ESE 5310: Digital Signal Processing

Lecture 4: February 1, 2024

Discrete Time Fourler Transform,

Z-Transform
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I.ecture Outline

0 Eigenfunctions

0 Discrete Time Fourier Transform
s Definition

= Properties
0 Frequency Response of LTI Systems

0 z-Transform
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Figenfunctions
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Figenfunction

0 x[n]=en

0 Figentunction: function when acted upon by a linear
operator 1s scaled by an eigenvalue

u Df=lf
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Figenvalue (frequency response)

0 x[n]=een

o

vnl= " x[n-klh[k]

Co

= ) ™ n[k)

k=—OO

= /" E hlkle /"
fk=—0o0

=H(eja))eja)n

Penn ESE 5310 Spring 2024 - Khanna

0 Describes the change
in amplitude and
phase of signal at
frequency w

0 Frequency response

0 Complex value
s Re and Im
= Mag and Phase



DT Frequency Response

o H <€] (w+27t)> j)

H(e’”) = i W kle /"

k=—OO
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DT Frequency Response

d

H(ej(a)+27r)): 2 h[k]e—j(a)+2n)k

k——oo
— 2 h —]a)k —Jj21k
k——oo

]
=
=
™
<
>
al
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Periodicity of LLow Pass Freq Response

Hlp(ejw)
1
| | | |
2T =2M+ W, =T -0, W, 1r 2m-w, 27
(a)
H|p(£'jw)
I
| |
-7 -, W, w w
(b)
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Other Filters

High-pass

Band-stop

Band-pass

Penn ESE 5310 Spring 2024 - Khanna

th("'jw)
—— I = —
|
-7 -, 0 W, @
(a)
Hys(e/)
1
|
- -W W, 0 w, Wy, w
(b)
pr((f’w)
=
|
- —wp  —W, 0 ®, W, w

(¢)



Discrete-Time Fourier Transform (DTFT)
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DTFT Definition

1 7 o
x[n]l=— | X(e’*)e’"dw
[1] 2ﬂ_fﬂ (™)
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Example: Window DTEFT
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w(n]

“‘window”
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. Example: Window DTFT
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w(n]

“‘window”
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: Example: Window DTFT
. N .
W(e'") = E e /o
Py
= /N 4 /WD L 4 e 4 e/ pmIoN
=e N+ +.. 4’ 4.+ L /2Ny
1_pM+1
Useful sum: 1+p+p’+..+p" = :
4

Penn ESE 5310 Spring 2024 - Khanna
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Example: Window DTEFT

N
W(e’”) = E e /o
k=N
=e/N 4/ 4 4/ 4 eV D pe
e N+’ +.. 4’ +. .+ D e
1_pM+1
Useful sum: 1+p+p*+...+p" = I

p=e’ M=2N

W(e’)=e /"

1— eja)(2N+1)

[0
1-e’
Penn ESE 5310 Spring 2024 - Khanna

- JjoN

ja)ZN)
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Example: Window DTEFT

. . l_ejw(2N+l)
W(e]a)) _ e—]a)N

jo

l-e

Penn ESE 5310 Spring 2024 - Khanna
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Example: Window DTEFT

. . 1—€jw(2N+1)
W(e'")=e’" .
1-e’”
e—ja)N _ eja)(N+1)
) 1-e/
e_ja)N _ eja)(N+1) e—ja)/2
= ; X .
1—e/® e—]a)/2
g N2 _ gioN/2) sin((N +1/2)w)
e /" e/ sin(a)/2)

Penn ESE 5310 Spring 2024 - Khanna
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. Example: Window DTFT o

sin((N + 1/2)60)

sin(w/z)

W(e’) =

Also, 2w[n]
2N +1

Plot for N=2 i \/

— 7T ' ' ' ' T
Penn ESE 5310 Spring 2024 - Khanna Periodic sinc 18




Periodic Sinc

/
.
\ N

2 / "\. B
/ \
\
/ \
15 / \ i
/ \
/ \
/ \
/ \
1 / \ 1
r" ‘n
/ \
f’ \\
05 / J
/
/
/ \
I, \
/
0Fr / 7
/ \
\
\
05+ ‘-\ g
/
i . . . . "
-3 -2 1 0 1 2
7= ’ r ARy r

