ESE 5310: Digital Signal Processing

Lecture 18: Apr 4, 2024

Discrete Fourier Transform
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Today

0 Discrete Fourler Series

0 Discrete Fourter Transtorm (DFT)

0 DFT Properties
= Circular Shift

m Circular Convolution
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Discrete Fourier Series

SR 4N
S Ienn.
00
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Reminder: Eigenvalue (DTFT)

0 x[n|=e"

o

vnl= " x[n-klh[k]

Co

= ) ™ n[k)

k=—OO

= /" E hlkle /"
fk=—0o0

=H(eja))eja)n

Penn ESE 5310 Spring 2024 - Khanna

H(e’) = i hlkle™"

k:—OO

0 Describes the change
in amplitude and
phase of signal at
frequency w

0 Frequency response

0 Complex value
s Re and Im
= Mag and Phase



: DTFT

0

X(e’”) = E x[kle /™"
DTFT: o

x[n]= f X(e’)e’dw

Penn ESE 5310 Spring 2024 - Khanna



DTEFT

0

X(e’”) = E x[kle /™"
DTFT:

x[n]= f X(e’)e’dw

a If x[n] 1s periodic, then finite set of frequencies in
the finite range

= Can represent with discrete Fourier series

Penn ESE 5310 Spring 2024 - Khanna



Discrete Fourier Series

0 Definition:

= Consider N-periodic signal:

zln+ N| =2n| Vn

= Frequency-domain also periodic in N:

X[k+ N]= X[k] Vk

(44 2%
~

indicates periodic signal/spectrum

Penn ESE 5310 Spring 2024 — Khanna
Adapted from M. Lustig, EECS Berkeley



Discrete Fourier Series

0 Define:
WN A e—j27r/N
a DFS:
1 N-—1 ~
i) = =) XKWg*
k=0
N—1

53
E
|
]
ﬂ'
3

Penn ESE 5310 Spring 2024 — Khanna
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A
® Wy & e 92m/N

Discrete Fourier Series

0 Properties of Wy
u WNO — WNN — WNZN: Lo=1
- WNk+r — WNkWNr and, WNk+N — WNk

Penn ESE 5310 Spring 2024 — Khanna
Adapted from M. Lustig, EECS Berkeley



A
® Wy & e 92m/N

Discrete Fourier Series

0 Properties of Wy

s Wil = W N =W N= . =1

s Wi = Wi kWit and, WitN = Wk
0 Example: Wkt (N=06)

k=1

n= n=1

Penn ESE 5310 Spring 2024 — Khanna
Adapted from M. Lustig, EECS Berkeley



: : : A _—j327/N
Discrete Fourier Series Wn =e

0 Properties of Wy

s Wil = W N =W N= . =1

s Wi = Wi kWit and, WitN = Wk
0 Example: Wkt (N=06)

k=1 k=2
n=5 [
n=0.6 n=2,5, n=0.3.6.
n=3
n= n=1 n=1,47,

Penn ESE 5310 Spring 2024 — Khanna
Adapted from M. Lustig, EECS Berkeley
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. Discrete Fourier Transform

0 By convention, work with one period:

A |zn] 0<n<N-1
rln] = |
0 otherwise
X[kl 0<k<N-1
xR & (XK Osks
0 otherwise

Same, but different!

Penn ESE 5310 Spring 2024 — Khanna
Adapted from M. Lustig, EECS Berkeley
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Discrete Fourier Transform

0 The DFT
| N1
— —kn :
zrn] = ~ ,;) X [k)Wy Inverse DFT, synthesis
N-1
Xk] = z[n]W " DFT, analysis
n=0
0 It is understood that,
zn] = 0 outside0<n<N -1
Xlk] = 0 outside0<k<N-—-1

Penn ESE 5310 Spring 2024 — Khanna
Adapted from M. Lustig, EECS Berkeley 13



DFES vs. DFT

#n] DFS

';?TTTTT?A?T”TT?A?TTNT{:”

lllllllllllllllllllllll

Penn ESE 5310 Spring 2024 — Khanna
Adapted from M. Lustig, EECS Berkeley
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DFES vs. DFT

