ESE 5310: Digital Signal Processing

Lecture 15: March 26, 2024
Design of IIR/FIR Filters

Mean: 67/.1
Stdev: 23.4
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Linear Filter Design

0 Used to be an ambiguous process
= Now, lots of tools to design optimal filters
a For DSP there are two common classes

= Infinite impulse response IIR

= Finite impulse response FIR

0 Both classes use finite order of parameters
for design

= TFilter order (te. Length) restricts filter design

Penn ESE 5310 Spring 2024 — Khanna
Adapted from M. Lustig, EECS Berkeley



What 1s a Linear Filter?

0 Attenuates certain frequencies
0 Passes certain frequencies

0 Affects both phase and magnitude

0 What does it mean to a filter?

= Determine the parameters of a transfer function or
difference equation that approximates a desired impulse
response (h[n]) or frequency response (H(e)).

Penn ESE 5310 Spring 2024 — Khanna
Adapted from M. Lustig, EECS Berkeley



Filter Specitications

|H(eiw)|
1434,

_ -7 \\
1-9p, I\ |
I\ |
| \\ |

Passband : Transition : Stopband

| N
| N
| N
8 | AN
— I r
0 W, )
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What 1s a Linear Filter?

0 Attenuates certain frequencies
0 Passes certain frequencies

0 Affects both phase and magnitude

o IR

= Mostly non-linear phase response

= Could be linear over a range of frequencies
a FIR

= Much easier to control the phase

= Both non-linear and linear phase

Penn ESE 5310 Spring 2024 — Khanna
Adapted from M. Lustig, EECS Berkeley



ITIR Filter Design

0 Transform continuous-time filter into a discrete-
time filter meeting specs

= Pick suitable transformation from s (Laplace variable) to ¢
(or Zto 7)

= Pick suitable analog H (s) allowing specs to be met,
transform to H()

a0 We’ve seen this before... impulse invariance

Penn ESE 5310 Spring 2024 - Khanna



Impulse Invariance

0 Want to implement continuous-time system in
discrete-time

Continuous-time
— LTIsystem -

Xc(!) hc(’)s Hc(]‘)') yc(’)

et T T T ek ek e T SR SR SR TR ER WS SR TR SR TR TR I SR S R l

{ t

| Discrete-time :

ll » C/D p——»| LTIlsystem }p—— D/C 1 -

x () x[n] | h[n].H(e™) | yn] : y (1) =y (1)

| |

' |

i

| |

Hoq(j€Y) = H (j§2)

Penn ESE 5310 Spring 2024 - Khanna



: Impulse Invariance

a0 With H.(j€2) bandlimited, choose
” N0
H(e'")=H (j ?), ‘a)‘ <7

a With the further requirement that T be chosen such
that

H (jQ)=0, ‘Q‘zn/T

Penn ESE 5310 Spring 2024 - Khanna



: Impulse Invariance

o With H.(j€2) bandlimited, choose
” N0
H(e'")=H (j ?), ‘w‘ <7

a With the further requirement that T be chosen such
that

H (jQ)=0, ‘Q‘zn/T

h[n]=Th (nT)

Penn ESE 5310 Spring 2024 - Khanna



Laplace Transtorm

0 The Laplace transform takes a function of time, t,
and transforms it to a function of a complex
variable, s.

0 Because the transform is invertible, no information
is lost and it 1s reasonable to think of a function f(t)
and its Laplace transtform F(s) as two views of the
same phenomenon.