2L I
-3 2 -1 0 1

Penn ESE 5310 Spring 2024 - Khanna

| |
AI”}
,
1”“
\ "'
N\ /
\
\ " /
\
N/
| |
-2 1

4

19



Fourier Transform Pairs

TABLE2.3 FOURIER TRANSFORM PAIRS

Sequence Fourier Transform
1. 8[n] 1
2. 8[n — ng) e Jono
o0

3.1 (=00 < n < o) Z 28 (w + 2mk)

k=—o00
4. a"uln] (lal < 1) 17

] —qe—J®

I o0
5. uln] m + Z w8 (w + 2mk)
k=—00
1

6. (n+ Da"uln] (lal <1) A —ae—Joy

rsinwy,(n + 1 1
7. #u[nl (Irl < 1) , ,
sinw), 1 —2rcoswpe= I 4 r2e=j20
8. sin wen X (eJ@) — 1, || < we,
mn 0, we <|w|l <m
9. x[n] = I, 0<n < M sme.(M + l)/2|‘,—ij/2
0, otherwise sin(w/2)
' o0
10. /0" Z 2n8(w — wq + 27k)
k=—00
rx; . .
11. cos(won + ¢) Z (re/?8(w — wq + 2mk) + re 5w+ w(+2mk))
k =—00
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Properties of the DTFT

0 Linearity:

ax [n]+bx,[n] <> aX (') +bX,(e’”)

1

0 Periodicity:
X(ej(a)+27r)) _ X(e]a))

a0 Conjugate Symmetry:
X'(e")=X(")  Ifx[n] real

Re{X(e™)} = Re{X(e)}
Im{X(e™)} =-Im{X(e’)}

Penn ESE 5310 Spring 2024 - Khanna
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Properties of the DTFT

0 Time Reversal:

0 Time/Freq Shifting:

x[n
xln-n,

Jjw.n

e’ " x[n

Penn ESE 5310 Spring 2024 - Khanna

x[n]< X (')
x[-n]<> X (™)

< X(e’”)

<> e_jade(ejw)

1es X(ej(a)—a)o))

If x[n] real
x[-n]< X (e’*)

22



Properties of the DTFT

0 Ditferentiation in Frequency:

x[n]< X (')

Jjo
nx[n]<j ax(e”)
dw

0 Convolution 1n Time:

yln]=x[n]=h|n]
Y(e)=X (") H(e™)

Penn ESE 5310 Spring 2024 - Khanna
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Fourier Transform Theorems

TABLE2.2 FOURIER TRANSFORM THEOREMS

Sequence Fourier Transform
x[n] X (eja))
y[n] Y (e/®)
1. ax[n] + by[n] aX (e/?) + bY(e/®)
2. x[n —ng] (ng aninteger) e~ Jona x (eJ@)
3. /90" x[n] X (e/(@=®0))
4. x[—n] X (e7/)
X*(’”) if x[n] real.
1X jw
5. nx[n] jﬁ
dw
6. x[n] * y[n] X (e/?)Y (e/®)
1 [7 , :
7. x[nly[n] X (/) e/ @)dp

2 —7T

Parseval’s theorem:

= 1
8. Z |)c|n]|2:27r

JT .
/ 1X (e/)dw

n=—o00 -
00 1 b4 ! .
9. ”_Z_:OC x[nly*[n] = 5 /_H X (e/?)Y*(e!)dw
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Example:

0 What is DTFT of:

X (e’

Penn ESE 5310 Spring 2024 - Khanna
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Example: Windowed cos(nn)

0 What is DTFT of:

Penn ESE 5310 Spring 2024 - Khanna
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Example: Windowed cos(nn)

0 What is DTFT of:

Penn ESE 5310 Spring 2024 - Khanna

e’ x[n] <> X (/"))
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Example: Windowed cos(nn)

2N + 1

2 1 b 4 |
- -1 0 1
— 7T

Penn ESE 5310 Spring 2024 - Khanna
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. Example: Window DTFT o

sin((N + 1/2)60)

sin(w/z)

W(e’) =

Also, 2w[n]
2N +1

Plot for N=2 i \/

———————————7t

Penn ESE 5310 Spring 2024 - Khanna 29




Frequency Response of LLTT Systems
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L'TT Systems

DEFINITION

A system # is linear time-invariant (LTI) if it is both linear and time-invariant

a0 LTT system car %

response H(ej‘") - E h[k]e_j‘“k

k=—OO

| by its impulse

0 Then the output for an arbitrary input is a sum of weighted,

delay impulse responses

Y hln—m]z[m]

m=—0o

yln]=x[n]=*h[n]

