
Denotational	Recurrence	Extraction		
for		

Amortized	Analysis

Wesleyan	University

Joe	Cutler

ICFP	2020

Dan	Licata Norman	Danner



Informal	Recurrence	Extraction

�2

mergeSort : int list ! int list

mergeSort [ ] = [ ]

mergeSort xs = let (l, r) = split xs in

merge (mergeSort l, mergeSort r)

How	do	we	make	this	informal	process	formal?

TmergeSort(n) = Tsplit(n) + Tmerge(n) + 2TmergeSort
⇣n
2

⌘



Formally	Extracting		
Recurrences

�3

Recurrence	LanguageSource	Language

Cost	to	evaluate	M
Result	of	running	M	
(size	or	use-cost)

�A ! B� = �A�! C⇥ �B�
�A⇥B� = �A�⇥ �B�

. . .

<latexit sha1_base64="8owA5rrQLPH/4MUXaAw/E3ctpqc="></latexit>

Functions	get	translated	to	
recurrences	in	the	traditional	sense

Monadic	translation	
to	recurrence	language	

into	writer	monad

� ` M : A

<latexit sha1_base64="xc5K8l24iBxm7jaDQT3sTw29g9o="></latexit>

��� ` kMk : C⇥ �A�

<latexit sha1_base64="Vw0aeshrCD3Cv2DoLTE7mqIhRFk="></latexit>

k�x.Mk = (0,�x. kMk)
k(M,N)k = (⇡1 kMk+ ⇡1 kNk , (⇡2 kMk ,⇡2 kNk))

�C



Proving	Extraction	
Correctness

M #n v

<latexit sha1_base64="a8v6Vsy22qFf3s47vH50VeC1Ol8="></latexit>

Cost-Indexed	
Big-Step		

Operational	Semantics

Bounding	Theorem
if M #n v

<latexit sha1_base64="7ELNpxJPLc7wAH8fqksP7K9/Q5g="></latexit>

M : A

<latexit sha1_base64="2wiRwYiDitpIfm7aIwVA71ZJLRE="></latexit>

For

�4

n  ⇡1 kMk

Size-Abstraction	Semantics

�C Poset
J·K

then
,

and v vA
val ⇡2 kMk



Prior	Work	&	Limitations

�5

STLC Inductive	Types PCF Let-Polymorphism

but	it	can’t	handle…

Amortized	Analysis

This	technique	works	for:

[ICFP	’15] [POPL	’20] [arxiv:2002.07262][PLPV	’13]
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This	Work:	
Amortized	Analysis	by		

Formal	Recurrence	Extraction

1 0 1 1

Binary	Counter Splay	Trees

Examples	in	the	Paper:



Binary	Counter

�7

Tinc(n) 2 O(n)

Tset(n) 2 O(n log2 n)

<latexit sha1_base64="ZH4H5YxciO4ccVY+y0U9lPlyGWk="></latexit>

But	we	can	do	better!

Cost	model:	
Cons	operations	incur	1	cost

Tset(0) = 0

Tset(n) = Tinc(log n) + Tset(n� 1)

<latexit sha1_base64="e63IMMKxKh5ON1qLKLnYVZXzUx0="></latexit>

Tset(n) 2 O(n)

<latexit sha1_base64="OsloqYCwymtACXxuEUDPmknZALo=">AAACA3icbZC7SgNBFIZnvcZ4i9ppMxiE2IRdCahd0MbOCLlBEsLs5CQZMju7zJwVwxKw8VVsLBSx9SXsfBsnl0ITfxj4+M85nDm/H0lh0HW/naXlldW19dRGenNre2c3s7dfNWGsOVR4KENd95kBKRRUUKCEeqSBBb6Emj+4Htdr96CNCFUZhxG0AtZTois4Q2u1M4fldhPhARETAzjKqVPaFIreWmhnsm7enYgugjeDLJmp1M58NTshjwNQyCUzpuG5EbYSplFwCaN0MzYQMT5gPWhYVCwA00omN4zoiXU6tBtq+xTSift7ImGBMcPAt50Bw76Zr43N/2qNGLsXrUSoKEZQfLqoG0uKIR0HQjtCA0c5tMC4FvavlPeZZhxtbGkbgjd/8iJUz/JeIX95V8gWr2ZxpMgROSY54pFzUiQ3pEQqhJNH8kxeyZvz5Lw4787HtHXJmc0ckD9yPn8AztmW+w==</latexit>

