a)M/2+]7r/2
n=0 Real,0dd
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: FIR GLP: Type I1I — Example, M=4

Type III Odd Symmetry, M even

hinl=—-hM —n], n=0,1,...M  (note h{M /2]=0)

—_—

M
H(e]w) _ Zh[n]e—mn = A(w) e—]a)M/2+]7r/2
n=0 Real,Odd

H(e™) = h[0]+ h[1]e™ + h[2]e >* + h[3]e 7 + h[4]e /**
= e [ H{0Je”™ + 1)’ ~1le 7 — H{0Je >*]

=[2h[0]sin(2w) + 2A[1]sin(®)] je /**
A(wfr(odd)
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: FIR GLP: Type 111

TypeIll Odd Symmetry, M even

hn]l=—-h[M —n], n=0,1,...M  (note h|M /2]=0)

M . .
H(eja))zzh[n]e—ja)n — A(W) e—]a)M/2+]7r/2
n=0

—
Real,Odd
M2 i
H(e/®) = je /M2 | % " c[k]sin wk
k=1

clk] = 2h[(M/2) — k], k=1,2,...,M/2
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: FIR GLP: Type IV

Type IV Odd Symmetry, M Odd

Wnl=—-hM —n], n=0,1,..M

Center of

|
IM=1

1

(M / 2 not an integer)

1{ " symmetry
&
0

+ . 4
Il
=3

Penn ESE 5310 Spring 2024 - Khanna
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®: FIR GLP: Type IV

Type IV Odd Symmetry, M Odd

Wnl=—-hM —n], n=0,1,..M (M / 2 not an integer)

Center of

19 e symmetry
J
. IM=1

0 |

1 \ — -& . —& *
n

-1

M
H(e'®) =N hinle /@ = A(w) e J@M/2+in/2
) g ! R% q " fractional delay
B eal,
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: FIR GLP: Type IV — Example, M=3

Type IV Odd Symmetry, M Odd

Wnl=—-hM —n], n=0,1,..M (M / 2 not an integer)

M
H eja) _ 2 :h n e—ja)n — A(w e—ja)M/2+j7r/2
) n=0 ] R%f—‘f Oc)l q " fractional delay
B eal,

H(e’”)=[2m[0]sin(3w/ 2) + 2A[1]sin(w/ 2)] je >

. J

A?rw)
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FIR GLP: Type IV

Type IV Odd Symmetry, M Odd

Wnl=—-hM —n], n=0,1,..M (M / 2 not an integer)

Center of

1[ le—"" symmetry
)
L 2

IM=1
+ s —o -& . 4 —& . 2

0 | 1 n
-1

M . .
H(eja))=zh[n]e—]a)n — A(W) e—]a)M/2+j7Z'/2
n=0

" fractional delay

Real,Odd
| | (M+1)/2 N
H(e/®) = je /M2 | 3™ dik)sin|w (k- 1)]
k=1

dik] = 2h[((M +1)/2 =k,  k=1,2,...,(M +1)/2.
Penn ESE 5310 Spring 2024 - Khanna 30



FIR GLP: Type III and IV

Type III
yP Center of
1[ ,4/ symmetry
!
! —
- —d M—24 *——o—0—9
0 : l n
l
-1
Type IV Center of
1? e symmetry
|
IM=1
. ! *———o—0o—0—0—¢
0 I 1 n
-1

Penn ESE 5310 Spring 2024 - Khanna
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FIR GLP: Type III. - [wup
H(e/®) = je /M2 1 %" clk] sin wk

k=1
Type LI Center of
1] ,A/symmetry
l
l —
. 4| M=2 *——o—o o
0 | l » T
| -1
Type IV Center of &
1] le—"" symmetry
l
IM=1 ¥
& + —& —e & ® & <
0l l n ¥/
& T (M+1)/2 y
H(e/®) = je/*M2 | 3" dik]sin | (k- 1)]
k=1
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‘ Z.eros of GLP System — Type I and 11

a0 FIR GLP System Function

M

H@z) =) hinlz™"
n=(0

Penn ESE 5310 Spring 2024 - Khanna
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Z.eros of GLP System — Type I and 11

a0 FIR GLP System Function

M

H(z) = ) hlnlz™"
=()

M 0
H(@) =) hlM —nlz™" = ) hlklz*z™"

n=>{) k=M

=z"MH (™).

If z, is a zero then z, ' is also a zero.
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‘ Z.eros of GLP System — Type I and 11

a0 FIR GLP System Function

M

H(z) =) hinlz™"
n=0

a If h[n] 1s real, with the conjugate symmetry property

H(z) =H*(z")

Penn ESE 5310 Spring 2024 - Khanna
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Z.eros of GLP System — Type I and 11

a0 FIR GLP System Function

M

H(z) = Z hinlz ™"
n=>_)

If z, is a zero then z,”" is also a zero.

a If h[n] 1s real,

. X .
Ifz, 1s a zero then z, ™ 1s also a zero.

