ESE 5310: Digital Signal Processing

Lecture 6: February 8, 2024

Sampling and Reconstruction
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Power Series Expansion

0 Expansion of the z-transform definition

X(z)= i x[n]z™"

n=—oo

=t x[2]2% + X[~ 1z +x[0] + x[1]z"" + x[2]z7> + - -
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. Power Series Expansion w/ Long Division ®

X(z) = |z| > |a

1 —az 1’
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Reminder: Difference Equations

0 Accumulator example

One-sample

y[n]=x[n]+ E x[k] dolay

vin-1]

Eaky[n —-k]= E b x[n-m]
k=0 m=0
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Ditterence Equation to z-Transtorm

i =—2(ﬁ)y[n—k]+ E(b—m)x[n—m]

m=0

0 Difference equations of this form behave as causal
L'TT systems
= when the input is zero prior to n=0

= Initial rest equations are imposed prior to the time when
input becomes nonzero

s ie y[N]=y[-N+1]=...=y[-1]=0
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Example: 15-Order System

yln]=ay[n—1]+x[n]
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Example: 15-Order System

yln]=ay[n—1]+x[n]

h[n]=a"uln]
Why right sided?
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Difference Equation to z-Transform

= Y (z) =2 X(2) k
g(ak)z k E(ak)z g
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Example: 15-Order System

Eaky[n —-k]= E b x[n—m]

k=0 m=0

! 2 (5)="

H(z)= 1 H(z) =22
1-az™ E(ak)z'k

T NV, =0

h[n]=a"uln]
Why right sided?
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Reminder: Laplace Transform

0 The Laplace transform takes a function of time, t,
and transforms it to a function of a complex
variable, s.

0 Because the transform is invertible, no information
is lost, and 1t is reasonable to think of a function f(t)
and its Laplace transtform F(s) as two views of the
same phenomenon.

0 Each view has its uses, and some features of the
phenomenon are easier to understand in one view
or the other.
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S-Plane

Q s=o+)Q2

0 Wolfram Demo

Real (red) and imaginary (blue) components of e
10

Im[s]

Rels]
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S-plane and stability

< stable region unstable region —>
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S-Plane Mapping to Z-Plane

s-plane z-plane
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radius=e2% cos(bt,)
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S-Plane Mapping to Z-Plane

0 Interactive Demo

s-plane z-plane

-50.00 4 1 ] 0 1 |
-50.00 -33.33 -16.67 0.000 16.67 33.33 50.00

Real Part [rad/s]

-1.20 5 1 1 1 1
-1.20 -0.800 -0.400 -0.000 0.400
Real Part [rad/s]

The scope shows the system response to a step. The scope is clickable & draggable - interactive demo is here.

Reset = Y-auto CurA CurB SettingS:
Time domain plot Sampling Period "Ts":
1.42 -
[ 00535+
1.18 -
0.947 -
Continuous: Discrete:
0.710 -
Pole1: -12.39-31.57j Pole1: -0.06-0.51]
e Pole 2: -12.39+31.57 j Pole 2: -0.06 + 0.51]
s wn: 33.91rad/s
zeta: 0.37 Period T: 0.053s

04 0 < zeta < 1, underdamped system

1 1 1 1 1 1 1 1
0.125 0.250 0375 0.500 0.625 0.750 0.875 1.000
Time [s]

0 https://controlsystemsacademy.com/0003/0003.html
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I.ecture Outline

0 Sampling
= [requency Response of Sampled Signal

0 Reconstruction

0 Anti-aliasing Filter

Penn ESE 5310 Spring 2024 - Khanna
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Video Example

>l ) 0:57?,"'2;'10

o https://www.youtube.com/watch?v=ByTsISFXUoY

Penn ESE 5310 Spring 2024 - Khanna
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The Data Conversion Problem

Analog
World /\/ <:> 2,7,0,15,27...

0 Real world signals

= Continuous time, continuous amplitude

a Digital abstraction

= Discrete time, discrete amplitude

0 Two problems

= How to go discretize in time and amplitude

= A/D conversion

= How to "undescretize" in time and amplitude

= D/A conversion
Penn ESE 5310 Spring 2024 - Khanna

Digital
World
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Overview

Anal Digital
A/ID Inog ' " JJ_'_" Out
. — —]  — — >
Conversion l
2,7,0,15, ...
Anti-alias Sampling Quantization
Filtering
Digital Agalog
1 ut
DIA In DA b —Np
Conversion ;7 ¢, 15, .. - } /\/
DAC Analog Reconstruction
Hold Filtering

a0 We'll first look at these building blocks from a

functional, "black box" perspective
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DSP System