type bit = 0 | 1

inc : bit list ! bit list

inc [ ] = [1]

inc (0 :: bs) = 1 :: bs

inc (1 :: bs) = 0 :: (inc bs)

set : nat ! bit list

set 0 = [ ]

set (S n) = inc (set n)

Tinc(0) = 1

Tinc(n) = max(1, 1 + Tinc(n� 1))



Binary	Counter,	Formally

k·k

<latexit sha1_base64="s753IDoWm3qNd7QfeJOM+PqRrmc="></latexit>

Poset
s

�
C

<latexit sha1_base64="N6Ol49SMV7aNfacvXIn79uy8Q5E="></latexit>

�8

inc : bit list ! bit list

inc [ ] = [1]

inc (0 :: bs) = 1 :: bs

inc (1 :: bs) = 0 :: (inc bs)

kinckc : bit list ! C
kinckc [ ] = 1

kinckc (0 :: bs) = 1

kinckc (1 :: bs) = 1 + (kinckc bs)

JkinckcK(n) 2 O(n) ) JksetkcK(n) 2 O(n log2 n)

Sourc
e

Jbit listK = N Jb :: bsK = 1 + JbsK



Amortized	Analysis
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0 0 0 0

0 0 0 1

0 0 1 o

0 0 1 1

Cons	
Ops

Credits	
Created

Credits	
Spent

1 1 0

+ -

2 1 1

1 1 0

Amortized	
Cost

2

2

2

=



New	Source	Language
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Credit	ModalityCredits	in	Context

Creating	Credits Spending	Credits

� `a M : A

� `a+c savec(M) : !cA

<latexit sha1_base64="BwaoIbIuYYZbMtP8OLRpq1IYEjo="></latexit>

Attaching	Credits

� `c M : A

<latexit sha1_base64="i7lEayNRMpGPidPwd2YJfllNz+w="></latexit>

!cA

<latexit sha1_base64="Spde7LlYarrwbdfi23wvgZs6zv4="></latexit>

� `a M : !cA �, x : A `b+c N : C

� `a+b transfer !c x = M to N : C

<latexit sha1_base64="J16N5JLTSCONaxT3bqKzTjERaDE="></latexit>

Transferring	Credits

(Affine	type	system!)

�A

<latexit sha1_base64="hpQe0l8rb4j7yoISwAEFHxI33Fo="></latexit>

� `a+c M : A

� `a createc(M) : A

<latexit sha1_base64="8dBrQ020Jca7F2F7WqUOEctecZ8="></latexit>

� `a M : A

� `a+c spendc(M) : A

<latexit sha1_base64="5gm5cmoEYIlKNZpKYfgtoupD8gM="></latexit>

(Graded	modal	types!)



Binary	Counter	in

�11

�A

<latexit sha1_base64="hpQe0l8rb4j7yoISwAEFHxI33Fo="></latexit>

type bit = unit � !1unit

inc : bit list ! bit list

inc [ ] = [create1(inr (save1()))]

inc ((inl ) :: bs) = (create1(inr (save1()))) :: bs

inc ((inrx) :: bs) = transfer = x to spend1 ((inl ()) :: (inc bs))

<latexit sha1_base64="EERItQjFMvztt6bV6g7L9BQOuC8="></latexit>



Extracting	Amortized	
Recurrences

kcreatea(M)k = (a+ ⇡1 kMk ,⇡2 kMk)