0 Each view has its uses and some features of the
phenomenon are easier to understand in one view
or the other.

Penn ESE 5310 Spring 2024 - Khanna
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S-Plane

Q s=o+)Q2

0 Wolfram Demo

Im[s]

Rels]

o http://pilot.cnxproject.org/content/ collection/col10064 /latest/ module/m10060/latest

Penn ESE 5310 Spring 2024 - Khanna

Real (red) and imaginary (blue) components of e
10
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S-Plane Mapping to Z-Plane

i0 radius=e-% cos(bt,)
x —+1b
o
— % o
-a ¢
x —+-b
s-plane z-plane

Penn ESE 5310 Spring 2024 - Khanna



®: Example

Example: If |H_(s)= A
S — Dy
at L 1
Laplace: e <— >

S—a

n Z 1

Z-transform: a uln]<—— —

l-az

Penn ESE 5310 Spring 2024 - Khanna
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Example

Example: If |H (s)=

4,

S

(e.g. one term in PF expansion)

h(0)=Ae™, 120, Hn]=T,Ae""" =T, 4 (e"")

1

H(z)=T,A, ,,

|—eP¥ ez

1

Penn ESE 5310 Spring 2024 - Khanna

Pole mapping is z «e'"

Zeros do not map
the same way;
not the general

mapping of s to z

14



Example

A,
L

Example: If |H (s)= (e.g. one term in PF expansion)

h(t)= A", t20;  Hn]=T,Ae""" =T 4 (e"" )
1

] — e

Zeros do not map

the same way;

H(z)=T,4, P Pole mapping is z « e’

‘'z not the general

mapping of s to z
« Stability, causality, preserved.
« jQ axis mapped linearly to unit-circle, with aliasing

« No control of zeros or of phase

Penn ESE 5310 Spring 2024 - Khanna 15



Impulse Invariance

0 Sampling the impulse response 1s equivalent to mapping the
s-plane to the z-plane using:

[ Z:eSTd:re]w

0 The entire € axis of the s-plane wraps around the unit circle
of the z-plane an infinite number of times

Penn ESE 5310 Spring 2024 - Khanna
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Impulse Invariance

0 Sampling the impulse response 1s equivalent to mapping the
s-plane to the z-plane using:

m 7z =cSTd=yrejo
0 The entire € axis of the s-plane wraps around the unit circle
of the z-plane an infinite number of times

0 The left half s-plane maps to the interior of the unit circle
and the right half plane to the exterior

Mapping

i

z-plane

s-plane

7

1+j0

D\

Penn ESE 5310 Spring 2024 - Khanna 17



Impulse Invariance

0 Sampling the impulse response 1s equivalent to mapping the
s-plane to the z-plane using:
s z=cld=rel
0 The entire € axis of the s-plane wraps around the unit circle

of the z-plane an infinite number of times

0 The left half s-plane maps to the interior of the unit circle
and the right half plane to the exterior

0 This means stable analog filters (poles in LHP) will
transform to stable digital filters (poles inside unit circle)

o This 1s a many-to-one mapping of strips of the s-plane to
regions of the z-plane
= Not a conformal mapping

= The poles map according to z = es1¢ | but the zeros do not always

Penn ESE 5310 Spring 2024 - Khanna
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Impulse Invariance

0 Limitation of Impulse Invariance: overlap of images
of the frequency response. This prevents it from
being used for high-pass filter design

H,(j2)

Penn ESE 5310 Spring 2024 - Khanna
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Bilinear Transformation

0 The technique uses an algebraic transformation
between the variables s and g that maps the entire
j€2-axis 1n the s-plane to one revolution of the unit
circle 1n the z-plane.

Penn ESE 5310 Spring 2024 - Khanna

20



Bilinear Transformation

2 {1-z"1
S = :
T; \ 14 z71

0 Substituting s = o+ jQ and z = ej®

Penn ESE 5310 Spring 2024 - Khanna
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Bilinear Transformation

2 (1-z71
§ = :
Tg \1+2z71

0 Substituting s = o+ jQ and z = ej
2 (1 —_ e‘j“’)
s = — |,
Ta \1+ e 7

2 | 2e7/%2(jsinw/2
s=0+jQ= [ (sinew/2)

2e—J®/2(cosw/2)

Penn ESE 5310 Spring 2024 - Khanna

tan(w/Z).
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Bilinear Transformation

2
= ?‘; tan(w/2).

w = 2 arctan(Q7,/2).

