ESE 5310: Digital Signal Processing

Lecture 19: April 9, 2024

Discrete Fourier Transform, Pt 2
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Today

a0 Review:
= Discrete Fourier Transform (DFT)

0 Circular Convolution
0 Fast Convolution Methods

0 Time-aliasing w/ Convolution

Penn ESE 5310 Spring 2024 - Khanna



Discrete Fourier Transform

a0 The DFT

z[n]

Xk]

.
Wy & e 727/

N-1
Z X[k]Wx*™  Inverse DFT, synthesis
k=0
1
z[n]W " DFT, analysis
0

0 It is understood that,

x
X

Penn ESE 5310 Spring 2024 — Khanna
Adapted from M. Lustig, EECS Berkeley
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0 outside0<n<N-1
0 outside0< k<N -1



: DTFT Vs. DFT

DTFT:

DFT:

Penn ESE 5310 Spring 2024 - Khanna

0

X(e’”) = E x[kle /"

k=—0
x[n]= fX(e]w)eJ‘“”da)
Nl
z[n] = NZXVC]WJGM
k=0
N-1
X[k] = z[n]Wy"
n=0



DFT Intuition

Time Transform Frequency
x[n] X (&™)
| ‘ I DTFT ]
>
1 T Jjo~N  jon
N x[n]=E_£X(e )e!"dw >0
Xn] DFS \X[k]
>
i _iN—l ) . ‘
thlh_._‘_I_LL]_I_]_._L,n ol =5 2, XTI, 111,
Periodic in N N-1°K
X[K]
DFT

X[n] N1 > S -
e i
i k=0 N-]_>k
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DFT vs DTFT

0 Back to example
) sin(k)

(i

“6-point” DFT
“10-point” DFT
i : Use fftshift
0 | \ | | | to center
° 1 i o ° ° ! around dc

Penn ESE 5310 Spring 2024 — Khanna
Adapted from M. Lustig, EECS Berkeley
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. Properties of DFT

0 Circular frequency shift
z[n)e? @7/ = gln] W™ & X[((k —1))n]
0 Complex Conjugation

z"[n] < X7[((=Fk))~]

0 Conjugate Symmetry for Real Signals

z[n] = z7[n] < X[k| = X*[((—F))N]

Penn ESE 5310 Spring 2024 — Khanna
Adapted from M. Lustig, EECS Berkeley



Example: Conjugate Symmetry

4-point DFT “ X [k]
—Symmetry

Penn ESE 5310 Spring 2024 — Kh
AZI:;)ted from MFI)jIIJI;ig, EECS Bgﬁialley z [n] =’ [n] < X [k] = X7 [( (_k))N]



Example: Conjugate Symmetry

4-point DFT “ X [k]
—Symmetry

Penn ESE 5310 Spring 2024 — Kh
AedI:;)ted from M%ﬁig, EECS B:E{neelley z [n] =’ [n] < X [k] = X7 [( (_k))N]



Example: Conjugate Symmetry

4-point DFT X[k]
—Symmetry T /\'

Penn ESE 5310 Spring 2024 — Kh
AedI:;)ted from MFE;I;%lg, EECS B:ill?eelley z [n] =’ [n] < X [k] = X" [( (_k))N]
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Example: Conjugate Symmetry

4-point DFT X K]
—Symmetry T /\'

0
N
4-point DFT “ /R\ XK
—Symmetry 4 T T
0 1 2 3 K
N

Penn ESE 5310 Spring 2024 —Khanna. i) — 2# (] oy X[k] = X*[((—k)) ]

Adapted from M. Lustig, EECS Berkeley 11



Example

S5-point DFT @
symary | | [ [ [ ]]]]
1 3 4

Penn ESE 5310 Spring 2024 — Khanna
Adapted from M. Lustig, EECS Berkeley 12



Example

m X[k]
S5-point DFT @
—Symmetry T | T T T T
2

0 1
'\'\—)'/‘
“ /R X [K]
5-point DFT ¢
—Symmetry ‘ T T T
o 1 2 3 4 k

Penn ESE 5310 Spring 2024 — Khanna
Adapted from M. Lustig, EECS Berkeley 13



Circular Convolution

0 Circular Convolution:

z1[n] @ z2[n] = le [((n —m))N]