<latexit sha1_base64="m8ptDq9SgGI+oXlxdFB5K3Pn7S0="></latexit>

kspenda(M)k = (�a+ ⇡1 kMk ,⇡2 kMk)

<latexit sha1_base64="nm+00i7jwz5f/hjyglp/ugIq/Tg="></latexit>

Creating	Credits	Incurs	a	Cost

Spending	Credits	Frees	up	Cost

�!cA� = �A�

<latexit sha1_base64="FVO4P9L6yDrNjlp5WsY7NRkNmUE="></latexit>

ksavec(M)k = kMk

<latexit sha1_base64="ZuGzDzisZqJJkcrHv/lI+UtJcMI="></latexit>

Extraction	Erases	the	Modality

�12

ktransfer x = M to Nk = let (c, x) = kMk in (c+ ⇡1 kNk ,⇡2 kNk)

<latexit sha1_base64="XDo/OYaIfISKfSyHkI2F5txUlAI="></latexit>



Binary	Counter…	Again

kinckc : (unit+ unit) list ! (unit+ unit) list

kinckc [ ] = 2

kinckc (inl :: bs) = 2

kinckc (inr :: bs) = kinckc bs

<latexit sha1_base64="j+4/q+fpXoncdCVumYJtoL+GRSY="></latexit>

type bit = unit � !1unit

inc : bit list ! bit list

inc [ ] = [create1(inr (save1()))]

inc ((inl ) :: bs) = (create1(inr (save1()))) :: bs

inc ((inrx) :: bs) = transfer = x to spend1 ((inl ()) :: (inc bs))

<latexit sha1_base64="EERItQjFMvztt6bV6g7L9BQOuC8="></latexit>

k·k

<latexit sha1_base64="s753IDoWm3qNd7QfeJOM+PqRrmc="></latexit>

JkinckcK(n) = 2

<latexit sha1_base64="wBodmMW2oE+5VNVaucFlNWFBHQ8="></latexit>

J·K

<latexit sha1_base64="pPW5QFpV3s6aPdfJyb8H4AkfCrI="></latexit>

JksetkcK(n) = 2n 2 O(n)

<latexit sha1_base64="AfGFKHdct8WlBbQHjzNqxYCgGAY="></latexit>

Poset
s

�
A

<latexit sha1_base64="hpQe0l8rb4j7yoISwAEFHxI33Fo="></latexit>

�
C

<latexit sha1_base64="N6Ol49SMV7aNfacvXIn79uy8Q5E="></latexit>

�13

)



Proving	Extraction	
Correctness

M #n v

<latexit sha1_base64="a8v6Vsy22qFf3s47vH50VeC1Ol8="></latexit>

Amortized	Cost	Indexed	
Big-Step		

Operational	Semantics

�14

For	closed	terms	typed	in	a	context	with	no	credits,	
recurrence-predicted	amortized	cost	
is	a	bound	on	real	evaluation	cost

Key	Corollary

Bounding	Theorem
if M #n v

<latexit sha1_base64="7ELNpxJPLc7wAH8fqksP7K9/Q5g="></latexit>

M : A

<latexit sha1_base64="2wiRwYiDitpIfm7aIwVA71ZJLRE="></latexit>

For
n  ⇡1 kMkthen

,

and v vA
val ⇡2 kMk



Thank	you!

kMk

n  ⇡1 kMk

!cA

<latexit sha1_base64="Spde7LlYarrwbdfi23wvgZs6zv4="></latexit>

-	Affine	type	system	&	modality	for	tracking	credits

-	Automatic	recurrence	extraction	translation	

-	Correctness	proof	relative	to	operational	semantics	by	logical	relations

-	Expressive	enough	to	handle	non-trivial	analyses	like	splay	trees	
			(not	handled	by	existing	techniques)


