
ESE 5310: Digital Signal Processing

Lecture 16: March 28, 2024
FIR Filters (con’t), Filter Transformations
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Linear Filter Design

 Used to be an ambiguous process
 Now, lots of tools to design optimal filters

 For DSP there are two common classes
 Infinite impulse response IIR
 Finite impulse response FIR

 Both classes use finite order of parameters 
for design
 Filter order (ie. Length) restricts filter design
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What is a Linear Filter?

 Attenuates certain frequencies
 Passes certain frequencies
 Affects both phase and magnitude

 IIR
 Mostly non-linear phase response
 Could be linear over a range of frequencies

 FIR
 Much easier to control the phase 
 Both non-linear and linear phase
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FIR Design by Windowing

 With multiplication in time property, 

 For Boxcar (rectangular) window 
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FIR Design by Windowing

5
Penn ESE 5310 Spring 2024 – Khanna
Adapted from M. Lustig, EECS Berkeley



Tapered Windows
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Commonly Used Windows
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Hann

Hamming

Blackman



Kaiser Window
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 Near optimal window quantified as the window 
maximally concentrated around ω=0

 Two parameters – M and β

 α=M/2
 I0(x) – zeroth order Bessel function of  the first kind



Kaiser Window  

 M=20
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Kaiser Window  

 M=20
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Kaiser Window  

 β=6
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Approximation Error

13Penn ESE 5310 Spring 2024 - Khanna

LPF, M=32, 𝜔c=0.5𝜋
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FIR Filter Design Process

 Choose a desired frequency response Hd(ejω)
 non causal (zero-delay), and infinite imp. response
 If derived from C.T, choose T and use:

 Window:
 Length M+1 ⇔ affects transition width
 Type of window ⇔ transition-width/ ripple

14
Penn ESE 5310 Spring 2024 – Khanna
Adapted from M. Lustig, EECS Berkeley



FIR Filter Design Process

 Choose a desired frequency response Hd(ejω)
 non causal (zero-delay), and infinite imp. response
 If derived from C.T, choose T and use:

 Window:
 Length M+1 ⇔ affects transition width
 Type of window ⇔ transition-width/ ripple
 Modulate to shift impulse response

 Why?
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FIR Filter Design Process

 Determine truncated impulse response h1[n]

 Apply window

 Check: 
 Compute Hw(ejω), if does not meet specs increase M or 

change window 
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Example: FIR Low-Pass Filter Design
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Example: FIR Low-Pass Filter Design

 The result is a windowed sinc function 

 High Pass Design:
 Design low pass
 Transform to hw[n](-1)n

 General bandpass
 Transform to 2hw[n]cos(ω0n) or 2hw[n]sin(ω0n) 
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Design through FFT

 To design order M filter: 
 Over-Sample/discretize the frequency response at P 

points where P >> M (P=15M is good) 

 Sampled at:
 Compute h1[n] = IDFTP(H1[k]) 
 Apply M+1 length window: 
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Example

20
Penn ESE 5310 Spring 2024 – Khanna
Adapted from M. Lustig, EECS Berkeley

[0.0  0.2  0.21  0.5  0.6  1.0]
[1.0  1.0  0.0   0.0  1.0  0.0 ]



Example
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Python Filter/Re-sample Example

 Heartrate detection of ECG signal

22Penn ESE 5310 Spring 2024 - Khanna



Transformation of DT Filters
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Z −1 =G(z−1)
Hlp(Z)

 Z – complex variable for the LP filter
 z – complex variable for the transformed filter

 Map Z-planez-plane with transformation G



Transformation of DT Filters
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Z −1 =G(z−1)
Hlp(Z)

 Map Z-planez-plane with transformation G



Example 1:

 Lowpasshighpass
 Shift frequency by π
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Example 1:

 Lowpasshighpass
 Shift frequency by π
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Z −1 = −z−1Z −1 =G(z−1)



Example 1:

 Lowpasshighpass
 Shift frequency by π
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Example 2:

 Lowpassbandpass
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Z −1 = −z−2Z −1 =G(z−1)



Example 2:

 Lowpassbandpass
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Z −1 = −z−2

Hlp (z) =
1

1− az−1
⎯→⎯ Hbp (z) =

1
1+ az−2

Pole at z=a Pole at z=±j√a

Z −1 =G(z−1)



Example 2:

 Lowpassbandpass
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Example 3:

 Lowpassbandstop
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Z −1 = z−2Z −1 =G(z−1)



Example 3:

 Lowpassbandstop
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Z −1 = z−2

Hlp (z) =
1

1− az−1
⎯→⎯ Hbs (z) =

1
1− az−2

Pole at z=±√a 

Z −1 =G(z−1)



Z −1 = z−2

Example 2:

 Lowpassbandstop

33Penn ESE 5310 Spring 2024 - Khanna

𝝎 z |𝐻!" 𝑧 | =
0.1

1 − 0.9𝑧#$ |𝐻&( 𝑧 | =
0.1

1 − 0.9𝑧#'

0 1 1

𝜋
2

j 0.074

𝜋 -1 0.05

3𝜋
2

-j 0.074

2𝜋 1 1

Z −1 =G(z−1)



Transformation Constraints on G(z-1)

 If Hlp(Z) is the rational system function of a causal 
and stable system, we naturally require that the 
transformed system function H(z) be a rational 
function and that the system also be causal and 
stable. 
 G(Z-l ) must be a rational function of z-1

 The inside of the unit circle of the Z-plane must map to 
the inside of the unit circle of the z-plane

 The unit circle of the Z-plane must map onto the unit 
circle of the z-plane. 
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Transformation Constraints on G(z-1)

 Respective unit circles in both planes
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Transformation Constraints on G(z-1)

 Respective unit circles in both planes
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Z −1 =G(z−1)
e− jθ =G(e− jω )

e− jθ = G(e− jω ) e j∠G(e
− jω )



Transformation Constraints on G(z-1)

 Respective unit circles in both planes
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Z −1 =G(z−1)
e− jθ =G(e− jω )

e− jθ = G(e− jω ) e j∠G(e
− jω )

1= G(e− jω ) −θ =∠G(e− jω )



Transformation Constraints on G(z-1)

 General form that meets all constraints:
 ak real and |ak|<1 
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General Transformation

 Lowpasslowpass

 Changes passband/stopband edge frequencies
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General Transformation

 Lowpasslowpass

 Changes passband/stopband edge frequencies
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General Transformation

 Lowpasslowpass

 Changes passband/stopband edge frequencies
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General Transformations
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Big Idea

 FIR
 Use desired frequency response to generate desired 

impulse respons
 Use filter order and window type to meet specs

 DT filter transformations
 Transform z-plane with rational function G(z-1)

 Constraints on G for causal/stable systems
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Admin

 Proj 1 due Tuesday 4/2
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