For two signals of length N

Note: Circular convolution is commutative

z2[n| @ z1[n] = z1|n] @ w2[n]

Penn ESE 5310 Spring 2024 — Khanna
Adapted from M. Lustig, EECS Berkeley
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Compute Circular Convolution Sum

[ z1[n] /7-point convolution
10 O T T T
01 2 3 4 5 6 1
| z2[n]
1 0 T
o 1 2 3 ’;L
AN—1
z1n] @ waln] = ) @almlza[(n —m)) ]
m=0

Penn ESE 5310 Spring 2024 — Khanna
Adapted from M. Lustig, EECS Berkeley
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Compute Circular Convolution Sum

t1[n] /-point convolution
1 & O T T T
0O 1 2 3 4 5 6 n
[ z2[n]
1 O T
O 1 2 3 4 5 6 n
AN_l
z1[n] @ z2[n] = )Y z1[m]za[((n —m))N]
m=0

Penn ESE 5310 Spring 2024 — Khanna
Adapted from M. Lustig, EECS Berkeley
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Compute Circular Convolution Sum

t1[n] /-point convolution
1 ¢ O T T T
0O 1 2 3 4 5 6 n
J B
| T o C T
7 7 01 2 3 4 5 6 n
AN—l
T1[n] @) z2[n] = Z z1[m|z2[((n —m))N]
m=0

Penn ESE 5310 Spring 2024 — Khanna
Adapted from M. Lustig, EECS Berkeley
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Compute Circular Convolution Sum

0 1 2 3 4 n
Xp | (—m),]
| T
0o 1 2 3 4 5 6 Tn
N-—-1
21[n] @ z2[n] £ 3 zy[mzs[((n — m))N]
m=0

Penn ESE 5310 Spring 2024 — Khanna
Adapted from M. Lustig, EECS Berkeley
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Compute Circular Convolution Sum

0 1 2 3 4 n
X2 [(—m),]
| T
>
0 1 2 3 4 5 6 N
N-—-1

Penn ESE 5310 Spring 2024 — Khanna
Adapted from M. Lustig, EECS Berkeley
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Compute Circular Convolution Sum

0O 1 2 3 4 6 n
Xz [(—=m)7]
R
o 1 2 3 4 5 6 >’n,
N-—1
z1[n] @ s[n] 2
m=0

Penn ESE 5310 Spring 2024 — Khanna
Adapted from M. Lustig, EECS Berkeley

y[0]=2
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Compute Circular Convolution Sum

y[0]=2

>

z1[m]x2[((n —m))N]

Penn ESE 5310 Spring 2024 — Khanna
Adapted from M. Lustig, EECS Berkeley
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Compute Circular Convolution Sum

8
|
S,
< < <
—
I

Penn ESE 5310 Spring 2024 — Khanna
Adapted from M. Lustig, EECS Berkeley 22



Compute Circular Convolution Sum

y[0]=2
z1[n] vil)=
1 ¢ O y[2]=3
T T T V[31=4
3

1>

z1[n] @ z2[n]

z1[m]x2[((n —m))N]

Penn ESE 5310 Spring 2024 — Khanna
Adapted from M. Lustig, EECS Berkeley
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‘ Result
y[0]=2
y[1]=
y[2]=3
y[3]=4
4 0 O
o 0O
2 O T T
0O 1 2 3 4 5 6 ﬁ
AN—1
z1[n] @ z2[n] = )Y z1[m]za[((n —m))N]
m=0

Penn ESE 5310 Spring 2024 — Khanna
Adapted from M. Lustig, EECS Berkeley 24



Circular Convolution

0 For x,[n] and x,[n] with length N

z1[n| @ z2[n| <> Xik| - Xo[k]

= Very usefulll (for linear convolutions with DFT)

Penn ESE 5310 Spring 2024 — Khanna
Adapted from M. Lustig, EECS Berkeley
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. Multiplication

0 For x,[n] and x,[n] with length N

1ln) - 2aln] ¢ 1 Xi[K] ® XalK

Penn ESE 5310 Spring 2024 — Khanna
Adapted from M. Lustig, EECS Berkeley
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Linear Convolution

a Next....