Penn ESE 5310 Spring 2024 - Khanna
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LL'TT System Frequency Response

a0 (DT)Fourter Transtorm of impulse response

X[n]=elen 4{ LTI System ]—» y[n]=H(ei®)eiwn

H(e’”) = i hkle '™

k=—OO

Penn ESE 5310 Spring 2024 - Khanna
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Example: Moving Average

0 Moving Average Filter
] CﬂUSﬂl: M1:O, MZZM

x[n-M]+...+x|n]

Mnl= M +1

Penn ESE 5310 Spring 2024 - Khanna
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Example: Moving Average

0 Moving Average Filter
] CﬂUSﬂl: M1:O, MZZM

x[n-M]+...+x|n]

yln]=

M +1

Impulse
response

Freq response?

Penn ESE 5310 Spring 2024 - Khanna
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Example: Moving Average

0 Moving Average Filter
] CﬂUSﬂl: M1:O, MZZM

x[n-M]+...+x|n]

yln]=

M +1

Impulse
response

Scaled &Time
Shifted window

Penn ESE 5310 Spring 2024 - Khanna
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Example: Moving Average

w(n]

sin((N + 1/ 2)60)

sin(a)/Z)

win] <> W(e™)=

Penn ESE 5310 Spring 2024 - Khanna

“window”
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. Example: Window DTFT

sin((N + 1/2)60)

sin(w/z)

W(e’) =

Also, 2x[n]
2N +1

Plot for N=2 i \/

———————————7t
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Example: Moving Average

w(n]

sin((N + 1/ 2)60)

sin(a)/Z)

win] <> W(e™)=

Penn ESE 5310 Spring 2024 - Khanna

“window”
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Example: Moving Average

w(n]

sin((N + 1/ 2)60)

sin(a)/Z)

win] <> W(e™)=

_ 1
M +1

h[n] wln-M/2] <> H(e’") =

Penn ESE 5310 Spring 2024 - Khanna

“window”
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Example: Moving Average

w[n] “window”

win] <> W(e™)=

sin((N + 1/ 2)60)

sin(a)/Z)

_ 1
M +1

hn]

Penn ESE 5310 Spring 2024 - Khanna

w[n—M/2]eH(eja’)=

xX[n-n,]< e " X (e/?)
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Example: Moving Average

hn]

Penn ESE 5310 Spring 2024 - Khanna

w[n] “window”

_ 1
M +1

win] <> W(e™)=

sin((N + 1/ 2)60)

0 M

w[n—M/2]eH(eja’)=

sin(a)/Z)

N

e~ /oM/2 sin ((M/Z + 1/2)0))

M +1 sin(a)/2)

Freq response plot?

41



Example: Moving Average

e 1 ZH (&%)
\\ N

\ N\
7;{-:.;71. 3 = : : : 7T

M=4 H(e™™) = o~ JoM)/2 sin((M/2+1/2)a))
(N=2) M +1 sin(a)/2)

Penn ESE 5310 Spring 2024 - Khanna 42



Example: Ideal LLow-Pass Filter ®

m The frequency response H(w) of the ideal low-pass filter passes low frequencies (near w = 0)
but blocks high frequencies (near w = %)

H(w) 1l —w,. <w<w
W) =
0 otherwise

H(w)

Penn ESE 5310 Spring 2024 - Khanna
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Example: Ideal LLow-Pass Filter

m The frequency response H(w) of the ideal low-pass filter passes low frequencies (near w = 0)
but blocks high frequencies (near w = %)

0 otherwise

hn] = 2Wcsin(wcn)

WeN

h(n

]
\oge?®®00ege00%00ge
10 20 30

1
0.5 ﬁ
-30 -20 -

g;udngﬁitg h,,[n]=w,[n—N]-h[n-N]

Penn ESE 5310 Spring 2024 - Khanna

10 0
n
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. FIR Design by Windowing

0 Desired filter,
H(e?) = Hy(e?¥) « W (e¥)

0 For Boxcar (rectangular) window

oy _jw%sin(w(M—Fl)/Z)
Wie™) =e sin(w/2)

Hy(e'*) W (e7)] ~|H()]