No aliasing, but mapping nonlinear
(Impulse invariance:

linear mapping, but with aliasing)

Penn ESE 5310 Spring 2024 - Khanna
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Example: Notch Filter

0 The continuous time filter with:

Q-—itan( /2)
=T w/2).

w = 2 arctan(Q7,/2).

Penn ESE 5310 Spring 2024 - Khanna
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@®: Matlab Demo

We hove o |o~rg< om/\‘D\A-V\‘]' o-(; ‘H~e°"‘j a\vaila&)lc fo us 'H\Wl' will ]r\e,lp us croft te
Per—‘;er.\' a\r\o\\oa Lilker, 514(.):

LC,"(‘:S _‘_‘_‘j owr’ Pr;cY\AS swﬁjcslfof\ oNn o. SIN\P)Q (\D‘\'CL\ —Q;H‘E(‘ .—-> G(S): _ga_:gé_,_;;:*

Desiﬂn re%u.'mmeh%ﬂ G =01 CZ/A

Q-=|

g —

A’;——O,\

> Pl o) 6:46/2503 - Analogue filters >

Based off: https://www.youtube.com/watch?v=NRbGPgcLhUO0
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Bilinear Mapping of S-plane to Z-plane

'd -

{3 bilinear transform visualizer.vi {i‘%
File Edit View Project Operate Tools Window Help Filinoar

= @n 9

Bilinear Transform
. ————- Z= 1+s 1_5 ———- —
- s-plane (1+5) / (1-5) z-plane

10-

8_

6_

a
4-
2_
2
L £
=[5
jQ step =
o5
g limit [ 7 = )
| 1 1 1 1 1 1 1 1 1 1 =|-9
-20 -18 -16 -14 -12 -10 -8 -6 -4 -2 0" .
ostep (1= ’—‘
1= = J [ESC]
. Stop

< 1 »

https://forums.ni.com/t5/Example-Code/Bilinear-Transform-Visualizer/ta-p/3504082
Penn ESE 5310 Spring 2024 - Khanna



CT Filters

0 Butterworth

= Monotonic in pass and stop bands

a Chebyshev, Type I

= Equiripple in pass band and monotonic in stop band

a Chebyshev, Type 11

= Monotonic in pass band and equiripple in stop band
0 Elliptic
= Equiripple in pass and stop bands

a0 Appendix B in textbook

Penn ESE 5310 Spring 2024 - Khanna
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Design Comparison

0 Design specitications
= passband edge frequency w, = 0.57
= stopband edge frequency w, = 0.6m
= maximum passband gain = 0 dB
= minimum passband gain = -0.3dB

= maximum stopband gain =-30dB

0 Use bilinear transformation to design DT low pass
filter for each type

Penn ESE 5310 Spring 2024 - Khanna
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Butterworth

0 Butterworth

= Monotonic in pass and stop bands

10 : ; :
0 :
-10
R 20t
LB Lo smin s sssmmas o s & piaosis e ....... B s et i St e
—40
__5() 1 ) : !
0 74 /2 3/4 a
Frequency, o
(a)
T T T
! I T S
(9} {
kS| ‘
2 ‘:
2098
<
0.96
0 a4 /2 REL T

Penn ESE 5310 Spring 2024 - Khanna

Frequency, @

(b)
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Chebyshev

a Typel
= Equiripple in pass band and

monotonic in stop band

10
5 S I———
-10
g 20t '
| | MR R SR R Feeeen) b oS e S A
—40
=50 L ; : L
0 74 72 3m/4 T
Frequency, o
(a)
1
5}
o
B
a
=098
<
0.96 +

Frequency, o

(b)

Penn ESE 5310 Spring 2024 - Khanna
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Chebyshev

a Typel
= Equiripple in pass band and

monotonic in stop band

10
0 e
-10 } ‘ :
8 20}
| | MR R SR R Feeeen) b oS e S A
—40 +
=50 L i : .
0 /4 /2 3mw/4 T
Frequency, o
(a)
1
L
°
2
=9
£0.98
<
0.96 +

Frequency, o

(b)

Penn ESE 5310 Spring 2024 - Khanna

0 w4 /2 3wl4 T

o Type 1l

10

-10

820}

=30

=50

(a)
T
] ..........................................