= Using DFT, circular convolution 1s easy

= Matrix multiplication
s But, linear convolution 1s useful, not circular
= So, show how to perform linear convolution with circular

convolution

s Use DFT to do circular convolution

Penn ESE 5310 Spring 2024 — Khanna
Adapted from M. Lustig, EECS Berkeley
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Linear Convolution

0 We start with two non-periodic sequences:

zln] 0<n<L-1
hin] 0<n<P-1

= F.o. x[n] is a signal and h[n] a filter’s impulse response

Penn ESE 5310 Spring 2024 — Khanna
Adapted from M. Lustig, EECS Berkeley
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Compute Circular Convolution Sum

ol =7 Length=7

o /-point C|r_cula4r “ o
T T T convolution
o (o)

o 1 2 3 4 g % n; 2 0 T T

x2|n]
10 p=4 )

T 0o 1 2 3 4 5 6
0 1 2 3 7;,

Penn ESE 5310 Spring 2024 — Khanna
Adapted from M. Lustig, EECS Berkeley
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Linear Convolution

a0 We start with two non-periodic sequences:

zln] 0<n<L-1
hin] 0<n<P-1

= F.o. x[n] is a signal and h[n] a filter’s impulse response

0 We want to compute the linear convolution:

yin] = ln] *hlnl = 3 almlhln — m

= y[n] is nonzero for 0 = n = L+P-2 (ie. length M=L+P-1)

Penn ESE 5310 Spring 2024 — Khanna Requires L*P multiplications
Adapted from M. Lustig, EECS Berkeley
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: ILinear Convolution via Circular Convolution

a Zero-pad x[n] by P-1 zeros

[ zn] 0<n<L-1
T =10 L<n<L4+P—2

a Zero-pad h|n] by L-1 zeros

hyol] hln] 0<n<P-1
»M=10 P<n<L+P-2

a0 Now, both sequences are length M=1.+P-1

Penn ESE 5310 Spring 2024 — Khanna
Adapted from M. Lustig, EECS Berkeley
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ILinear Convolution via Circular Convolution

a0 Now, both sequences are length M=L.+P-1

0 We can now compute the linear convolution using a
circular one with length M=L+P-1

Linear convolution via circular

_ il s i — 3 %[N @ hpln] 0<n<M—1
vl = el = {O otherwise

Penn ESE 5310 Spring 2024 — Khanna
Adapted from M. Lustig, EECS Berkeley

32



Example

1[N
1 © O O O
=5
0o 1 3 4
B
1 © (@
P=
o 1 3
M=L+P-1=8

Penn ESE 5310 Spring 2024 — Khanna
Adapted from M. Lustig, EECS Berkeley
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Example

e—o0—0
O 1 2 3 4 5 6 7 N
A £
xo [N
1 ¢ T
6—0—0—0—
0 1 2 3 4 5 6 7N
M=L+P-1=8

Penn ESE 5310 Spring 2024 — Khanna
Adapted from M. Lustig, EECS Berkeley 34



@®: Example

T1|n]
1 © O T T T
= =
0 1 2 3 4 5 6 71N
T2 [N
1 0 T
= —_— >
0 1 2 3 4 5 6 n

Circular ‘flip’
M=L+P-1=8
yln] = z1[n] @ z2[n] = z1[n] * z2[n]

Penn ESE 5310 Spring 2024 — Khanna
Adapted from M. Lustig, EECS Berkeley
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Linear Convolution with DFT

0 In practice we can implement a circular convolution

using the DFT property:

z[n] x h[n] = zup[n] @ hypln]
= DFT ' {DFT {zpnl} - DFT {hup[n]}}
for 0 =n <M-1, M=L+P-1

Penn ESE 5310 Spring 2024 — Khanna
Adapted from M. Lustig, EECS Berkeley
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’ Linear Convolution with DFT

0 In practice we can implement a circular convolution

using the DFT property:

z[n] x h[n] = zup[n] @ hypln]
= DFT ' {DFT {zpnl} - DFT {hup[n]}}
for 0 =n <M-1, M=L+P-1

0 Advantage: DFT can be computed with Nlog,N
complexity (FEFT algorithm later!)

Penn ESE 5310 Spring 2024 — Khanna
Adapted from M. Lustig, EECS Berkeley
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Linear Convolution with DFT