%[n]

et et

DFS

0 N-1

Penn ESE 5310 Spring 2024 — Khanna
Adapted from M. Lustig, EECS Berkeley

X[¥]
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A
Wy & e 92m/N

@®: Example

t z[n]
RERER
° 0 1 2 3 4 T n;
‘Take N=5 X = 3 apwh

Penn ESE 5310 Spring 2024 — Khanna
Adapted from M. Lustig, EECS Berkeley



N
Wn = e j2w /N

‘ Example

REERR
S T o, s 2 T ° m
- Take N=5
4 nk .
X[k = { LaoWE* k=0,1,2,34
0 otherwise

= Dok “6-point DFT”

Penn ESE 5310 Spring 2024 — Khanna
Adapted from M. Lustig, EECS Berkeley 17



: : : A _—j327/N
Discrete Fourier Series Wn =e

0 Properties of WN:

s Wil = W N =W N= . =1

s Wi = Wi kWit and, WitN = Wk
0 Example: W (N=5)

k=1 k=2
1 n=4 1 n=2
n=3 n=4
n=0 n=0
> —> > >
n=2 _ n=1
n=1 n=3

Penn ESE 5310 Spring 2024 — Khanna
Adapted from M. Lustig, EECS Berkeley



Example

NERRRARER
° o 1 2 3 4 .
- Take N=5
4 nk .
X[k = { LaoWE* k=0,1,2,34
0 otherwise

= Dok “6-point DFT”

Penn ESE 5310 Spring 2024 — Khanna
Adapted from M. Lustig, EECS Berkeley 19



A
Wy & e 92m/N

Example

o Q: What if we take N=10?
a0 A: X[k] = X[k| where Z[n] is a period-10 seq.

Penn ESE 5310 Spring 2024 — Khanna
Adapted from M. Lustig, EECS Berkeley
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Example Wy £ e 72/

o Q: What if we take N=10?
a0 A: X[k] = X[k| where Z[n] is a period-10 seq.

Xk — ZT?:OW{%)IC k2071727"'79
k] = .
0 otherwise

“10-point DFT”

Penn ESE 5310 Spring 2024 — Khanna
Adapted from M. Lustig, EECS Berkeley
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Example

2 Now, sum from n=0 to 9

9

X[k] = ) znwi

n=0

Penn ESE 5310 Spring 2024 — Khanna
Adapted from M. Lustig, EECS Berkeley
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Example

2 Now, sum from n=0 to 9

9

X[k] = ) znwi

n=0
4
> Wis
n=0

_GAm g Sln(%k)

p— e J 10
sin({5k)

Penn ESE 5310 Spring 2024 — Khanna “4 0'p0int DFT”
2

Adapted from M. Lustig, EECS Berkeley 3



DFT vs. DTFT

0 For finite sequences of length N:
= The N-point DFT of x[n] is:

N-1 N-1
Xk = Z r[n|WEr = Z z[n]e I/ Nnk 0 < E< N -1
n=0 n=0

= The DTFT of x|n] is:

N-1
X (&) = Z z[nle 7" — 00 < w < 00

n=0

Penn ESE 5310 Spring 2024 — Khanna
Adapted from M. Lustig, EECS Berkeley
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: DFT vs. DTFT

0 The DFT are samples of the DTFT at N equally

spaced frequencies

X[k] = X(&"*)|yep2x 0<k<N-—1

Penn ESE 5310 Spring 2024 — Khanna
Adapted from M. Lustig, EECS Berkeley
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DFT vs DTFT

0 Back to example

4
Xk D Wiy
n=0
.an ;. SIN(FK)

S e_.? 10
sin({5k)

“10-point DFT”

Penn ESE 5310 Spring 2024 — Khanna
Adapted from M. Lustig, EECS Berkeley



DFT vs DTFT

0 Back to example

X [k]