Te (t) Analog 1
-3 Anti-Aliasing
Filter J

){ sampler Wx[n] — a:c(nT)

» Quantizer
t = nTJ

---------------------------------------------------------------------------

( /\ DAC D/A
)[Disczr[e)agep,stufﬂ y[n] { W Ye(t) N

Penn ESE 5310 Spring 2024 - Khanna
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Ideal Sampling Model

zc(t) C/D z[n| = xz.(nT)

Discrete and Continuous

0 Ideal continuous-to-discrete time (C/D) converter
= T is the sampling period
s £=1/T is the sampling frequency
s Q=2n/T

Penn ESE 5310 Spring 2024 - Khanna
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Ideal Sampling Model

zc(t) C/D z[n| = xz.(nT)

Discrete and Continuous

define impulsive sampling:

ze() Continuous
z.(t)
—
To(t) == 40;3:0(0)5(15) +2(TY6(t —T) + -
zs(t) =zc Y O(t—nT)

Penn ESE 5310 Spring 2024 - Khanna
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Ideal Sampling Model

zs(t) = x, Z O(t — nT)

n=-—oo

0 Dirac delta function, 6(t)
= Infinitely high and thin, area of 1
= Not physical—for modeling

z|n] <> x5(t) <> (1)

0 Three signals. How are they related? In time? In
frequency?

Penn ESE 5310 Spring 2024 - Khanna
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Frequency Domain Analysis

0 How 1s x[n] related to x,(t) in frequency domain?

z[n] = z.(nT) zs(t) =z. Y 6(t—nT)

n=—oo

Penn ESE 5310 Spring 2024 - Khanna

23



Frequency Domain Analysis

0 How 1s x[n] related to x,(t) in frequency domain?

z[n] = z.(nT) zs(t) = . Z 6(t —nT)
a:s(t) .C.T X, (JQ) — Z xc(nT)ejQ”T>
z[n| DT X () Z z[n]e 79" 0 — QT

[X<ejw> - Xsu%:m] [Xs@m - X(ef‘“’)!wzm]
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Frequency Domain Analysis

(1) |
7o (t) Continuous
t >
Ts(t) =--- 40;336(0)5(75) +z(T)o6(t —=T)+ -

zs(t) = x. Z o(t —nT)

—— s()= i o(t—nT)

Zs(t) N=—00

Penn ESE 5310 Spring 2024 - Khanna
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Frequency Domain Analysis

zs(t) |
7o (t) Continuous
—
zs(t) = -+ + 2c(0)6(t) + 2c(T)0(¢ = T) + -

zs(t) = x. Z o(t —nT)

_ . s() = i o(t-nT)

é;Et) N=—00
) A:s(t)
st) o 5G9 SERGERRR
, I ~— 2T S(79)
SGQ) = 7 ) d@-Fh
B il
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Frequency Domain Analysis

x (t)=s(t) x (¢)

Penn ESE 5310 Spring 2024 - Khanna
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‘ Frequency Domain Analysis

x (t)=s(t) x (¢)

. 1 . .
Xs(9) = - Xc(38) * S(7Y
S = 2% > 5(9—2%’6) T TSOQ)T I

Penn ESE 5310 Spring 2024 - Khanna
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Frequency Domain Analysis

x (t)=s(t) x (¢)

1

Xo(iQ) = o-Xc(iQ) * S(j)
- | 2T
Tk;ooxcmsz—ms» 9=
R I S

Penn ESE 5310 Spring 2024 - Khanna
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Frequency Domain Analysis

Penn ESE 5310 Spring 2024 - Khanna

30



Frequency Domain Analysis

and (), > 2Qn

Penn ESE 5310 Spring 2024 - Khanna

X.(j ) ﬁ Xs(jY)

1
| | | |
20, -0, -Qy A 20, 30, 0

(9 - 0y)
Q

2
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Frequency Domain Analysis

Wit 1T

and (), > 2Qn

X.(j ) ﬁ Xs(jY)

A AVAVAVAVAVAN

oW Qy 0 . 30,
(a) (- 2p)
QS
1 X 2
T f
w=QT /\ /\ ‘ /\ /\ /\
| | | | | 1
0]
%'T=7L’
2

Penn ESE 5310 Spring 2024 - Khanna 32



Frequency Domain Analysis w/ Aliasing

s(t) oy SUY
1A A A X A 4 4 —p TT I x
ra ’ =
and (), < 2Qn g
1
VAN

(a)
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Frequency Domain Analysis w/Aliasing