0 In practice we can implement a circular convolution

using the DFT property:

z[n] x h[n] = zup[n] @ hypln]
= DFT ' {DFT {zpnl} - DFT {hup[n]}}
for 0 =n <M-1, M=L+P-1

0 Advantage: DFT can be computed with Nlog,N
complexity (FEFT algorithm later!)

a0 Drawback: Must wait for all the samples -- huge
delay -- incompatible with real-time filtering

Penn ESE 5310 Spring 2024 — Khanna
Adapted from M. Lustig, EECS Berkeley 38



Block Convolution

0 Problem:

= An input signal x|n], has very long length (could be
considered infinite)

= An impulse response h[n| has length P
= We want to take advantage of DFT/FFT and compute
convolutions in blocks that are shorter than the signal
0 Approach:
= Break the signal into small blocks
= Compute convolutions (via DFT)

s Combine the results
= Overlap-add

= Overlap-save

Penn ESE 5310 Spring 2024 — Khanna
Adapted from M. Lustig, EECS Berkeley
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Block Convolution

Example:

h[n] Impulse response, Length P=6

[TTTTT

x[n] Input Signal, Length P=33

y[n] Output Signal, Length P=38

f?Tﬂ)TTT??@;

Penn ESE 5310 Spring 2024 — Khanna
Adapted from M. Lustig, EECS Berkeley
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Overlap-Add Method

0 Decompose into non-overlapping segments

z,[n] = zln] rL<n<(r+1)L
10 otherwise

Penn ESE 5310 Spring 2024 — Khanna
Adapted from M. Lustig, EECS Berkeley

41



Example

=11 | I Xo[N]

2l T?TroTﬁé

X[n] = xo[n]+x1[n]+x2[N]

Penn ESE 5310 Spring 2024 — Khanna
Adapted from M. Lustig, EECS Berkeley
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Overlap-Add Method

xn] = Zxr[n]

0 The output 1s:
yln| = xzn| x h|n] = Z z,.[n| * h[n]

= Hach output segment x,/n/*h/n/ is length M=L+P-1
= h[n| has length P
x.[n] has length L

Penn ESE 5310 Spring 2024 — Khanna
Adapted from M. Lustig, EECS Berkeley
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Overlap-Add Method

o We can compute x,/7/*h/n] using circular convolution with
the DFT

o Using the DFT:

= Zero-pad x,[n] to length M = L+P-1
s Zero-pad h[n] to length M and compute DFTy;{h,[n]}

= Only need to do oncel

Penn ESE 5310 Spring 2024 — Khanna
Adapted from M. Lustig, EECS Berkeley
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Overlap-Add Method

0 We can compute x./7/*h/n] using circular convolution with
p y g

the DFT

o Using the DFT:

= Zero-pad x,[n] to length M
= Zero-pad h[n] to length M and compute DFT{h,,[n]}

= Only need to do oncel

z,[n] * h[n] = DFT ' {DFT{z, .,[n]} - DFT{h,,[n]}}

0 Results are of length M=L+P-1
= Neighboring results overlap by P-1

= Add overlaps to get final sequence

Penn ESE 5310 Spring 2024 — Khanna
Adapted from M. Lustig, EECS Berkeley
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Example of Overlap-Add

L+P-1=16

=11 | I | xo[n]v

10 20 30
”

X1[n]

10 30

“’&ngui,

xXo[n|
. Jm

X[n] = Xo[n]+x1[n]+x2[N]

O

gl

Penn ESE 5310 Spring 2024 — Khanna
Adapted from M. Lustig, EECS Berkeley

Yo[N]

= od [ T
=

SRy

o 10 20 30
7

Example:

h[n] Impulse response, Length P=6

[TTT77

46



Example of Overlap-Add

L+P-1=16
L=11 | Xo[N] | Yo[n]
is%‘ | | = mmcm% |
x1[n] | y1[n]
Q&J,LJ:LLML | = L[
xafn} . | ya[n] .
ﬁm | =, o : a?m%g