Penn ESE 5310 Spring 2024 — Khanna
Adapted from M. Lustig, EECS Berkeley
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DFT vs DTFT

0 Back to example

X [k]

Use fftshift

to center
around dc

Penn ESE 5310 Spring 2024 — Khanna
Adapted from M. Lustig, EECS Berkeley
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DFT Intuition

Time

X[n]
_I_LIJJ_L_L,nx

Penn ESE 5310 Spring 2024 - Khanna

Transform

DTFT
>

1 = -
nl=— [ X&’*)e’"dw
[n] 2n£( )

Frequency

]X(eja’)

29



DFT Intuition

Time Transform Frequency
x[n] X (&™)
>
1 T Jjo~N  jon
N x[n]=E£X(e )e!"dw >0
Xn] DFS \X[k]
>
i _iN—l ~ " ‘
thlh_._‘_I_LL]_I_]_._L,n ol =5 2, XTI, 111,
Periodic in N N-1K

Penn ESE 5310 Spring 2024 - Khanna



DFT Intuition

Time

X[n]
_I_LIJJ_L_L,nx

Periodic in N

Penn ESE 5310 Spring 2024 - Khanna

Transform

DTFT
>

1 = -
nl=— [ X&’*)e’"dw
[n] 2n£( )

DFS
>
~ 1 < 5 —kn
f[n]=—Y X[kIW;
N k=0
_j2m
W, =e N

Frequency

]X(eja’)

31



DFT Intuition

Time Transform Frequency
x[n] X (&™)
| ‘ I DTFT ]
>
1 T Jjo~N  jon
N x[n]=E_£X(e )e!"dw >0
Xn] DFS \X[k]
>
i _iN—l ) . ‘
thlh_._‘_I_LL]_I_]_._L,n ol =5 2, XTI, 111,
Periodic in N N-1°K
X[K]
DFT

X[n] N1 > S -
e i
i k=0 N-]_>k

Penn ESE 5310 Spring 2024 - Khanna



DFT and Inverse DFT

0 Use the DFT to compute the inverse DFT. How?

x[n] = DFT~YHX[k]}

Penn ESE 5310 Spring 2024 — Khanna
Adapted from M. Lustig, EECS Berkeley
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' DFT and Inverse DFT

0 Use the DFT to compute the inverse DFT. How?

N -z¥[n| = N(D]:T_l {X[k]})*

Penn ESE 5310 Spring 2024 — Khanna
Adapted from M. Lustig, EECS Berkeley
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: Reminder: Discrete Fourier Transform

a0 The DFT

Inverse DFT, synthesis

ket
=
||
S
S,

W rn DFT, analysis

0 It is understood that,

zn] = 0 outside0<n<N -1
Xkl = 0 outside0<k<N-1

Penn ESE 5310 Spring 2024 — Khanna
Adapted from M. Lustig, EECS Berkeley 35



DFT and Inverse DFT

0 Use the DFT to compute the inverse DFT. How?

N-z*[n| = Q]—"T‘ {X[k] )
( ZX[k]W ’m)
NZ X" k|W
k=
s m@f’f{x*ﬁ

Ad apted from M. Lutg EECS Berkeley
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‘ DFT and Inverse DFT

a So

DFT{X*[K]} = N (DFT ' {X[K]})’

Penn ESE 5310 Spring 2024 — Khanna
Adapted from M. Lustig, EECS Berkeley
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DFT and Inverse DFT

a So

DFT {X*[k]} = N (DFT ' {X[K]})"

DFT {X[k]} =@

0 Implement IDFT by:
s Take complex conjugate
s Take DFT
s Multiply by 1/N

= Take complex conjugate

Penn ESE 5310 Spring 2024 — Khanna
Adapted from M. Lustig, EECS Berkeley
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DFT as Matrix Operator

0 Can write compactly as

X = WN X
]‘ %

Penn ESE 5310 Spring 2024 — Khanna
Adapted from M. Lustig, EECS Berkeley

X
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DFT as Matrix Operator

DFT:

(- XO

\.MNLI]/

Penn ESE 5310 Spring 2024 — Khanna
Adapted from M. Lustig, EECS Berkeley

k0
Wi

\ o (N =1)0

On
Wi

kn
WiN

o (N=1)n

X[k = > znWy
n=0
watV Y \( z[0]
W}f,“:v_l) :v[:n
\ :z:[N:— 1] )

WI(VN—l)(N—l) )

40



DFT as Matrix Operator

DFT:

( X [0] \ ( WRTO
X [k] = W.I’%O
\ xiv-1 /| w (N =1)0
IDFT:
(= [ Wy
. 1 :
z[n) — ; W};no
\ 2N —1] / \ WzG(N_l)O

Penn ESE 5310 Spring 2024 — Khanna
Adapted from M. Lustig, EECS Berkeley

X[kl = ) z[n]Wy"
n=0

watV Y \/ z[0]

wj':,(j\’—l) m[:n]

WI(VN—I)(N—I) ) \ z[N — 1] )

—0(N—1) \

W]Gn('N—n XTk]

—(N—-l)(N—l) / \ X[N.—l] )

Wi

41



. N-1
[ . L k
: DFT as Matrix Operator ~ X[k] = ) z[]Wgy"
» n=0
DFT:
1w 00 won w (N —1) ,
( X [0] \ ( N N N. \ / x[0] \
X [k] = w kO wEn Wj‘f,(N_l) z[n]
\ X[N — 1] / \ WI(VN_l)O o WI(VN'—I)n o WI(VN—I.)(N—l) ) \ [N — 1] ]
IDFT: o
U [ Wi WOk w0 =Dy [ X0
z[n] _ % W;no W;nk W}gn(-N—l) XTk]
\ [N —1] / \ —(N=1)0 —(N—-1)k —(N—:l)(N—l) ) \ x[N-1] /
Wy e Wy cee o Wy

Penn ESE 5310 Spring 2024 — Khanna

Adapted from M. Lustg, EECS Berkeley N2 complex multiplies .



Properties of the DFT

a Properties of DFT inherited from DFS

0 Linearity

0515131[7?,] + Q99 [n] — a1 X1 [k’] + o X9 [k]

Penn ESE 5310 Spring 2024 — Khanna
Adapted from M. Lustig, EECS Berkeley

43



Properties of the DFT

a Properties of DFT inherited from DFS

0 Linearity

0515131[7?,] + Q99 [n] — a1 X1 [k] + o X9 [k‘]

0 Circular Time Shift

z[((n—m))n] ¢ X [kle ™ CT/AR™ = X [k]W™

Penn ESE 5310 Spring 2024 — Khanna
Adapted from M. Lustig, EECS Berkeley
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®: Circular Shift

%[n] Zln-m]

m?TmTHTmT?. '"TTfG?TNTT?szmT?G?THL

0 N1 0 N-1

Penn ESE 5310 Spring 2024 — Khanna
Adapted from M. Lustig, EECS Berkeley 45



Circular Shift

Penn ESE 5310 Spring 2024 — Khanna
Adapted from M. Lustig, EECS Berkeley
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®: Propertics of DFT

0 Circular frequency shift
z[n)e? @7/ = gln] W™ & X[((k —1))n]
0 Complex Conjugation

z"[n] < X7[((=Fk))~]

0 Conjugate Symmetry for Real Signals

z[n] = z7[n] < X[k| = X*[((—F))N]

Penn ESE 5310 Spring 2024 — Khanna
Adapted from M. Lustig, EECS Berkeley
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Properties of the DFS/DFT