Wit 1T

T 2m
T
and (), < 20N
X (j) > | [XsUD
1 AVAWAN \WAWANWAWAN
/\ // /A\ //\\ /&\ /'\\ I /\\.L /A\ //\\ AN
0y Oy 0 Q-0 Q20 )

(a)
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Frequency Domain Analysis w/Aliasing

S(6

2T
1AAAS(£)AAA_> TI T
T 2T ]
T
and (), < 2Qn
X.(j _’ 1 X (j§2)
/ —/\-W/\/\/\/\—
/\ // /A\ //\\ /&\ /'\\ I /\\.L /A\ //\\ \\
-Qy Qy 0 (Q_‘—()N)/ Q2 {2
(a)
X(e’)
1
—/\/\/\—7\/\/\/\—/\—
w=QT :
ya /&\ /&\ /’(\ /?\ | /)\\Af /&\ //\\ \\
(0
Q
S-T=nm
2
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‘ Example: Cosine Input

o Sample the continuous-time signal x.(t) = cos(4000rt)
with sampling period T = ﬁs (f¢ = 6kHZz)

L x,(59) « 5(9)

k=—o0

1 oo
= 5 D X.(Q-k) | Q=7

Penn ESE 5310 Spring 2024 - Khanna
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‘ Example: Cosine Input

o Sample the continuous-time signal x.(t) = cos(16000mt)
with sampling period T = ﬁs (f¢ = 6kHZz)

L x,(59) « 5(9)

k=—o0

1 « (s
= 5 D, X.(Q-kQ) | Q=72

Penn ESE 5310 Spring 2024 - Khanna
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DSP System

Te (t) Analog 1
-3 Anti-Aliasing
Filter J

) sampler Wx[n] — a:c(nT)
By

»| Quantizer
=nTJ

---------------------------------------------------------------------------

storage....)

( m
Discrete stuff t
)[ | (SSeP, UW y[n] D{ReconstructionW C( ) >

Penn ESE 5310 Spring 2024 - Khanna
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Reconstruction of Bandlimited Signals

0 Nyquist Sampling Theorem: Suppose x.(t) 1s
bandlimited. I.e.

X =0V [|Q>Qn

a If Q.=2Q, then x.(t) can be uniquely determined
from its samples x[n]=x.(nT)

0 Bandlimitedness is the key to uniqueness

[

Mulitiple signals go through
the samples, but only one is
bandlimited within our
sampling band
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Reconstruction 1n Frequency Domain

~ Convert
a:[n] to impulse]—» a:s(t) —*[Hr (]Q)]—> wr(t)
train
m[rf],, elt) 71 m(t) ot

t

X, () 0,>20
N

/\/\/\

(Q QN)

Penn ESE 5310 Spring 2024 - Khanna
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Reconstruction 1n Frequency Domain

_ onvert
a:n] to impulse]—» a:s(t) —>[Hr (_7Q)J—> wr(t)
train
3’[7?]” o (t) 71 W zc(t)

X,(j0
(} ) QJ.>2QN
/L\ /\
i)y ~Qu oy N\ 9 Q
(QS—ON)
H,(jQ)

('T\ Oy = 0. < (Q,- Q)

of), Q, Q0

Penn ESE 5310 Spring 2024 - Khanna
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Reconstruction 1n Frequency Domain

~Convert I
CB[’n] to impulse |—> .’133 (_7 Q) (t)
traln

X;(jQ)

Q)pQN

/\/\ /\
X, (j€2)
H,(j€) ( N) ) / \

Q,’V = QC = (‘ls = QN) —Q N QN
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Reconstruction 1n Frequency Domain
~ Convert
x(n] to |mpulse]—> (1 H,.(j Q)J—» z,(t)
train

X;(jQ)

Q)pQN

/\/\ /\
X, (j€2)
H,(j€) ( N) ) / \

T Q}V = Qc = (‘ls - Q‘V) —Q.'V ’QN (l

-Q, 0, 0 ZQN=Q Sample at Nyquist
> and filter at signal

-0 — badnwidth
Qy=0c=Q./2
Penn ESE 5310 Spring 2024 - Khanna 43



‘ Example: Cosine Input

0 Sample and reconstruct the continuous-time signal x.(t) =
. . . 1
cos(4000mt) with sampling period T = —>s (fs = 6kHz)

. 1 . .
Xs(J2) = 5 -X () *5(59)
1 — | 2
= 7T D X.((Q-kQ)) | Q= -
k=—o00
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‘ Example: Cosine Input

0 Sample and reconstruct the continuous-time signal x.(t) =
) . . 1
cos(16000xt) with sampling period T = —os (fs = 6kHz)