X[n] = Xo[n]+x1[n]+x2[N]
b A

Penn ESE 5310 Spring 2024 — Khanna
Adapted from M. Lustig, EECS Berkeley




Example of Overlap-Add

L+P-1=16
L=11 | Xo[N] | Yo[n]
&eﬁﬁL‘E?I = mmm%
X1[n] | 0.5 Y1[n]
w% | = L[
xao[n] = . y2[n] |
7l T?TToTﬁé = G?m%:

x[n] = Xo[n]+x1[n]+x2[N] y[n] = yo[n]+y1[n]+y2[n]

S AR

Penn ESE 5310 Spring 2024 — Khanna
Adapted from M. Lustig, EECS Berkeley




Overlap-Save Method

0 Basic idea:

0 Split input into overlapping segments with length
I+P-1

= P-1 sample overlap

" z[n] rL<n<(r+1)L+P

Tr|n] = < 0 otherwise

\

0 Perform circular convolution in each segment, and
keep the L sample portion which 1s a valid linear
convolution

Penn ESE 5310 Spring 2024 — Khanna
Adapted from M. Lustig, EECS Berkeley
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Example of Overlap-Save

1 6 Sa m ple Overlap-Save, Input Segments, Length L = 16
input L]
Seg m entS = 0<P?¢e‘f'? ?WJ’QALJ,L S

.. ﬁﬁ

OJ*LJ:‘LJiLﬂf

30

v

=, | ?TTTTmLfﬁ

o 10 20 30
n

Penn ESE 5310 Spring 2024 — Khanna
Adapted from M. Lustig, EECS Berkeley 50



Circular to Linear Convolution

a0 An I -point sequence circularly convolved with a P-
polint sequence

= with L - P zeros padded, P < LL

0 gives an [ ~point result with
m the first P - 1 values zcorrect and

s the next L. - P + 1 the correct linear convolution result

*3

N
B~
Il
(S

le P=2

Penn ESE 5310 Spring 2024 - Khanna
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Circular to Linear Convolution

a0 An I -point sequence circularly convolved with a P-

polint sequence

= with L - P zeros padded, P < LL

0 gives an [ ~point result with

m the first P - 1 values zcorrect and

s the next L. - P + 1 the correct linear convolution result

*3
29 o L

le P=2

Penn ESE 5310 Spring 2024 - Khanna

circular
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Example of Overlap-Save

16 sample

Owverlap-Save, Input Segments, Length L = 16

input o5
segments = O*WE%Qm

= '(, ?TTTT
= WJ)MML

o 10

20

Penn ESE 5310 Spring 2024 — Khanna
Adapted from M. Lustig, EECS Berkeley

30

Overlap-Save, Output Segments, Usable Length L - 2 + 1

o Usable (yo[n])

©

Unusable

P-1=5
Overlap

20

30

i © Usable (v, [7])

== Unusable

|

samples

sl
A

30

| o usable (v,[nD)

= Unusable

r_

o 10

20

30

53



Example of Overlap-Save

16 sample
input
segments

=

= ol @
<

Overlap-Sawve, Input Segments, Length L = 16

0.5
o 0& *
I R 1)

o

10 20 30
n

TTTT

&Lﬂéﬂuf

-0.5
o 10 30
0.5 1
o
0.5
o 10 20 30

Penn ESE 5310 Spring 2024 — Khanna
Adapted from M. Lustig, EECS Berkeley

Owerlap-Save, Output Segments, Usable Length L - P + 1

0.5

o Usable (yo[n])

<=+ Unusable

P-1=5
Overlap

= o
= Yoy
0.5
(8] 10 20 30
i o Usable (y1[n])|—
0.5 == Unusable |

: T X
1115

samples

-P+1=11

o 10 20 30
| o usable [N
= Unus
0.5
o°¢> :
= o Tiiz:
=
-0.5
o 10 20 30

keep
samples

54



Example of Overlap-Save

Owverlap-Save, Input Segments, Length L = 16 Overlap-Save, Output Segments, Usable Length L - 2 + 1
o Usable (yo[n])
0.5 y osf ] e Unusable 1
= of S, o
< =3 P o
-0.5 -0.5
(¢] 10 20 30 o 10 20 30