Discrete Fourier Series Discrete Fourier Transform
Property N-periodic sequence N-periodic DFS Property N-point sequence N-point DFT
%] K] ] x[K]
% [n]. %,[n] X,[k], X, [k] x[n], x,[n] X, [k]. X, K]
Linearity ax, [n]+ b, [n] aX [k]+bX, [k] Linearity ax, [n]+ bx, [n] aX, [k]+bx, k]
Duality X[n] Nx[-k] Duality X[n] N (- ), ]
Time Shift X [n - m] wim X [k] Circglﬁirf;l“ime x[((n —m)) N] wim x[k]
Frequenc ~ Circular
duency Wy "%n] X[k —1] Frequency W " x[n] X [((k -1)), ]
Shift .
Shift
Periodic NZ %, m]x [n m] e [k])N( [k] Circular g X [m]x [((n B m)) ] [k]X [k]
Convolution wrt : : ? Convolution m=0 1 ’ ! | ’
N ~ N-
Multiplication % [n]%, [n] %Z X[k =1 | Multiplication %[}, [1] Z X[, (k- 1)), ]
1=0 1=0
Complex o > Complex x x
Conjugation x [n] X [_ k] Conjugation o [n] X [((_ k))N ]

Penn ESE 5310 Spring 2024 — Khanna
Adapted from M. Lustig, EECS Berkeley



Properties (Continued)

Time- Time-
omplox ¥ [ [ ol GO 40
Conjugation Conjugation
Real Part Re{x[n]} X, €)== (X[k]+ X'[-k]) | Real Part efx[n]} X, [k == (x[e]+ X (=), )
T sl | E ) | e Fimslo] ¥, =l [0, )
Even Part Np[n]:—()?[n]+x [~ n]) {)?[k]} Even Part xp[n]:%(x[nh x*[((— ”))v]) {X[k]}
OddPart | %, [n]= %(x[n]_ 5[] jImi{X[k] OddPart | x,,[n]= %(x[n]_x*[((_ Dy jIm{x[k]
X[k]=X"[- ] [k]=x"[((= k), ]
mmery for Re{¥[k)=Ref¥[- )} | symmetry for Re{x[k]}=Re(x[(- £)), ]
el D=5 ] {Im{f[k1}=—lm{f[— g | R =] {Im{x[ ) = - tm{x[(- ), )
Sequence Sequence
q L ’ (-t 0,
ZX[K)=~2X[- k] 2X[k]=-2x[(=k)y]
S b= -3 k] S b3 X k]
Parseval’s n=0 k=0 Parseval’s n=0 k=0
Identity N-I I = Identity N-l , 1 5
Zo|f[n] W;\X[k]\ HZ:(;lx[n] W;p([k]

Penn ESE 5310 Spring 2024 — Khanna
Adapted from M. Lustig, EECS Berkeley




Circular Convolution

0 Circular Convolution:

z1[n] @ z2[n] = Zﬂn ((n —m))N]

For two signals of length N

Note: Circular convolution is commutative

z2[n| @ z1[n] = z1|n] @ w2[n]

Penn ESE 5310 Spring 2024 — Khanna
Adapted from M. Lustig, EECS Berkeley
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Compute Circular Convolution Sum

[ z1[n] /7-point convolution
1 0 O T T T
0 1 2 3 4 5 6 7
1 0 T
0 1 2 3 n
L, Nl
z1[n] @ z2|n] = Z z1|m]za[((n —m))N]
m=0

Penn ESE 5310 Spring 2024 — Khanna
Adapted from M. Lustig, EECS Berkeley
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Compute Circular Convolution Sum

t1[n] /-point convolution
1 & O T T T
0O 1 2 3 4 5 6 n
[ z2[n]
1 O T
O 1 2 3 4 5 6 n
AN_l
z1[n] @ z2[n] = )Y z1[m]za[((n —m))N]
m=0

Penn ESE 5310 Spring 2024 — Khanna
Adapted from M. Lustig, EECS Berkeley
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Compute Circular Convolution Sum

t1[n] /-point convolution
1 & O T T T
0O 1 2 3 4 5 6 n
J [ z2[n]
| T 0 T
7 7 01 2 3 4 5 6 n
AN_l
z1[n] @ z2[n] = )Y z1[m]za[((n —m))N]
m=0

Penn ESE 5310 Spring 2024 — Khanna
Adapted from M. Lustig, EECS Berkeley
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Compute Circular Convolution Sum