. 1 . .
Xs(J2) = 5 -X () *5(59)
1 — | 2
= 7T D X.((Q-kQ)) | Q= -
k=—o00
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Reconstruction in Time Domain  n=$2c=/2

H,(j€1)
Q./2
Qy= Q.= (0~ Q) 1 s/

he(t) = — IS
(t) o —QS/2T6 dQ)

-Q, Q, Q0

Penn ESE 5310 Spring 2024 - Khanna
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Reconstruction in Time Domain  n=$2c=/2

H,(j€))
Qy = Q= (- Qy)

he ()

Q, Q0

Penn ESE 5310 Spring 2024 - Khanna

%2
— Tel* 40
27T _QS/2

Qs/2

T 1 L o
o 9t —Q./2
T ¢35t _ o—i 5t
Uy’ 27
T Q T
— sin(?s ) = — sin (

t
sinc(f)



Reconstruction in Time Domain

= (Zx[n]d(t—nT)) % hy(t)
= Y z[n]h.(t —nT)

/ [ Yl b
x,(1) / [ S x(0
/ T\ -
/
!

onvert
LE[’TL] to impulse > a:s(t)—> Hr(]Q)

train

Penn ESE 5310 Spring 2024 - Khanna

h, (1)

-5 7, (1) /\
~l__ N\ VN

~4T 3T \/—T 0 T\/ 3IT4T ¢
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Reconstruction in Time Domain

z,.(t) = x4(t) * he(t) = (Z z|n|d(t — nT)) x h.(t)
= Y z[n]h.(t —nT)

h (1) o
1 / 1 X\\\ - =
- \
/
-~ N\ VN / T
ATN3T \/—T 0 T\/ 3ITNT4T o y
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Reconstruction in Time Domain

z,.(t) = x4(t) * he(t) = (Z z|n|d(t — 'n,T)) x h.(t)
= Y z[n]h.(t —nT)

The sum of “sincs”
gives x.(t) = unique
signal that is
bandlimited by
sampling bandwidth
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Aliasing

a If Q>Q,/2, x,(t) is an aliased version of x (t)

A
——————————————
-~ SSG T ™~ RN
’ 7 N
U4 \
'l 4 \\ 4 1 \\
<€ L L >

Penn ESE 5310 Spring 2024 - Khanna
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DSP System

Analog 1
Anti-Aliasin

g
Filter J

){ sampler Wx[n] — a:c(nT)

» Quantizer
t = nTJ

---------------------------------------------------------------------------

DAC D/A

( Discrete stufﬂ
> (DSP,

storage....)

Penn ESE 5310 Spring 2024 - Khanna

y[n] D{ReconstructionW Je (t) >
)
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Anti-Aliasing Filter

Te (t) Analog 1

..........................................................................

sampler Ta:[n] = z.(nT)

-3 Anti-Aliasing » Quantizer
Filter HLp(jQ) t=nT J
and (), < 202
. S N .
Xc(]g) A ‘ AXS(]Q)
—— -1--. ) - - M av2 -
»~ \\\ -~ ‘\y,” SSle” ‘\\

€ ", \\ > <€ ", " \\ "i\\ \\ >

-Qn Qn Qn
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Anti-Aliasing Filter

..........................................................................

zo(t) [ Analog | sampler 5[] = z.(nT)

——| Anti-Aliasing >

»| Quantizer

Filter Hip(Q) | t=nT J
and (), < 2Q2
. S N .
Xc(]g) A ‘ AXS(]Q)
o L _—) - - MU o2 -
7 \\‘ '// ?\: }i\: \\‘
< - o > < = >
X (JRX,,(JRQ) X (j<2)
L > —— /Al Y o = S
el S -~ TS T TS RN
I I 4 i (N
( Q | iﬂ > < l' 1 rQ \I >
-Qn N N
Qg2
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MRI aliasing example

Penn ESE 5310 Spring 2024 - Khanna
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MRI anti-aliasing example

Penn ESE 5310 Spring 2024 - Khanna
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MRI anti-aliasing example
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Big Ideas

0 Sampling
= Ideal sampling modeled as impulsive sampling

= Sample at Nyquist rate for recovery of unique
bandlimited signal (1.e. avoid aliasing)

a Frequency Response of Sampled Signal
= Sampled signal 1s period replicated input CT signal
a0 Reconstruction
s Low pass/reconstruction filter results in sum of sincs

0 Anti-aliasing filtering

= Force input signal to be bandlimited
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Admin

o HW 2 out due Sunday 2/11 at midnight
1 HW 3 posted 2/11
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