Penn ESE 5310 Spring 2024 - Khanna
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Z.eros of GLP System — Type I and 11

a0 FIR GLP System Function
M

H(z) = Z hinlz ™"
n=()

Real system — zeros occur in conjugate-reciprocal groups of 4

(1-— rejgz”l)(l - re—jez_l)(l — r“lejaz—l)(l - r‘”]e_jgz"l)
— — — —
Zg (Z0)* (zo1)* Zy!
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Z.eros of GLP System — Type I and 11

a0 FIR GLP System Function
M

H(z) = Z hinlz "
n=()

Real system — zeros occur in conjugate-reciprocal groups of 4
1—re?27H(1 —re ?27H(1 = r1e®z7H(1 - r—le=i9;71)

a If zero 1s on unit circle (r=1)

(1—¢e/%771Q —e 9771,

Penn ESE 5310 Spring 2024 - Khanna

38



Z.eros of GLP System — Type I and 11

a0 FIR GLP System Function
M

H(z) = Z hinlz "
n=()

Real system — zeros occur in conjugate-reciprocal groups of 4
1 —ref27H(1 —re 727HA = r 17711 = rle /9771
a If zero is on unit circle (r=1)
(1—e/7271)(1 =977y,
a If zero 1s real and not on unit circle (6=0)
(1+ rz_l)(l +r~1;7h,

Penn ESE 5310 Spring 2024 - Khanna
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Z.eros ot GLP System — Type 1

Type I

L.Jnit Im z-plane
circle

Penn ESE 5310 Spring 2024 - Khanna
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Zeros ot GLP System — Type 1

Type I

l,J“:t z-plane
circle
0]

Penn ESE 5310 Spring 2024 - Khanna
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Z.eros of GLP System — Type 11

Type II

Unit Tm
circle

Penn ESE 5310 Spring 2024 - Khanna 42



Z.eros ot GLP System — Type 11

Type II

Penn ESE 5310 Spring 2024 - Khanna
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Z.eros of GLP System — Type 11

Type II

Unit Tm
circle

Penn ESE 5310 Spring 2024 - Khanna 44



FIR GLP: Type I and 11

Center of
r"/ symmetry

IERREES

M=4

7.

Center of

;*'"’ symmetry

RERHARES

|
I
|
0 M M=5 n
2

Penn ESE 5310 Spring 2024 - Khanna
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® Z.eros ot GLP System — Type 11

a0 FIR GLP System Function

0

M
Y h[M —nle" = Y hlklz*z M

n=>{) k=M

7 MH(z).

H(z)

Considerz =-1:

Penn ESE 5310 Spring 2024 - Khanna
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Z.eros ot GLP System — Type 11

a0 FIR GLP System Function

0

M
H(z) =) hM—nlz™" = ) hlklz*z™"

n=I() k=M

=z"MH (™).

Considerz=-1: H(-1)=(-1)""H(-])

= for M odd, z=-1 must be a zero (Type II)

Penn ESE 5310 Spring 2024 - Khanna
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‘ Z.eros ot GLP System — Type 11l and IV

a0 FIR GLP System Function

M

H(z) =) hinlz™"
n=0

Penn ESE 5310 Spring 2024 - Khanna
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Z.eros ot GLP System — Type 11l and IV

a0 FIR GLP System Function

M
H(z) =) hinlz™"
n=>_

Hz =—-zMHE.

Penn ESE 5310 Spring 2024 - Khanna
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Z.eros ot GLP System — Type 11l and IV

a0 FIR GLP System Function

M

H(z) =) hinlz™"
n=0

If z, is a zero then z,”" is also a zero.

Penn ESE 5310 Spring 2024 - Khanna
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Z.eros ot GLP System — Type 11l and IV

a0 FIR GLP System Function
M

H(z) = Z hinlz "
n=()

Real system — zeros occur in conjugate-reciprocal groups of 4
1 —ref27H(1 —re 727HA = r 17711 = rle /9771
a If zero is on unit circle (r=1)
(1—e/7271)(1 =977y,
a If zero 1s real and not on unit circle (6=0)
(1+ rz_l)(l +r~1;7h,

Penn ESE 5310 Spring 2024 - Khanna
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Z.eros of GLP System — Type 111

Type III

Unit 0O
circle

?(

Im z-plane

N

B
O

O

Penn ESE 5310 Spring 2024 - Khanna
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Z.eros of GLP System — Type 111

Penn ESE 5310 Spring 2024 - Khanna
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Z.eros ot GLP System — Type IV

Penn ESE 5310 Spring 2024 - Khanna

Type IV
l}nit Im
circle | z-plane
O

AP
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Z.eros ot GLP System — Type IV

Penn ESE 5310 Spring 2024 - Khanna

Type IV

Unit
circle
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' Z.eros of GLP System —

Type 1II and IV

Type III

Unit 0O Im
circle

&

Penn ESE 5310 Spring 2024 - Khanna

Type IV
clijrgire ro%::planc
NP
O
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FIR GLP: Type III and IV

Center of
1 l ,4/ symmetry
-&

M=2
e o o o

—e-
l "
=4

Center of

1] le—"" symmetry
&
0

!