K

LW(ej“’)HKNd j (N ] ‘l l

Penn ESE 5310 Spring 2024 — Khanna
Adapted from M. Lustig, EECS Berkeley 45




7z- I'ransform
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7z- T'ransform

0 The z-transform generalizes the Discrete-Time
Fourier Transform (DTFT) for analyzing infinite-
length signals and systems

a Very useful for designing and analyzing signal
processing systems

0 Properties are very similar to the DTFT with a few
caveats

Penn ESE 5310 Spring 2024 - Khanna 47



Complex Exponentials as Eigenfunctions

0 Fact: A more general set of eigenfunctions of an
LTT system are the complex exponentials 2", z € C

2" U s H(z)Z"

Penn ESE 5310 Spring 2024 - Khanna
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Reminder: Complex Exponentials

2N = (|z| ejwn)" — |z|nejwn

|z|™ is a real exponential envelope (a™ with a = |z|)

e’“™" is a complex sinusoid

|z| <1

Re(z2"), |z| <1

z 2% X,

0 . . R e LA X T L K
- ll‘ L f“ A " A J
s 10 -5 0 5 10 5

lnon
[ ]
[
®
[ ]
L 2
[ 2
@

Bounded

Penn ESE 5310 Spring 2024 - Khanna

|z| > 1

Re(z"), |z| > 1

_3” vt 8, .’,."3",Y?'lll.}

Unbounded

49



Proof: Complex Exponentials as Eigenfunctions

2" — H +— H(2)Z"

a0 Prove by computing the convolution with input x[n| = z°

Penn ESE 5310 Spring 2024 - Khanna



Proof: Complex Exponentials as Eigenfunctions

2" — H +— H(2)Z"

a0 Prove by computing the convolution with input x[n| = z°

e h[n] — Z SN—Tn h[m] — Z oM =M h[m]
— ( Z h[m] z—m) e
= H(z)z"v

Penn ESE 5310 Spring 2024 - Khanna
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7z- T'ransform

a Define the forward z-transform of x|n] as

o0

X(z) = Z z[n|z™"

n=-—00

0 The core “basis functions” of the z-transform are the
complex exponentials z" with arbitrary z € C; these are the
eigenfunctions of LTT systems for infinite-length signals

0 Notation abuse alert: We use X(®) to represent both the
DTFT X(e) and the z-transform X(z); they ate, in fact,
intimately related

Penn ESE 5310 Spring 2024 - Khanna
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Transter Function of LTI System

0 We can use the z-Transform to characterize an I.T1

system

r— H

_)y

yln] = z[n]*hin] =

Z h[n — m] z[m]

m=—00

0 and relate the z-transforms of the input and output

o0

X(z) = Z x[n|z7",

Nn=——0o0

Y(2) =

Penn ESE 5310 Spring 2024 - Khanna

X(z)H(z)
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/-transform

Penn ESE 5310 Spring 2024 - Khanna

What are we missing?

o0

X(z) = z z[n]z™"

n=—oo
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/Z-Transform

2N = (Izlejwn)" — |z|nejwn

|z|™ is a real exponential envelope (a™ with a = |z|)

e’“™ is a complex sinusoid What are we missing?

o0
2| <1 —n |z| > 1
X(2) = E z[n| z
Re(z"), |z] < 1 n=—oc Re(z"), |z| > 1
z ?T, .’._._m._._._._.ﬁ_._._. 2 ,.‘ "T?‘ ._T
Sf QAT CsEET e s s L
s -10 -5 0 5 10 15 “s -10 -5 0 5 10 15
T T
Im(z%), |z| <1 Im(z%), |z| > 1
2
%o eTe
m 2% 020y L cseseces ® I3 .
S IRt waerttievwwesteeess ZE R LR Y
-15 -10 -5 0 5 10 15 Sis 10 -5 0 5 10 15
T T

Bounded Unbounded
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Region of Convergence (ROC)
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Region of Convergence (ROC)

Given a time signal z[n], the region of convergence (ROC) of its z-transform
X (z) is the set of z € C such that X(z) converges, that is, the set of z € C such

é that z[n] 27" is absolutely summable
z
E o0
Z lz[n] 27" < oo
n=—oo

Penn ESE 5310 Spring 2024 - Khanna
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ROC Example 1

m Signal z;[n] = a™u[n], a € C

m Example for a = 0.8

Penn ESE 5310 Spring 2024 - Khanna

(causal signal) Right-sided sequence

zi[n] = a™u[n], a=0.8
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ROC Example 1