[}
el
2
2098
<

0.96 -

0 /4 a2 3m/4 T

= Monotonic in pass band and

equiripple in stop band

Frequency, w

0 74 /2 37/4 T

Frequency, o

(b)
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Elliptic

0 Elliptic
= Equiripple in pass and stop bands

10

0
-10 }
B =20}
=30

—40 |

-50 ' s ' '
0 /4 Tl2 3m/4 T

Frequency, o

(a)

T T T T

0.98

Amplitude

0.96 +

0 /4 /2 3m/4 ™
Frequency, w

Penn ESE 5310 Spring 2024 - Khanna (b)



.
: Comparisons
G | Butterworth| G Cr}ebyshYev typg 1
- - ~ 1 10
. O-BW . .
o 1 )] CEECRRURRESRUTRINTN, SUDCRUTE-DRRNR -
- 0.4}
| | e 0.2}
0'%.0 05 10 _ 15 20 0'%.0 05
fif,
G Chebyshgv typ¢‘32 G , Elliptic
1.0 | . . .
0.8} SR B
R e Lt SO
0.4} S & -
o2 .\
0'%.0 05
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What 1s a Linear Filter?

0 Attenuates certain frequencies
0 Passes certain frequencies

0 Affects both phase and magnitude

o FIR

= Much easier to control the phase

= Both non-linear and linear phase

Penn ESE 5310 Spring 2024 — Khanna
Adapted from M. Lustig, EECS Berkeley
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. FIR Design by Windowing

0 Given desired frequency response, Hy(e)®) , find an
impulse response

1 4 . .
hd[n] — %/ Hd(fiw)ejwndw

— |deal

0 Obtain the M™ order causal FIR filter by
truncating/windowing it

o { e 02

Penn ESE 5310 Spring 2024 — Khanna
Adapted from M. Lustig, EECS Berkeley
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Example: Moving Average

w[n] “window”

sin((N + 1/ 2)60)

sin(a)/Z)

win] <> W(e™)=

1 jor o~ JoM/2 sin((M/2+1/2)a))
M+1W[n_M/2] e M +1 sin(a)/Z)

Penn ESE 5310 Spring 2024 — Khanna
Adapted from M. Lustig, EECS Berkeley



Example: Moving Average

[H ()]

Penn ESE 5310 Spring 2024 — Khanna
Adapted from M. Lustig, EECS Berkeley
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FIR Design by Windowing

a0 With multiplication in time property,

H(e?) = Hy(e?¥) « W (e¥)

Penn ESE 5310 Spring 2024 — Khanna
Adapted from M. Lustig, EECS Berkeley
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. FIR Design by Windowing

0 With multiplication in time property,
H(e?%) = Hg(e?¥) x W (e?¥)

0 For Boxcar (rectangular) window

oy _jw%sin(w(M—Fl)/Q)
Wie™) =e sin(w/2)

Hy(e'*) W (e7)] ~|H(?)]

K

4W(eﬂ'W)£|K|(N j (N ] Il l

Penn ESE 5310 Spring 2024 — Khanna
Adapted from M. Lustig, EECS Berkeley 39




FIR Design by Windowing

2

Penn ESE 5310 Spring 2024 - Khanna
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FIR Design by Windowing

ideal

pass-band ripple | (
\ H

e’)

transition width

_—

stop-band ripple

Penn ESE 5310 Spring 2024 — Khanna
Adapted from M. Lustig, EECS Berkeley
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Tapered Windows