| o usable (v,[n])
I ------ Unusable

o 10 20 30 o 10 20 30
”n n

| o usable (v,[nD)
""" Unusable

o 10 20 30 o 10 20 30
” ”
Owerlap-Save, Concatenation of Usable Output Segments

0.5

o 11 S

-0.5

=
-~

o] 10 20 30

Penn ESE 5310 Spring 2024 — Khanna
Adapted from M. Lustig, EECS Berkeley



: ILinear Convolution via Circular Convolution

a Zero-pad x[n] by P-1 zeros

[ zn] 0<n<L-1
T =10 L<n<L4+P—2

a Zero-pad h|n] by L-1 zeros

hyol] hln] 0<n<P-1
»M=10 P<n<L+P-2

a0 Now, both sequences are length M=1.+P-1

Penn ESE 5310 Spring 2024 — Khanna
Adapted from M. Lustig, EECS Berkeley
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: Circular Conv. via Linear Conv. (w/ Aliasing)

0 If the DTFT X(¢¥) of a sequence x|[n] is sampled at
N frequencies w,=2nk/N, then the resulting
sequence X|[k] corresponds to the periodic sequence

o0

f[n]= ) x[n—rN1].

r=—oo

X j(27k/N) O<k<N-—1, .
[ (e ) 1s the

a0 And X[kl =
otherwise,
DFT of one perlod given as

n] = | X7 O<n=N-1,
10, otherwise.

Penn ESE 5310 Spring 2024 - Khanna
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Circular Conv. via Linear Conv. (w/ Aliasing)

] = |30l 0=n<N -1,
pt =19, otherwise.

a If x[n] has length less than or equal to N, then
xp[0]=x[n]

0 However if the length of x[n] 1s greater than N, this
might not be true and we get aliasing in time

= N-point convolution results in N-point sequence

Penn ESE 5310 Spring 2024 - Khanna
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: Circular Conv. via Linear Conv. (w/ Aliasing)

0 Given two N-point sequences (xq[n] and x,[n]) and

their N-point DFT's (X;[k] and X,[k])
0 The N-point DFT of x3|n]=x;[n]*x,[n] 1s defined as

X3[k] _ X3(ej(2.7'[k/N))

Penn ESE 5310 Spring 2024 - Khanna
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: Circular Conv. via Linear Conv. (w/ Aliasing)

0 Given two N-point sequences (xq[n] and x,[n]) and

their N-point DFT's (X;[k] and X,[k])
0 The N-point DFT of x3|n]=x;[n]*x,[n] 1s defined as

(2mk/
X,[k]=X,(e/™™M)

0 And X;lk]=X, [k]X,[k], where the inverse DFT of
X;[k] 1s

x,, [n]=x,[n]@x,[n]

Penn ESE 5310 Spring 2024 - Khanna 60



: Circular Conv. via Linear Conv. (w/ Aliasing)

0 Given two N-point sequences (xq[n] and x,[n]) and

their N-point DFT's (X;[k] and X,[k])
0 The N-point DFT of x3|n]=x;[n]*x,[n] 1s defined as

X3[k] _ X3(ej(2.7'[k/N))

0 And X;lk]=X, [k]X,[k], where the inverse DFT of
X;[k] 1s

X3 [n]
A
o N\
0
E x3ln—rN|, 0<n<N -1,
x3plnl = rem—00
0. otherwise,

Penn ESE 5310 Spring 2024 - Khanna

61



Circular Conv. via Linear Conv. (w/ Aliasing)

0
Z x3ln—rN|], 0<n<N-—1,

x3p[n| == .

otherwise,

Penn ESE 5310 Spring 2024 - Khanna
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Circular Conv. via Linear Conv. (w/ Aliasing)

0

x3p["| = .
0,
a Thus -
x3p [n] = y=—00
0

Penn ESE 5310 Spring 2024 - Khanna

Z x3ln—rN|], 0<n<N-—1,

otherwise,

Exl[n—rN]*xz[n—rN] Osn=N-1

else

63



Circular Conv. via Linear Conv. (w/ Aliasing)

0

Z x3ln—rN], 0<n<N -1,

x3pln] = .
0, otherwise,
0 Thus *
— * _ _
x3p[n]=< r;wxl[” rN]*x,[n-rN] O=n=N-1
0 else

X, [n]=x[n]@x,[n]

a The N-point circular convolution 1s the sum of
linear convolutions shifted in time by N