= Signal z,[n] = a™u[n], a € C  (causal signal) Right-sided sequence

m Example for a = 0.8

zi[n] = a™u[n], a=0.8

O’ﬂ,,,,,,,{ITTTTZ?:

m The forward z-transform of z;[n]

o

Xl(z) = E :Bl[n]z_"' = Za"z—" - Z(az—l)n — 1 _ Z

n=—o00 n=0 n=0

m Important: We can apply the geometric sum formula only when |az~!| < 1 or |z| > |«|

Penn ESE 5310 Spring 2024 - Khanna
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ROC Example 1

m Signal z;[n] = a™uln|, « € C (causal signal)

ROC ={z: ‘Z‘ > ‘a‘}

m The forward z-transform of z; [n]

o

Xi1(2) = E z1[n] 27" = Za"z”"‘ Z(az‘l)" = l_az—l = zja
n=0

n=—oo

m Important: We can apply the geometric sum formula only when |az~!| < 1 or |z| > |q|

Poles and zeros?

Penn ESE 5310 Spring 2024 - Khanna
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ROC Example 1

0 What is the DTFT of x4 [n] = a™u[n]?

0

X(e’) = 2 x[kle ", —T<W<T
k=—o
1 o
x[n]l=— | X(e’*)e’"dw, —0 <) <®©
[n] 2~E_f (e”)
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{ ROC Example 1

0 What is the DTFT of x;[n|=a"u[n]?

o}

X(e’”) = E x[kle ™, ~-T<W<JT

k=—00
x[n]——fX(eJ‘“)eJ‘””a’a) —0=n<®©

Unit circle
X\ (2) =
zZ—a
pole
ROC ={z: ‘Z‘ > ‘a‘}

= 0]

Penn ESE 5310 Spring 2024 - Khanna 62



: ROC Example 2

0 What 1s the z-transform ot x,[n]? ROC?

xz[n]=(%) u[n]+(—%) uln]

Penn ESE 5310 Spring 2024 - Khanna
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: ROC Example 2

0 What 1s the z-transform ot x,[n]? ROC?

xz[n]=(%) u[n]+(—%) uln]

" 1
3 Hine 5ln]=a'uln)<"—

A ROC ={z: ‘z‘ > ‘a‘}

Penn ESE 5310 Spring 2024 - Khanna
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: ROC Example 3 ¢
0 What is the z-transform of x;|n]? ROC?
x,[n]=-a"u[-n-1] X(z) = > amz"

Penn ESE 5310 Spring 2024 - Khanna

Left-sided sequence
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: ROC Example 3

0 What is the z-transtorm of x5[n]? ROC?

o0

x,[n]=-a"u[-n-1] X(z) = > amz"

n=—oo

0 The z-transtorm without ROC does not uniquely
define a sequencel
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Properties of ROC (so far)

0 For right-sided sequences: ROC extends outward
from the outermost pole to infinity

= HExamples 1,2

a For left-sided: inwards from inner most pole to zero

= Hxample 3

Penn ESE 5310 Spring 2024 - Khanna
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Big Ideas

0 Discrete Time Fourier Transform

= Represent signals as a sum of scaled and phase shifted
complex sinusoids (eigenfunctions)

= Continuous in frequency over 2n
0 Frequency Response of LTI Systems

= Frequency response of impulse response

= Describes scaling and phase shifting of a pure frequency

X[ﬂ]:ejwn —)[ LTI System ]—) y[n]:H(ejwn)ejwn

X(e’) = i x[kle /"

k=—OO

1~ o
x[n]= —fX(er)e]w”da)
Penn ESE 5310 Spring 2024 - Khanna 2m -
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Big Ideas

0 z-Transform

= Uses complex exponential eigenfunctions to represent
discrete time sequence

s DTFT is z-Transform where zzei‘”’ |z| =1
= Draw pole-zero plots
= Must specity region of convergence (ROC)

s More next lecture...

Penn ESE 5310 Spring 2024 - Khanna
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Admin

a0 HW 1 out since 1/24
= Due Sunday 2/4 at midnight

= Submit in Gradescope (via Canvas)

= [eave time to submit to avoid late penalty

= Make sure you link the correct page to the correct question

o HW 2 posted 2/4 due on 2/11

0 Diagnostic quiz grades/solutions

Penn ESE 5310 Spring 2024 - Khanna

70