Penn ESE 5310 Spring 2024 — Khanna
Adapted from M. Lustig, EECS Berkeley

Name(s) Definition MATLAB Command Graph (M= 8)
hann(M+1), M= 8
1
1 08
nn
—[1+cos| —— <M/2
Hann wln]= z[ 0 M/ZH I <M/ hann (M+1) %
0 n|>M/2 04
0.2
0
-5 0
n
hanning(M+1), M= 8
1
1 - 08
™ |
—[1+ cos| ——— <M/2
Hanning | wn]= z{ °°{M/z+1]_' i Mi hanning (M+1) §°°
0 n|>M /2 04
0.2
0
-5 0
n
hamming(M+1), M= 8
1
08
T
0.54 + 0.46 cos, —— <M)2
Hamming | win]= CO{M/Z] I < 4/ hamming (M+1) 5°°
0 n|>M/2 04
0.2
s
-5 0
n
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Commonly Used Windows

wn] Rectangular
1.0
Hamming
== == === Hann
0.8 = e = wee - Blackman

0.6

04

————— Bartlett

0 M

Figure 7.29 Commonly used windows.

Penn ESE 5310 Spring 2024 - Khanna
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Filter Design Demo

Digital Filters with Windowed Sinc Finite Impulse Response

1st frequency, 0 — & radians 2.45
2nd frequency, 0 — x radians 0.66
Gaussian noise sigma, o - .01 — .9 0.01
low—pass filter roll-off 4 low—pass filter bandwidth 0.25
high—pass filter roll-off 4 high—pass filter bandwidth 0.21
digital FIR filter |ow pass high pass band pass sinc window Blackman Hamming rectangular
%’;M‘ 10 Ay
3
2 -
20 bl af
3 | &
o] f i
L‘p 3 ; c 4l
o 3 g L
It 1T
a 0 | ‘ ‘ \
Hl-3b ' ‘ : ‘ ‘ ——d oL g9 94 Lg:2 03 0l Nanemg
@ 0 0 2020 4040 6060 880 1000 129 0.0 0.1 0.2 0.3 0.4 0.5
0.35F
15¢ 1 030f
1.0} 1 025f
05E 0.20F
i 0.15¢F
A U A A
B 1 005}
-1.0L | | ! I d  0.00E ‘ ‘ L ]
0 20 40 60 80 100 0.0 0.1 0.2 0.3 0.4 0.t

https://demonstrations.wolfram.com/DigitalFiltersWithWindowedSincFiniteImpulseResponse/
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20

0 log,, IW(e*)

40¢

60

-

80}

100 T )
0 027 0.4m 0.6 087
Radian frequency (w)
(c)
0
— 207
i
. > 40}
a
80
100 : , . '
0 027 0.4m 0.6 0.87 T
Radian frequency (w)
(d)
0
_ 20F
Y
= -40f
Blackman
a

80}

100 .
0 02n 047 0.6 087 ™

Radian frequency (w)
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Ended here

Penn ESE 5310 Spring 2024 - Khanna
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Kaiser Window

0 Near optimal window quantified as the window
maximally concentrated around w=0

LB —[(n — &) /a]®)/?]
wn] = Ih(B) ’

0, otherwise,

O0<n<M,

0 Two parameters — M and {3

a a=M/2

0 1y(x) — zero™ order Bessel function of the first kind

Penn ESE 5310 Spring 2024 - Khanna
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Kaiser Window

a M=20
1.2
za.
0.9 - _ 75 SO\
K / \ \
S & F NN
2 o6l 7 o .
%) P / \
: ./ P4 \
03—/ /
* / N\
7
7
=~ 1 1 1 ~
0 5 10 15
Samples
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(a)
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N’

]
fo>)
| I | I
A\ W
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Kaiser Window

a M=20
0
N
\\
£\
25 -
B YRVars
/\\ . = N .
- V- / N A\ .,/‘\'/ 60
3 S0 b7 o} . [ 1 | | ——B=3
i | \'h| \\ \\ ' ———=06
L Y | 1N 7
- \ \ \ \
I+ | | . | |\ \ /
U R
~100' ' 1 A | .
0 0.2 0.4 0.67 0.87 ar
Radian frequency (w)