0 1 2 3 4 n
Xp | (—m),]
| T
0o 1 2 3 4 5 6 Tn
N-—-1
21[n] @ z2[n] £ Y zy[mzs[((n — m))N]
m=0

Penn ESE 5310 Spring 2024 — Khanna
Adapted from M. Lustig, EECS Berkeley
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Compute Circular Convolution Sum

0 1 2 3 4 n
X2 [(—m),]
| T
>
0 1 2 3 4 5 6 N
N-—-1

Penn ESE 5310 Spring 2024 — Khanna
Adapted from M. Lustig, EECS Berkeley

y[0]=2
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Compute Circular Convolution Sum

0o 1 2 3 4 6 n
Xz [(—=m)7]
R
o 1 2 3 4 5 6 >’n,
N-—1
z1[n] @ s[n] 2
m=0

Penn ESE 5310 Spring 2024 — Khanna
Adapted from M. Lustig, EECS Berkeley

y[0]=2
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Compute Circular Convolution Sum

y[0]=2

>

z1[m]xe[((n —m))N]

Penn ESE 5310 Spring 2024 — Khanna
Adapted from M. Lustig, EECS Berkeley
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Compute Circular Convolution Sum

8
|
S,
< < <
—
I

Penn ESE 5310 Spring 2024 — Khanna
Adapted from M. Lustig, EECS Berkeley 58



Compute Circular Convolution Sum

y[0]=2
z1[n] vil)=
1 ¢ O y[2]=3
T T T V[31=4
3

1>

z1[n] @ z2[n]

z1[m]xe[((n —m))N]

Penn ESE 5310 Spring 2024 — Khanna
Adapted from M. Lustig, EECS Berkeley
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‘ Result
y[0]=2
y[1]=
y[2]=3
y[3]=4
4 0 O
o 0O
2 O T T
0O 1 2 3 4 5 6 ﬁ
AN—1
z1[n] @ z2[n] = )Y z1[m]za[((n —m))N]
m=0

Penn ESE 5310 Spring 2024 — Khanna
Adapted from M. Lustig, EECS Berkeley 60



Compute Circular Convolution Sum

[ z1[n] /7-point convolution
1 0 O T T T
0 1 2 3 4 5 6 7
1 0 T
0 1 2 3 n
L, Nl
z1[n] @ z2|n] = Z z1|m]za[((n —m))N]
m=0

Penn ESE 5310 Spring 2024 — Khanna
Adapted from M. Lustig, EECS Berkeley
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Circular Convolution

0 For x,[n] and x,[n] with length N

z1[n| @ z2[n| <> Xik| - Xo[k]

= Very usefulll (for linear convolutions with DFT)

Penn ESE 5310 Spring 2024 — Khanna
Adapted from M. Lustig, EECS Berkeley
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. Multiplication

0 For x,[n] and x,[n] with length N

1ln) - 2aln] ¢ 1 Xi[K] ® XalK

Penn ESE 5310 Spring 2024 — Khanna
Adapted from M. Lustig, EECS Berkeley
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Linear Convolution

0 Next....
= Using DFT, circular convolution 1s easy
= But, linear convolution is useful, not circular

= So, show how to perform linear convolution with circular
convolution

s Use DFT to do linear convolution

Penn ESE 5310 Spring 2024 — Khanna
Adapted from M. Lustig, EECS Berkeley
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Big Ideas

0 Discrete Fourter Transform (DFT)

= For finite signals assumed to be zero outside of defined

length
= N-point DFT is sampled DTFT at N points

= Usetul properties allow easier linear convolution

0 DFT Properties

= Inherited from DFES, but circular operations!

Penn ESE 5310 Spring 2024 — Khanna
Adapted from M. Lustig, EECS Berkeley
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Admin

a0 HW 7 due 4/9
x Should be able to do it all now

Penn ESE 5310 Spring 2024 — Khanna
Adapted from M. Lustig, EECS Berkeley
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