Penn ESE 5310 Spring 2024 - Khanna
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Example 1:

o Let

oy

0 The N=L=06-point circular convolution results in

Penn ESE 5310 Spring 2024 - Khanna
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Example 1:

o Let

‘ l l ] l ] a5

0 The N=L=06-point circular convolution results in

LI I l ' [ I x[n] N x;[n),
N=L=6
0 N-1

Penn ESE 5310 Spring 2024 - Khanna
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Example 1:

o Let

1A

0 The linear convolution results 1n
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xy[n] = )caln]
L=P=
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Example 1:

o Let

1A

0 The linear convolution results 1n

xy[n] = b[n]
L=P=

x3[n] = Xl["] . le"]

REMANNRETY

Penn ESE 5310 Spring 2024 - Khanna
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Example 1:

0 The sum of N-shifted linear convolutions equals the N-point
circular convolution

x3[n] = x\[n] » x;[n]

_._H_WH_.;)II”HIJLJ_I

n

(b)

et

n

(c)

x;[n + N].

ﬂLTI”L([“]J' N=L<6

n
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Example 1:

0 The sum of N-shifted linear convolutions equals the N-point
circular convolutiof

L

x3[n] = x\[n] » x;[n]

zrl”l

(b)

n

I “ Tth_l,_._._,_,_._

,ulllllhm

(c)

[“JrF

#LII”L([
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n

x3[n + N],

N=L=6

n
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Example 1:

0 The sum of N-shifted linear convolutions equals the N-point

circular convolutios -

x3[n] = xy[n] » x;[n]

_._H_Hﬂ_.zrl”llljtur_

1 n

il

(c)

#LT”IL([“IJM_

Penn ESE 5310 Spring 2024 - Khanna

x;[n+N'].
N=L=6

n
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Example 1:

a If I want the circular convolution and linear
convolution to be the same, what do I do?
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Example 1:

o If I want the circular convolution and linear
convolution to be the same, what do I do?

= Take the N=2L-point circular convolution

et
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xlln]®x [n],

73



Example 1:

o If I want the circular convolution and linear
convolution to be the same, what do I do?

= Take the N=2L-point circular convolution

_,_._,ﬁ_._._._.BTIHLl“IIr._._._H_._

_,__,_,rII”LH“Lr
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Example 2:

o lLet

S 1111
1L

(b)
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Example 2:

o lLet

SN 11111 R

(a)

0 P L * "

L+P-1
0 What does the L-point circular convolution look like?
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Example 2:

o lLet ZI

]

x1[n]

== x1[n] © x2[n] = Z x3fn—rL], 0<n<L-1,

x3p[n] = 1

NO’

00

r=-—00

otherwise.

II ? I I x3[n]

0 P
(b)
Linear convolution

il

e |

7

n

x3(n] = x,[n] * x;[n]

[

0 P

L

L+P-1

0 What does the L-point circular convolution look like?
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Example 2:

0 The L-shifted linear convolutions

O N N _—

P——

nl“l

x3|n]

DI S S S S S S
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L o

10

(a)

- 4[—]——4 * o o
o ¢
P-2

(b)

xy[n + L)

B e

x3[n - L)

n

oﬂ%.,lﬂlw i
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Example 2:

0 The L-shifted linear convolutions

O P P S N N A _—

anJ

x3ln]

B S B S S S S Sl S

10

(a)

xy[n + L)

- |\14» S0 =00t
0
I P2

P P R VP VR S A S _—

xypln]=x30n] + x3[n+ L), 0sns=L-1

]

Sy and:

I S S e L

0

il

Dl N S S i
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Big Ideas

0 Discrete Fourter Transform (DFT)

= For finite signals assumed to be zero outside of defined length
= N-point DFT is sampled DTFT at N points

= DFT properties inherited from DFES, but circular operations!

0 Fast Convolution Methods

= Use circular convolution (i.e DFT) to perform fast linear
convolution

= Overlap-Add, Overlap-Save
a Circular convolution is linear convolution w/
aliasing

= Must do a DFT long enough to get no aliasing

Penn ESE 5310 Spring 2024 — Khanna
Adapted from M. Lustig, EECS Berkeley
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Admin

o HW 8 out now
= Due4/16

Penn ESE 5310 Spring 2024 — Khanna
Adapted from M. Lustig, EECS Berkeley
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