(b)
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Kaiser Window

0

-25
M =10
8 -50 —_———M=20
————M=40

—-100
0 027 0.4m 0.67 0.87 ™

Radian frequency (w)

(c)
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Approximation Error

LPF M=32, w.=0.57

Approximation error vs. Transition width [* = fixed windows, 0 = Kaiser (8 = integer)]

| e | | | | | | |
’Q
_20 — ’Q —
Kaiser1®
alser Q’. % Bartlett
30 F Kaisch’Q‘ i
.Q
= Kaiser3’Q~
Sl —40 . .
5 Kaiser4 ¥,  * Hanning
s -sof :
5 KaischQOik Hamming
L
= —60 ) "~. m
= Kaiser6*Q
o p— L
= =70 Kaiser7°q i
2“ ‘s, % Blackman
L
g -80 | Kaiseré?*Q —
E
§ -90 Kaiser9’°q _
2 | l L | | l ] ”- ]
0 0.17 0.27 0.37 0.47 0.57
Transition width (Aw)
Penn ESE 5310 Spring 2024 - Khanna
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FIR Filter Design

0 Choose a desired frequency response Hy(el®)
= non causal (zero-delay), and infinite imp. response

s [f derived from C. T, choose T and use:

Ha(e) = He(j77)

0 Window:
s Length M+1 & affects transition width
s Type of window < transition-width/ ripple

Penn ESE 5310 Spring 2024 — Khanna
Adapted from M. Lustig, EECS Berkeley
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FIR Filter Design

0 Choose a desired frequency response Hy(el®)
= non causal (zero-delay), and infinite imp. response

s [f derived from C. T, choose T and use:

Ha(e) = He(j77)

0 Window:
s Length M+1 & affects transition width
s Type of window < transition-width/ ripple

= Modulate to shift impulse response
s Why?
. . M
W — T1W —=—
Hg(e!*)e 7%
Penn ESE 5310 Spring 2024 — Khanna
Adapted from M. Lustig, EECS Berkeley
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FIR Filter Design

0 Determine truncated impulse response h;[n]

o S Ha(€7)e 792 eim 0 <n <M
hiln| = wJ—m .
0 otherwise

a0 Apply window

hw|n| = wlnlh[n]
a Check:

» Compute H, (el), if does not meet specs increase M or
change window

Penn ESE 5310 Spring 2024 — Khanna
Adapted from M. Lustig, EECS Berkeley



Example: FIR Low-Pass Filter Design

1 |w| < we

Jwy __
Hq(e™) = 0 otherwise

Choose M = Window length and set
M

Hi(e’%) = Hy(e?¥)e 792

sin(we(n—M/2))
hi[n] = w(n-dtjz) . Osn<M
0 \ otherwise
We . We
?smc(?(n — M/2))

Penn ESE 5310 Spring 2024 — Khanna
Adapted from M. Lustig, EECS Berkeley
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Example: FIR Low-Pass Filter Design

0 The result 1s a winc

owed sinc function

o

0 High Pass Design:

= Design low pass

= w|n]hyn]

N

&sinc(&(n — M/2))

s 7

= Transform to hy[n](-1)"

a General bandpass

= Transform to 2h[n]cos(wyn) or 2Zh[n]sin(wyn)

Penn ESE 5310 Spring 2024 — Khanna
Adapted from M. Lustig, EECS Berkeley
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Big Idea

o IR

= Design from continuous time filters with mapping of s-
plane onto z-plane

= Linear mapping — impulse invariance

= Non-linear mapping — bilinear transformation

o FIR

= Use desired frequency response to generate desired
impulse respons

= Use filter order and window type to meet specs

Penn ESE 5310 Spring 2024 - Khanna
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Admin

a Proj 1 due Tuesday 4/2
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