!
_é

0 I
1

l

J
IM=1

!1044040

Penn ESE 5310 Spring 2024 - Khanna
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GLP and Min Phase Systems

a0 Any FIR linear-phase system can be decomposed
into:

H(z) = Hmin(2) Huc(2) Hmax(2)

0 A min phase system, system containing only zeros
on unit circle, and max phase system

Penn ESE 5310 Spring 2024 - Khanna
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GLP and Min Phase Systems

a0 Any FIR linear-phase system can be decomposed
into:

H(z) = :
//—_‘

o
a0 A min phase s /
L s o -
on unit circle, : K

¢

N\

S~
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Filter Specitications

0 Design specifications

|H(eJo)| = passband edge frequency o, = 0.57
= stopband edge frequency v, = 0.67
1+ 61’ 1 — = maximum passband gain = 0 dB
— -~ \\?\ = minimum passband gain = -0.3dB
1- 8P2 | \\ | = maximum stopband gain =-30dB
N
Passband : Transition : Stopband
N
| N
Lk
| L S e N e
0 W, W T

Penn ESE 5310 Spring 2024 - Khanna
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Example: Ideal LLow-Pass Filter

m The frequency response H(w) of the ideal low-pass filter passes low frequencies (near w = 0)
but blocks high frequencies (near w = %)

0 otherwise

hn] = 2Wcsin(wcn)

WeN

h(n

]
\oge?®®00ege00%00ge
10 20 30

1
0.5 ﬁ
-30 -20 -

g;udngﬁitg h,,[n]=w,[n—N]-h[n-N]

Penn ESE 5310 Spring 2024 - Khanna
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Example: Practical LLP Filter

“rreal
_imag

[ T

L2 T T
.8 -
.6 g '
'4 e . eanes 1
2 -
0

-3 -2 -1 0 1 2

®

0 Pass band smeared and rippled
= Smearing determined by width of main lobe

= Rippling determined by size of side lobes

0 Different windows for different main/side lobe
characteristics

Penn ESE 5310 Spring 2024 - Khanna
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Tapered Windows

Penn ESE 5310 Spring 2024 — Khanna
Adapted from M. Lustig, EECS Berkeley

Name(s) Definition MATLAB Command Graph (M= 8)
hann(M+1), M= 8
1
1 08
nn
—[1+cos| — <M)2
Hann wln]= z[ ¢ M/ZH I <M/ hann (M+1) %
0 n|>M/2 04
0.2
0
-5 0
n
hanning(M+1), M= 8
1
1 - 08
™ |
—~|1+cos| ——— <M/2
Hanning | wn]= z{ {M/zn]_' i Mi hanning (M+1) §°°
0 n|>M /2 04
0.2
0
-5 0
n
hamming(M+1), M= 8
1
08
T
0.54 + 0.46 cos, —— <M)2
Hamming | win]= CO{M/Z] I < 4/ hamming (M+1) 5°°
0 In|>M/2 04
0.2
s
-5 0
n
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Tradeott — Ripple vs. Transition Width
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Filter Design Demo

Digital Filters with Windowed Sinc Finite Impulse Response

1st frequency, 0 — & radians 2.45
2nd frequency, 0 — x radians 0.66
Gaussian noise sigma, o - .01 — .9 0.01
low—pass filter roll-off 4 low—pass filter bandwidth 0.25
high—pass filter roll-off 4 high—pass filter bandwidth 0.21
digital FIR filter |ow pass high pass band pass sinc window Blackman Hamming rectangular
%’;M‘ 10 Ay
3
2 -
20 bl af
3 | &
o] f i
L‘p 3 ; c 4l
o 3 g L
It 1T
a 0 | ‘ ‘ \
Hl-3b ' ‘ : ‘ ‘ ——d oL g9 94 Lg:2 03 0l Nanemg
@ 0 0 2020 4040 6060 880 1000 129 0.0 0.1 0.2 0.3 0.4 0.5
0.35F
15¢ 1 030f
1.0} 1 025f
05E 0.20F
i 0.15¢F
A U A A
B 1 005}
-1.0L | | ! I d  0.00E ‘ ‘ L ]
0 20 40 60 80 100 0.0 0.1 0.2 0.3 0.4 0.t

https://demonstrations.wolfram.com/DigitalFiltersWithWindowedSincFiniteImpulseResponse/
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Big Ideas

0 Generalized Linear Phase Systems
= Useful for design of causal FIR filters

Penn ESE 5310 Spring 2024 — Khanna
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Admin

0 Midterm
s Thursday 3/21 in person during class in DRLB A8

m Covers lectures 1-13

= Doesn’t cover data converters and noise shaping

= Old exams online
= TA Review session recording in Canvas

= Closed book/notes

= Can bring 1 two-sided 8°x11” sheet and non-cell phone
calculator

a Proj 1 posted on Thursday 3/21
s Due 4/2

Penn ESE 5310 Spring 2024 - Khanna
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